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Preface

Classical examples of more and more oscillating real-valued functions on a domain
Q of RN are the functions u, (x) = sin(nx;) with z = (21, ...,2,) or the so-called
Rademacher functions on 0, 1[, un(x) = v, (x) = sgn(sin(2" 7)) (see later 3.1.4).
They may appear as the gradients Vv,, of minimizing sequences (v, )nen in some
variational problems. In these examples, the function u,, converges in some sense to
a measure y on {2 X R, called Young measure. In Functional Analysis formulation,
this is the narrow convergence to u of the image of the Lebesgue measure on €2 by
w i (w,up(w)). In the disintegrated form (u,,)weq, the parametrized measure p,,
captures the possible scattering of the u,, around w.

Curiously if (X, )nen is a sequence of random variables deriving from indepen-
dent ones, the n-th one may appear more and more far from the k first ones as
if it was oscillating (think of orthonormal vectors in L? which converge weakly to
0). More precisely when the laws L(X,,) narrowly converge to some probability
measure w, it often happens that for any k& and any A in the algebra generated
by Xi,..., Xk, the conditional law L(X,|A) still converges to w (see Chapter 9)
which means

Ve € Cy (R) ﬁ /A (X () dP(w) — / o dw

or equivalently, 0 ~denoting the image of P by w — (w, X,,(w)),

[ (usody, — [ (Lepdresm).

QxR QxR

This is exactly the same convergence as the one raised in the first paragraph
(excepted that the limit measure is not always a product).

Many authors wrote on Young measures in Control and Calculus of Varia-
tions: Young [You37], McShane [McS40], Gamkrelidze [Gam62, Gam78], Warga
[War72], Ghouila-Houri [GH67], Tartar [Tar78], Ekeland [Eke72], Berliocchi and
Lasry [BL71, BL73], Balder in [Bal95, Bal00a, Bal00b] and many other papers cited
in this book. On the probabilistic side, we refer to Rényi [Rén58, Rén66, Rén63|
for applications in limit theorems, Baxter and Chacon [BC77] and Meyer [Mey78§]
for relaxed stopping times, Pellaumail for weak solutions of stochastic differential
equations [Pel80, Pel81] (see also Jacod and Mémin [JM81b, JM81a]).

ix
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The topology on the space of Young measures is usually called “narrow topol-
ogy” or “weak topology” in the study of Young measures in Functional Analysis.
But this topology is called “stable” in Probability Theory, and the word “stable”
has the advantage that it avoids confusions with the usual narrow topology on the
space of measures on a topological space (see more details on this discussion page
22). So, we choose here “stable topology”.

For a long time Young measures were considered only when the functions u,
take their values in a compact subset of an Euclidean space. Berliocchi and Lasry
introduced locally compact spaces and Balder extended the Prohorov theorem to
these parametrized measures that are Young measures. Then during a long period
authors considered that the good space was a Polish or a metrizable Suslin space.
Between 1985 and 1990 several works (mainly due to Balder) treated the case of
a separable reflexive Banach with the weak topology which is not metrizable. For
an example of Young measures on a function space, see [MV02]. In this book
the extension of the compactness Topsge criterion to Young measures allows a
significant progress. We will consider basically (but always adding some technical
topological hypotheses) a general Hausdorfl topological space.

Contents Our aim is not to give a short introduction to Young measures. In-
stead, we present the results in a general setting, in the hope it will be useful
for further developments of the theory. Due to the general framework four sta-
ble topologies are introduced in Chapter 2. Dudley’s results are used to study in
Chapter 3 convergence in probability of the functions w — p where « is the index
of a net and (u&)weq denotes the disintegration of p® (which is assumed to exist).
A general fiber product theorem and a parametrized Kantorovich-Rubinstein the-
orem are provided. The heart is Chapter 4 where the Topsge criterion is extended
to Young measures. Chapter 6 is devoted to vector valued functions, the biting
Lemma, weak compactness results in Li and Visintin’s theorem in several infinite
dimensional frameworks. Chapter 7 develops several relaxation results in Control
and evolution problems. Chapter 8 gives some results of Calculus of Variations:
the lower semicontinuity theorem and Reshetnyak’s theorem, and deals with the
fiber product of Young measures and its applications to control problems: es-
sentially we establish the link between the value function which occurs in these
problems and the viscosity solution of the associated Hamilton—Jacobi-Bellman
equation. Finally Chapter 9 gives some results from Probability Theory which
involve stable convergence.

There are many directions that we did not investigate. .. Specially the result
of Kinderlehrer and Pedregal about Young measures generated by gradients of
vector valued functions (as this necessarily happens in some physical problems
where the functions describe the deformation of a 3-dimensional material): see
the books of Roubitek [Rou97] and Pedregal [Ped97], see also [Syc98, Syc99] and
the forthcoming book [ABM]. We did not either investigate some generalizations
of Young measures which should be very useful in an infinite dimensional setting,
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especially in the case of nonseparable spaces; for example, we did not consider
Young measures with cylindrical values in a Banach space, nor Young measures
which have only finitely additive values (such measures are considered by Fattorini
[Fat99]).

Definitions are spread all along the text, without any numbering. The reader
should consult the Subject Index and the Index of Notations to find their precise
location.

Aknowledgements We warmly thank Lionel Thibault for his incredibly careful
and efficient reading of our manuscript (all shortcomings of this book, if any, must
have been added later). We are also greatly indebted to Ahmed Bouziad for his
precious “S.0.S. topology” service, free and available 24h a day.



Chapter 1

Generalities, preliminary
results

This chapter contains some results, but mainly definitions that can be skipped at
first reading: The reader can access these definitions by using the Subject Index
and the Index of Notations.

We denote by R the set of real numbers and by N the set {0,1,2, ...} of natural
integers. The set N\ {0} = {1,2,...} is denoted by N*.

1.1 General topology

Throughout, T denotes a topological space, the topology of which is denoted by
7r. Unless explicitely stated, T is assumed to be Hausdorff. One reason to deal
with spaces which satisfy at least the separation axiom T is that we need the
compact subsets of T to be closed. The set of closed subsets of T is denoted by
F(T), for short F if no confusion can arise. Similarly, the set of open subsets of T
is denoted by G(T) or G and the set of compact subsets of T is denoted by K(T) or
K. Recall that a semidistance on T is a function d : Tx T — [0, +o0] satisfying, for
all t,s,7 €T, (i) d(t,t) =0, (ii) d(t, s) = d(s,t) and (iii) d(¢,r) < d(t,s) + d(s,r).
(if furthermore d(t, s) = 0 implies ¢t = s, we say that d is a distance).

The Borel o-algebra of a topological space T is denoted by Br.

If T is an ordered set with order relation <, we say that ¥ is upwards filtering
if, for any s,t € T, there exists u € ¥ such that s < u and t < u. We say that ¥ is
o—upwards filtering if, for any sequence (t,), of elements of T, there exists u € T
such that t, < u for every n. Similar definitions hold for downwards filtering or
o—downwards filtering.

If D is a set of continuous semidistances on T, in expressions such as “D is
upwards filtering”, we refer to the topological order between the induced topolo-
gies. For example, if we say that D is c—upwards filtering, this means that, for any

1



2 CHAPTER 1. GENERALITIES, PRELIMINARY RESULTS

sequence (dy,), of elements of D, there exists an element d of D which is topolog-

ically finer than the continuous semidistance > -, d, A27" (where a A b denotes

the infimum of a and b). However, a formula such as § > d, where § and d are

semidistances on T, means that we have §(t,s) > d(t, s) for all (¢,s) € T x T.
The Hausdorff topological space T is said to be

o regularif, for any ¢ € T and any closed subset F' of T which does not contain
t, there exist two disjoint open subsets U and V such that t € U and FF C V,

o completely regular if, for any ¢ € T and any closed subset F' of T which
does not contain ¢, there exists a continuous function f : T — [0,1] such
that f(t) =0 and f =1 on F' (equivalently, T is uniformizable, that is, the
topology 71 can be defined by a set of semidistances),

e normal if, for any two disjoint closed subsets F; and Fy of T, there exist
two disjoint open subsets U; and Us such that Fy C U; and Fy C Us,
(equivalently, from Urysohn Lemma, for any two disjoint closed subsets F
and Fy of T, there exists a continuous function f : T — [0, 1] such that f =0
on 7 and f =1 on Fy),

o Lindeldf (resp. hereditarily Lindeldf) if every open cover of T (resp. of any
open set of T) has a countable subcover,

o (separably) submetrizable if there exists a (separable) metrizable topology ¢
on T which is coarser than 77,

e perfectly normal if T is a normal space and if each closed subset of T is
a Gy set, that is, a countable intersection of open sets. Equivalently, T is
perfectly normal if and only if T is a topological space such that, for every
closed subset F' of T, there exists a continuous function f : T — R such that
F = f71(0) (see [Eng89, Theorem 1.5.19]). Thus, if T is perfectly normal,
its Borel o—algebra is generated by the set C; (T) of bounded continuous
functions on T. Obviously, every metric space is perfectly normal.

Remark 1.1.1 If T is completely regular and submetrizable, the topology of T
can be defined by a set of continuous distances (instead of semidistances). Indeed,
let D be a set of semidistances which induces the topology of T. Let dy be a
continuous distance on T. Then the set D' = {dV dp;d € D} is a set of continuous
distances which induces the topology of T (where a V b denotes the supremum of
a and b). Furthermore, if D is upwards filtering (resp. o—upwards filtering), then
D’ is upwards filtering (resp. o—upwards filtering).

Hereditarily Lindel6f spaces We list some properties of hereditarily Lindel6f
spaces that we shall often use in this book. Proofs can be found in [Bou74] or
[Sch73].
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1. Any continuous image of a Lindelof (resp. hereditarily Lindeldf) space is
Lindeldf (resp. hereditarily Lindelof).

2. Any regular Lindel6f space is paracompact, hence normal.
3. Any regular hereditarily Lindel6f space is perfectly normal.

4. If T x T is hereditarily Lindel6f and if the continuous functions separate the
points of T, there exists a sequence of continuous functions which separate
the points of T. In particular, T is submetrizable.

Here is another useful property.

Lemma 1.1.2 Assume that T is hereditarily Lindelof and regular (in particular,
T is completely regular). Let D be a set of continuous semidistances on T which
induces the topology of T and is o—upwards filtering.

1. Let G € G. There exists d € D such that G is d—open.

2. Let f: T — R be continuous. Then there exists d € D such that f is d—
continuous.

Proof.

1 For each t € G, as D induces the topology of T, there exists d € D and an
open d-ball B, with center ¢ which is contained in G. From the hereditary Lindelof
property, we can extract a sequence By, ..., Bq,,... such that G = U, B, . Then
take for d any element of D which is topologically finer than each d,, (n > 1): Each
By, is d—open, thus G is d-open.

2 Let (Jan, bn[)n>1 be an enumeration of all open intervals of R with rational
endpoints. From Part 1, there exists for each n an element d,, of D such that
fYan, by is d,—open. Then take for d any element of D which is topologically
finer than each d,, (n > 1). ]

Remark 1.1.3 (hereditary Lindeldf property and separability) It is not
known whether, under the usual axioms of Logic (ZFC), there exist hereditary
Lindel6f spaces which are not separable. Examples are known under the continuum
hypothesis (see [Eng89, Remark in Problem 3.12.7(c)] and the survey [Roi84]).

Suslin spaces The (Hausdorff) space T is Suslin if there exists a Polish space S
and a continuous surjective mapping from S to T (recall that a mapping ¢ from a
set A to a set B is said to be surjective if we have ¢(A) = B, and that a topological
space S is said to be Polish if it is separable and if there exists a distance d which
is compatible with the topology of S and such that (S, d) is complete). Let us list
below the main properties of Suslin spaces that we use in this book. Assume that
T is Suslin. The following hold (see [Sch73, Bou74]):

1. T is separable.
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2. T x T is hereditarily Lindel6f (in particular, T is hereditarily Lindelof).
3. Thus, if T is regular, it is perfectly normal and separably submetrizable.

4. Consequently, a compact space is metrizable if and only if it is Suslin. Thus,
all compact subsets of a Suslin space are metrizable.

5. If T is regular, its topology is defined by the family of all rp—continuous
distances on T (see Remark 1.1.1).

6. The Borel o—algebra By of T is countably generated.

7. T is a Radon space, that is, every finite Borel measure on T is Radon (see
Section 1.3 about Radon measures and spaces).

8. Any Hausdorff topology on T which is coarser than 77 has the same Borel
sets as 7r (consequently, any Suslin topology which is comparable with 7p
has the same Borel sets as 7).

9. Any Suslin topology which is comparable with 7p has the same Radon mea-
sures as 7r.

10. We shall also use sometimes the following property: If 7 is Suslin regular,
there exists on T a Suslin metrizable topology 71 on T which is finer than 7r
[SP76].

In Remark 1.2.1, we list some measurability properties of random subsets of a
Suslin space.

A useful class of Suslin spaces is that of Lusin spaces (recall that a Hausdorff
topological space T is Lusin if there exists a Polish topology on T which is finer
than the original one, see [Bou74] or [Sch73]).

The class of Suslin spaces and the class of Lusin spaces are stable under count-
able products, countable topological sums, and countable unions.

A particularly useful class of Lusin spaces is that of submetrizable k,—spaces
(see Section 4.4 for definitions and basic properties).

Cosmic spaces The space T is said to be cosmic (“Continuous-image Of Sepa-
rable Metric”, [Mic66]) if there exists a separable metric space S and a continuous
surjective mapping from S to T. Thus the class of cosmic spaces contains the
separable metrizable spaces and the Suslin spaces.

A network of the topological space T is a collection N of subsets of T such that
each open subset U of T is the union of the elements of AV which are contained in
U. The following propositions are equivalent for the Hausdorff topological space
T (see [Cal82, Cal84, Mic66]):

(i) T is cosmic.
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(ii) There exists a (non—necessarily Hausdorfl) topological space S with count-
able base and a continuous surjective mapping from S to T.

(iii) T has a countable network.

Cosmic spaces are hereditarily Lindelof. Recall that regular Lindel6f spaces are
normal [Eng89, Theorem 3.8.2]. Furthermore, any regular cosmic space is sub-
metrizable (see [Cal82]).

An immediate consequence of (iii) is that, if T is a regular cosmic space, then
it has a countable network the elements of which are closed, thus Borel (such a
network will be called a countable Borel network). Thus the Borel o—algebra of
any regular cosmic space is countably generated.

An important result about regular cosmic spaces was obtained independently
by Beslagi¢ and Calbrix [Cal82, Bes83, Cal84]: Every regular cosmic space can
be embedded in a Lusin space. We use this result in Proposition 1.3.2 and in
Chapter 3. Unfortunately, it is not known whether this Lusin space can be chosen
among regular spaces. A positive answer to that question would have interesting
consequences on the general theory of Young measures: see e.g. Part F of Theorem
2.1.3 in the light of Corollary 2.1.8, and see other results of Section 2.1 where it is
assumed that T is a dense subset of a reqular Suslin space.

Vietoris topology We endow the set F with the Vietoris topology, that is, the
topology generated by the sets
U ={FeF, FnU#0}

and
U+={F€.7:;FCU},

where U runs over the open subsets of T. A base of the Vietoris topology is given
by the sets

[Ul,...,Un] ::{FE]-“;Vi:l,...,n, FﬂUi#[b, FCUlgignUi}a

where {Uq,...,U,} runs over the set of finite subsets of G. This is an exercise left
to the reader. It rests on the formula

Uy n---nU, NVt=[V,Uu;nV,....,U,NV].

The restriction to K of the Vietoris topology is called the Vietoris topology on K.
The reader can find further information on the Vietoris topology in e.g. [Bee93,
Mich1, Chr74].

1.2 Random elements, random sets, integrands

Throughout, (€2, S, P) is a probability space (but in some cases, it will be explicitely
stated that P is an arbitrary measure on (£2,S)). A random element of a topological
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space T is an equivalence class (for the equality P-almost everywhere) of Borel-
measurable mappings 2 — T. The set of random elements of T is denoted by
X(9,T) or X(T), or X if no confusion can arise. The law of an element X of X(T),
(that is, the image by X of the measure P), is denoted by £ (X).

Random sets We shall need the notions of measurable random set and inte-
grand to define the stable topologies on spaces of Young measures. A random
subset of a topological space T is an element of S ® By. If A is a subset of 2 x T
and if w € Q, we denote by A(w) the set {t € T; (w,t) € A}, and we call it the
value of A at w. A selection of A is a mapping o :  — T such that o(w) € A(w)
for all w € €.

A random subset A is said to be open (closed, compact) if its values are open
(closed, compact).

Clearly, a subset A of Q x T may be seen as a multifunction w — A(w). This
multifunction is said to be graph-measurable if A € S ® Br, that is, if A is a
random set. The graph of a multifunction w — A(w) is the set gph (4) = {(w, ) €
QxT;te Alw)}. Usually, we identify a multifunction with its graph, and thus we
use the same notation to denote a random set A and the associated multifunction.
Other notions of measurability for closed valued multifunctions are presented in
e.g. [CVTT].

In particular, it is interesting for us to know when a closed valued multifunction
F' is Borel measurable for the Vietoris topology. We say that a closed valued
multifunction F' is V-measurable, or simply measurable, if, for any U € G, the sets

F7(U):={weQ; Flw)ynU # 0}
and
FtU):={weQ; Fw) CcU}

belong to S, and we say that F' is LV-measurable if, for any U € G, F~(U) belongs
to §. Thus V-measurability means measurability w.r.t. the Vietoris topology,
whereas LV-measurability means measurability w.r.t. the lower Vietoris topology,
generated by the sets U~, U € G. The Borel o—algebra of the lower Vietoris
topology is called the Effros o—algebra.

The sets of random subsets, open random subsets, closed random subsets and
compact random subsets of T are respectively denoted by B(T), G(T), £(T), £(T),
or B, G, F, K if no confusion may arise, and their elements are simply called random
sets, random open sets, random closed sets and random compact sets. Note that B
is the o—algebra S ® By. Furthermore, it is generated by the random open sets of
the form G = A x U with A € § and U an open subset of T, thus B is generated
by G.

Remark 1.2.1 In the case when T is Suslin, the elements of B have some nice
measurability properties, that we list below. For each measure u € M™*(Q), we
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denote by S;; the y—completion of S. We denote by S* the universal completion
of §, that is, §* = N e+ (T)Sp- Assume that T is Suslin, and let A € B.

(i) From a result of Freedmann and Neveu [Deb66, Theorem 3.4], the set {w €
0; A(w) # 0} = mq(A) is an element of S*, where T denotes the canonical
projection Q x T — €. We shall refer to this theorem as the Projection
Theorem. Another proof of this result can be found in [SB74] and in the
proofs of Theorems II1.23 and III.22 of [CV77].

(#) If A has nonempty values, then, from a result of M. F. Sainte Beuve ([SB74],
[CVT77, Theorem I11.22]), generalizing results of Aumann and von Neumann,
the set A admits an S*—measurable selection. Consequently (see [CVT77,
Theorem 111.22]), A admits an S*—measurable Castaing representation, that
is, there exists a sequence (o, )neny of S*—measurable selections of A such
that, for every w € Q, the closure A(w) of A(w) satisfies

A(w) = {on(w); n € N}.

We shall refer to this result as the Sainte Beuve—von Neumann—-Aumann
Selection Theorem.

(797) From a theorem of Debreu ([Deb66], Theorem 4.4), the random set A is
S*~V-measurable. Indeed, Debreu proved the result for A with nonempty
values, but, using the Projection Theorem, the results extends to A with
possibly empty values. We can also deduce this result directly from the
Projection Theorem, because, for any open subset U of T, we have

A=(U) = 10 (AN (Q x U)),
AT(U) = (mq (AN (Q x US)))°

(where A€ denotes the complement of A).

(iv) From the preceding property, each element F of F may be viewed as an
S*—measurable mapping w — F(w), Q — F (recall that F is endowed with
the Vietoris topology).

(v) Consequently, the mapping A : w +— A(w) is LV-measurable w.r.t. S*.
Indeed, we have, for any open subset U of T,

(A)" U = Upeno, ' (U).

More generally, if T is separably submetrizable, we also have the following prop-
erty:

(vi) Let 79 be a separable metrizable topology on T which is coarser than 7r.
Let K C Q x T such that K(w) := {t € T; (w,t) € K} is a compact subset
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of T for every w € Q and such that w — K(w), @ — F is measurable
(for the Vietoris topology). Then K € K. Indeed, for every w € Q, K(w)
is compact (thus closed) for 75, and w — K (w) is still measurable for the
Vietoris topology associated with 7y. From [CV77, Proposition I11.13], we
have K c S®B,, CS® B, =B.

Lemma 1.2.2 Assume that T is a Suslin space and that (Q,S,P) is complete.
Let F € F. Let d be a continuous semidistance on T and let € > 0. The set

G = {(w,t) € QX T; F(w) # 0 and d(t, F(w)) < €}

) —d .
is a random open set. Consequently, the d—closure F' = ﬂkzlG’dvl/k of Fis a
random closed set.

Proof. From the Projection Theorem, the set Q' = {w € Q; F(w) # 0} is S*~
measurable (where §* is the universal completion of S). As we have assumed
(©,8,P) to be complete, we have here S* = S. We can thus assume without loss
of generality that Q' = Q.

Again from the Projection Theorem, [CV77, Theorem I11.22], as T is Suslin
and as we have §* = §, F' admits an S—measurable Castaing representation, i.e.
there exists a sequence (0, )nen of S—measurable mappings €2 — T such that F'(w)
is the closure of {0, (w); n € N} for every w € Q. For each n € N, the mapping
(w,t) — d(op(w),t) is measurable, and we have

G = Upen {(w,t) € Ax T; d(t,on(w)) < €},

thus G%¢ is in G. ]

Integrands An integrand on 2 x T is an S ® Br—measurable function f: @ x T
— [—00,400]. Note that integrands generalize random sets, because a subset A
of 2 x T is an element of S ® By if and only if its indicator function 1,4 is an
integrand (recall that the indicator function 14 of a A is defined by 1a(z) =1
if x € A, 1a(z) = 0if 2 € A°). Conversely, any function f : Q x T — can be
identified with its epigraph

Epi [f] = {(w7 (t,?“)) €0 x (T x [_OO"H)OD; f(wat) < 7”}.

It is easy to check that f is an integrand if and only if Epi[f] is a random subset
of T x [—00, +00]. Thus integrands can also be seen as special random sets.

An integrand f is said to be L*-bounded if there exists a P-integrable function
¢ such that |f(w,.)] < ¢(w) for each w € Q. We say that f is lower semicontinuous
(L.s.c.) if f(w,.) is Ls.c. for each w € Q. Thus ls.c. integrands generalize open
random sets. L.s.c. integrands are also called normal integrands.

We define similarly uppersemicontinuous (u.s.c.) integrands, continuous in-
tegrands, etc. Note that a bounded integrand f satisfies |f(w,t)] < M for some
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M >0, for all t € T and for all w € Q: It is not sufficient that f(w,.) be bounded
for each w.

Following a well established tradition, we call Carathéodory integrand any func-
tion f on Q x T such that, for each w € Q, f(w, .) is continuous and, for each ¢ € T,
f(.,t) is S—measurable. Thus a Carathéodory integrand is not necessarily S ® Br—
measurable, that is, it is not always an integrand in our terminology. However, the
following result shows that, in most interesting cases, a Carathéodory integrand
is just a continuous integrand. In the sequel, we shall speak of Carathéodory
integrands only when they are integrands.

Lemma 1.2.3 (Carathéodory integrands) Assume that T is Lusin or reqular
Suslin. Let f be a mapping from Q2 x T to a metric space U such that, for each
w € Q, flw,.) is continuous and, for each t € T, f(.,t) is S—measurable. Then f
is S ® Br—measurable.

Proof. Let 71 be a Suslin metrizable topology which is finer than the topology
71 of T [SP76]. For each w € , the function f(w,.) is 7p—continuous. Let d be a
distance that is compatible with 7. We then proceed as in [CV77, Lemma III1.14].
Let (tn)nen be a dense sequence in T. For each integer p > 1, let (B2), be a
measurable partition of T into parts of d—diameter < 1/p such that, for each n,
BP contains t,. Set fp(w,t) = f(w,t,) if t € BY. From continuity of f(w,.), the
sequence (fp)p of measurable functions converges pointwise to f. As U is metric,
this entails that f is S® Bﬂlrfmeasurable. But, as 74 is Suslin, we have BT{r =B,,.

L]

We will sometimes need to approximate arbitrary functions on 2 x T by u.s.c.
or l.s.c. integrands. The following lemma is an extension to the Suslin case of a
result which is essentially due to Balder ([Bal84a], Lemmas A5 and A6). We give
the first part of it in the same form as it is given in [But89, Lemma 2.1.6]. This first
part is also an immediate consequence of an old result of the third author ([Val70,
1.14] [Val71, Proposition 13]), applied to epigraphs. Recall that the space T is said
to be second countable if it admits a countable basis. Recall also that the outer
measure P* associated with P is defined by P*(E) = inf{P(B); B D E,B € S}
for any subset E of Q. Its restriction to Sp, which we shall also denote by P*, is
the unique measure on Sp which extends P.

Lemma 1.2.4 (Measurable regularization ([Bal84a])) Assume that T is a
second countable Suslin space and let f : Q x T — [0,+00] be a function such that

f(w,.) is l.s.c. for P-a.e. w € Q. There exists an l.s.c. integrand f such that

1. f(w,.)> f(w,.) for P-a.e. weQ,
2. for every integrand g such that g(w,.) > f(w,.) P-a.e., we have g(w,.) > f(w, 2
P-a.e

Furthermore, if f is S§ @ Br—measurable, then f(w,.) = f(w,.) for P*—a.e. w € Q.
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Following Balder [Bal95], if f is as above, we call measurable regularization of f
any l.s.c. integrand fsatisfying Conditions 1 and 2 of Lemma 1.2.4.

In applications of Lemma 1.2.4, T is a Suslin metrizable space, but there exist
second countable Suslin spaces which are not metrizable. Indeed, any countable
Hausdorff space T is Suslin, because the discrete topology on T is Polish. Thus
any countable second countable Hausdorff space which is not regular provides an
example of a nonmetrizable second countable Suslin space. Counterexamples 60,
61, 75, 100, 126 and 127 in [SS78] are examples of such spaces.

Proof of Lemma 1.2.4. We assume without loss of generality that f(w,.) is
l.s.c. for every w € Q.

Let U be a countable basis of T and let J be the set of pairs (r, G) such that
r is a rational number and G € U. For each j = (r,G) € J, we set f; =r 1g. For
each w € Q, we have

flw,.)=sup{fj;je€J f; < flw.)}
(e.g. adapt the proof of Proposition 3 page IV.31 in [Bou71]). For each j € J, let

Ej = {w c Q, fj < f(w,)}
We have, for all (w,t) € Q x T,

flw,t) = sup{]lEj(w)fj(t); je J}.
For each j € J, let B; € S be such that E; C B; and P*(E;) = P(B;). We set

f=sup{1p,(w)f(t);jeJ}.

The function ]”vis an integrand and satisfies Condition 1. Let g be an integrand
such that P-a.e. g(w,.) > f(w,.). We assume w.l.g. that ¢ > f. For each j € J,
let

Ci={we f; <glw,.)}.
Each C; is the complement of the projection on 2 of the S ® Br—measurable set
{(w,t) € @ xT; f;(t) > g(w,t)}. Therefore, from the Projection Theorem, since T
is Suslin, each C; is Sj—measurable. Furthermore, we have, for all (w,t) € 2 x T,

g(w,t) > sup { 1o, (W) f;(t); j € I}

As g > f, we have E; C Cj for each j € J. From the definition of B;, we thus

have
P*(B;\ Cj) = 0.

As J is countable, there exists a measurable subset Q' of Q such that P(Q') =1
and B; N Q' C C; N§Y for each j € J. For each w € ', we thus have

flw,.) < g(w,.).
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Finally, assume that f is Sp ® Br—measurable. Then, for every j € J, E; is
Sp-measurable and we have P*(B; \ E;) = 0, that is, there exists a P-negligible
set NV such that E; UN; = B;. Let N' = UjcsNj. The set N is negligible and we

have f(w,.) = f(w,.) for every w € Q\ N. ]

Here is a variant, for random sets, of Lemma 1.2.4.

Lemma 1.2.5 Assume that T is a second countable Suslin space and let A C
Q x T be such that, for a.e. w € Q, A(w) € G. Then there exists G € G such that

e Alw) C G(w) for P-almost every w € Q,

e if B € G satisfies A(w,.) C B(w,.) for P-a.e. w € Q, then G(w,.) C B(w,.)
for P—a.e. w € Q.

Furthermore, if A € 8§ ® Br, then A(w) = G(w) for P—almost every w € Q.

Proof. We assume w.l.g. that A(w) € G for every w € Q. Let f = 14 and

construct fas in the proof of Lemma 1.2.4. The range of f is contained in {0, 1},
thus

flw,t) = sup{]lEj (w)f;t);5=010,A),A€ U},
which yields

f(wat) = Sup{]lBj(w)fj(t); ] = (17A)7A € U} .

Thus the range of fis also contained in {0, 1}, which proves that fis the indicator
function of an element G of G. ]

Let us now give an easy but useful extension of the second part of Lemma 1.2.4.
If E is a separable Banach space, with topological dual E*, the following result can
be applied in the case when T = (E, o(E,E*)) or when T = (E*, o(E*,E)) because
the unit balls of E and E* are Suslin metrizable for the topologies induced by
o(E,E*) and o(E*,E) (see Examples 4.3.15 and 4.4.1 for more general situations).
Note that, in these cases, T is a Lusin space because the identity mapping from
(E, ||| to (E,c(E,E*)) is continuous, but T is not second countable.

Lemma 1.2.6 Assume that T is the union of a sequence (T, )nen of second count-
able Suslin spaces (for the topology induced by T), which are Borel subsets of T.
Let f: Qx T — [0,+00] be an S @ Br-measurable function such that f(w,.) is
l.s.c. for P-a.e. w € Q. Then there exists an S ® Br—measurable reqularization f

of [ such that f(w,.) = f(w,.) for P-a.e. w € Q.
Furthermore, if f(w,.) is continuous for P—a.e. w € Q, we can choose f such
that f(w,.) is continuous for P-a.e. w € Q.

If A € 8§ ® Br satisfies A(w) € G for each w € Q, there exists G € G such that
A(w) = G(w) for P—almost every w € Q.
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Proof. For each n € N, let f,, be the restriction of f on Q2 x T,, and let fn : QxT,
be its measurable regularization. There exists a P-negligible set AV,, € S such that
fa(w,.) = fu(w,.) for every w € N,,. Let N'=U,N,, and let us set

~  flw,t) i weQ\WN,
f(w’t)_{() if weN.

Then fis an ls.c. integrand and fv(w, ) = f(w,.) for every w & N, and thus }’v
is a measurable regularization of f. Furthermore, if the set {w € Q; f(w,.) is not
continuous} is contained in a measurable negligible set N/, then we can replace f

by f Lo\wnxr-
We then deduce the statements about A € Sf ® Br as in the proof of Lemma

1.2.5. ]

1.3 Narrow and weak convergence of measures on
a topological space

As in the rest of this chapter, we give here definitions and results that will be
needed in the sequel. Complements on the topic of this section can be found in
Bogachev’s very clear and useful survey [Bog98b].

By “measure”, we always mean “bounded nonnegative c—additive measure”.
The set of measures on a measure space (£2,8) is denoted by M*(Q,S). For
any o > 0, we denote by M1T%(Q,S) the set of elements yu of MT(Q,8S) such
that 1(2) = a. An element of M™1(2,8) is also called a (probability) law. The
set of Borel bounded measures on T is denoted by M™*(T), or M*(T,7r) if we
need to precise which Borel o—algebra is taken into account. Similarly, we use the
notations M**(T) and M™*(T, 7).

An element p of M™T(T) is tight if, for any € > 0, there exists a compact
subset K of T such that u(K€) < ¢, and p is Radon if, for any B € By, pu(B) =
sup{u(K); K is compact, K C B}. We denote respectively by M (T) and M%(T)
the sets of tight and Radon measures on T. We have M %(T) C M (T). The topo-
logical space T is a Radon space if every measure on T is Radon (see [Sch73] about
Radon spaces and Radon measures). It is easy to check that M%(T) = M (T) if
and only if every compact subset K of T is a Radon space. This is for example
the case when T is submetrizable, because, in this case, each compact subset of T
is metrizable, and because each metrizable compact space is Radon (see [Sch73],
Proposition 6 page 117).

An element pu of M™T(T) is T-regular if, for every downwards filtering net
(Fa)aea in F(T), we have pu(NoFy) = inf, u(F,). We then have p(inf, fo) =
inf, p(fs) for any downwards filtering uniformly bounded net (fq)aca of u.s.c.
functions on T [Top70b, P15 page XIII]. Every Radon measure is 7-regular. If
T is hereditarily Lindelof, it is very easy to show that every measure on T is
7-regular. We denote by M7 (T) the space of T-regular measures on T.



1.3. NARROW AND WEAK CONVERGENCE 13

Of course, we also use notations such as M (T), M}*(T) or M;*(T).

For a recent unified treatment of measure theory in topological spaces, with an
extensive study of the notion of regularity of a measure, see also [Kén97, Kon).

If ¢ is an element of T, we denote by ¢; the Dirac mass at ¢. It is sometimes
convenient to identify §; with ¢ and to write formulae like T € M™(T).

We endow M ™ (T) with the narrow topology, which is the coarsest topology for
which the function

MT(T) — R
{ 1 = u(f)

is upper semi—continuous for every bounded upper semi—continuous function f :
T — R (see [Top70b]). A net (iq)aca of measures on T narrowly converges to
a measure [ if and only if, for each open subset U of T, liminf, o pa(U) >
too(U), and if limy 00 0 (T) = pioo(T). If this is the case, then limg o0 fa (f) =
oo (f) for every bounded continuous function f. The topology induced on T by
the narrow topology (via the identification ¢ +— ;) is 7.

We shall sometimes consider a coarser topology on M™(T), namely the weak
topology ', which is the coarsest topology such that, for every bounded continuous
function f: T — R, the function

{./\/ﬁ(']l‘) — R
I = u(f)

is continuous. From the Portmanteau Theorem [Top70b, Theorem 8.1}, if T is
completely regular and if yo, € MI(T), a net (jo)aca of elements of M*(T)
converges to i for the narrow topology if and only if it converges to p, for the
weak topology. Consequently, the weak topology and the narrow topology coincide
on MF(T) if and only if T is completely regular. Indeed, if T is completely regular,
the equivalence of both topologies on M} (T) is given by the Portmanteau Theorem
[Top70b, Theorem 8.1]. Conversely, note that the topology induced on T by the
weak topology is the coarsest topology on T such that the bounded 7p—continuous
functions are continuous. But this topology coincides with 7y if and only if T is
completely regular (see [Eng89, Example 8.1.19]).

Note that the set Cp (T) of bounded continuous functions on an arbitrary Haus-
dorff topological space T may be very poor, even if T is regular, e.g. it may be
equal to the set of constant functions as in [SS78, Example 92] (Hewitt’s condensed
corkscrew). In such a case, the weak topology is only the indiscrete topology
{0, ML(T)}. Another interesting example where C, (T) is the set of constants
is provided by [SS78, Example 75] (irrational slope topology): The space T is
Hausdorff nonregular, Lusin (because T is countable and every countable union of
Lusin spaces is Lusin), and its compact subsets are metrizable (because T is first
countable, see [Eng89, Theorem 4.2.8]). However, some results for an arbitrary

I Topsge [Top70b], who seems to be the inventor of the narrow topology, calls it the “weak
topology”. Our terminology is that of Schwartz [Sch73]: this allows us to name “weak topology”
the topology induced by o (Cy, (T), Cy, (T)).
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topological space T involve only C, (T), not the whole topology 7r. Considering
only the narrow topology would oblige us to restrict ourselves unnecessarily to
the frame of completely regular spaces. In particular, in Chapter 3 (which is de-
voted to convergence in probability of Young measures), the weak topology will
be much more convenient to use. But, by default, M™(T) is endowed with the
narrow topology.

Let A be a subset of T. The space M™T(A) can be considered as a subspace
of M*(T). Indeed, let M7} (T) be the set of elements pu of M*(T) such that
1« (A€) = 0 (where p, denotes the inner measure associated with ). The Borel
o-algebra of A is Ba= {B N A; B € By}. With each Borel measure p € M™(A),
we can associate the Borel measure fi € M7 (T) defined by

VB e By i(B)=u(BnN A)

(thus, if ¢ is the canonical injection from A to T, we have [ = v4(u), where
by i denotes the image by v of the measure p). Conversely, if 1 € MX(TL the
restriction fi of the outer measure p* to B4 is a Borel measure on A. This is a
mere exercise if one notices that

(1.3.1) VB e Br j(BNA) =u(B).

This shows that i = u for each p € M*(A) and ¥ = v for each v € ME(T),
thus p — [i is a bijection from M7 (A) to M (T). Furthermore, let (1o )aca be
a net in MT(A) and let o € MT(A). Using again (1.3.1), we see that (pa)aca
narrowly converges to i in M (A) if and only if (fiy)aea narrowly converges to
fico in M (T). We have thus proved the first half of the following lemma. The
second half is left to the reader.

Lemma 1.3.1 For any subset A of T, the space MT(A) (endowed with the narrow
topology) is homeomorphic to the subspace M} (T) of M*(T) through the mapping
o [
Furthermore, for any u € MY(T) and for any bounded measurable function
f: T —R, we have
u(f) = iilf],):

In the sequel, we shall identify M*(A) and M (T).

When T is completely regular, many topological properties of the space T also
hold for M*1(T), endowed with the weak topology. We mention below the topo-
logical properties of M*1(T) that will be needed in the sequel. Other properties
can be found in e.g. [Kou81, HK99] (see also the bibliography in [Bog98b, Section
8.5]).

The most obvious property is that, if T is completely regular, then the weak
topology on M*1(T) is also completely regular. Indeed, it is induced by the
semidistances (u,v) — |pu(f) — v(f)|, where f runs over the set Cp (T) of bounded
continuous functions on T.



1.3. NARROW AND WEAK CONVERGENCE 15

If T is a metrizable space, then the weak topology on M™(T) is metrizable
(see Section 1.4 about the equality M (T) = M™(T) when T is not separable).
In particular, if d is a distance which is compatible with the topology of T, then
the weak topology on M™(T) is generated by the Dudley distance Agdﬁ defined
as follows (see [Dud66]): Let BL;(T,d) be the set of bounded Lipschitz functions
f: T — R such that max(|| f|| , || fll, (d)) < 1, where || f||}, (d) is the infimum of
all » > 0 such that f is r—Lipschitz for d. We then set, for u,v € MT1(T),

AD ()= sup  |u(f) —v(f)]-
fEBLy (T,d)

If T is a separable metric space, there exists a totally bounded distance d which is
compatible with T (see e.g. [Eng89, Par67], actually the condition of separability
is also necessary). In this case, the space C,(T,d) of d—uniformly continuous
functions on T, endowed with the topology of uniform convergence, is separable.
Similarly, BL1(T, d) is separable. There exists thus a countable set {fx; k € N}
of bounded continuous functions on T (which may be chosen in C,(T,d) or in
BL4 (T, d)) such that the topology of M™1(T) = M !(T) is the coarsest topology
such that the mappings v — v(fx) (k € N) are continuous (see [Par67, Dud76,
Dud02)).

Let us also recall that, if T is Polish, then M™(T) = M+}(T) is also Polish
(see e.g. [Par67, Pro56]). Furthermore, if S is a Suslin space and 7 : S — T
a surjective continuous mapping, then the mapping p — 7 p from MT1(S) to
MT(T) is surjective [Sch73, Theorem 12 page 126], where 74 u denotes the image
by 7 of the measure p. Thus, if T is Suslin (resp. Lusin), then M*(T) is also
Suslin (resp. Lusin) [Sch73, Theorem 7 page 385].

Thanks to Calbrix—Beslagi¢ Embedding Theorem (see page 5), we can deduce
a similar conclusion for cosmic regular spaces.

Proposition 1.3.2 If T is cosmic regular, so is MT1(T).

Proof. From Calbrix—Beslagi¢ Embedding Theorem, T is a subspace of a Lusin
space S. We have MT1(T) ¢ MT1(S) (see Lemma 1.3.1), and M™1(S) is Lusin,
thus M*1(T) is cosmic. Furthermore, the space T is completely regular, thus
MHTL(T) is also completely regular. ]

Let us return to the case when T is a completely regular space. Let D be a set
of continuous semidistances on T which induces the topology 71 of T. For each
d € D, let S; be the quotient metric space (T/d,d) and let w4 be the canonical
projection T — S;. The topology 7r is the initial topology [Bou71] for the system
(Sd, 7a)aep, that is, 77 is the coarsest topology such that the mappings m; are
continuous. Equivalently, a net ({,)qaca converges to an element ¢, if and only if|
for each d € D, the net (mq(ta))aca converges to mq(teo)-

Lemma 1.3.3 Assume that T is completely regular. Let D be an upwards filtering
set of continuous semidistances on T which induces the topology of T. With the
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above motations, the narrow topology on MI(T) is the initial topology for the
system (M (Sa), n — (Wd)ﬁ(ﬂ))deb'

Proof. Let (fta)aca be a convergent net in M (T) and let po be its limit. Let
d € D. Let f be a bounded continuous function on S;. Then f o 7y is a bounded
continuous function on T, thus

lim (7a)y pro(f) =l o (f 0 7a) = proo(f © 7a) = (a)y oo (f)-

Thus ((74)y fta)aea converges to (mq), fico in M7 (Sq).

Conversely, assume that ((7a); fa)aca converges to (mq)y poo in ME(Sy) for
each d € D. We make a slight adaptation of Topsge’s proof of Portmanteau
Theorem for narrow convergence [Top70b]. Let F' € F(T). For each d € D, let us
denote by BL(T, d) the set of bounded d-Lipschitz functions on T. Then we have

—d —d
F =NgepF ', where F denotes the closure of F' with respect to d. But, for each
d € D, we have

1.2 = inf d
o = b fr,

where
F) =1-n (d(t,F) A ;)

As f¢ € BL(T,d), we thus have 1p = inf H, with
H={feCy(T);3deD feBL(T,d), 1p < f <1}.
The set ‘H is downwards filtering, thus

p>=(F) = Jnf, n>=(f) = Jnf Tim ta(f)

> lim sup pio (F).

[]

Remark 1.3.4 (Initial topology and projective limit) With the hypothe-
sis and notations of Lemma 1.3.3, if furthermore T is Suslin and D is an up-
wards filtering set of continuous distances which induces the topology 7r, then
the topological space M™(T) is the projective limit (or inverse limit) of the sys-
tem (M™(Sa),pp = (ma)y(1))aep (see e.g. [Eng89] about inverse limit of topo-
logical spaces, and [Par67, HJ91] about inverse limits of measures). Indeed, for
each d € D, the set Sy coincides with T, the mapping 74 is the identity map-
ping, and the Borel o—algebra Bg, is the same as Br, thus the sets MT1(S;) and
MHYT) are equal. Furthermore, as T and S, are hereditarily Lindelof, we have
MFA(S0) = MPL(Sg) = MFL(T) = MEL(T).
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1.4 Measurable cardinals
and separable Borel measures

We say that a cardinal number m is (real-valued) measurable if, for any set S of
cardinal m, there exists a probability measure on the algebra of all subsets of S
such that every countable subset of S has measure 0.

Clearly Ny is not measurable and, if n is not measurable and m < n, then m is
not measurable. It is known that it is consistent with the usual axioms of math-
ematics (ZFC) to assume that there exists no measurable cardinal. Furthermore,
under the continuum hypothesis, the cardinal ¢ is not measurable (see a short
proof in [Dud02, Appendix C] or in [HJ99]). On the other hand, it seems un-
known whether it is consistent with ZFC to assume that there exists a measurable
cardinal. More details on measurable cardinals can be found in [Jec78].

The assumption that no measurable cardinal exists has nice consequences in
probability theory. We say that a measure 1 on the o—algebra of a metric space T
is separable if there exists a separable Borel subspace T of T such that u(Ty) = 1.
Marczewski and Sikorski [MS48] proved that, for a metric space T, the following
conditions are equivalent:

(a) There exists a dense subset of T with non—measurable cardinal.
(b) Every Borel probability measure on T is separable.

Proofs of this result, along with discussions about its consequences, can also be
found in [Bil68, Appendix III] (where it is formulated in a slightly different way)
or in [BK83].

So, we can safely assume that every law p on any metric space T is separable,
in particular p is inner regular w.r.t. the totally bounded subsets of T, that is, for
every B € Br and every € > 0, there exists a totally bounded set K C A such that
u(A\ K) < e [Dud02, Theorem 7.1.4]. In particular, we have M} (T) = M*(T)
and the weak and narrow topologies coincide on M™(T).

The price to pay for this nice situation is that the Borel o—algebra of a nonsepa-
rable metric space is often “too big”, and there are rather “few” Borel probability
measures on a nonseparable metric space T, that is, one is likely to deal with
measures on smaller o—algebras (see e.g. [Dud76, vdVW96] for examples involving
empirical processes).



Chapter 2

Young measures,
the four stable topologies:
S, M, N, W

2.1 Definitions, Portmanteau Theorem
We call Young measures the elements of the set
VRS, PT) = {pe M (QxT,S@Br); VA€ S, p(AxT)=P(A)}.

When no confusion can arise, we omit some parts of the information and use
notations such as Y!(T) or Y!(P) or simply V.

Young measures generalize random probability measures, random elements,
and they also generalize probability laws on T. Let us have a first look at these
special subsets.

e VL (T): We denote by Y} (,8,P;T) (for short, Y1 (T), Vi .(P) or V1)
the set X (MT1(T)) of random elements . : w — g, of MT1(T). It is very
easy to check that a mapping u. : w +— p,, @ — MT1(T), is measurable if
and only if, for each B € Br, the mapping w +— ., (B) is measurable.

With each p, € y(}iy we can associate a unique probability measure

u:/5w®ude(w)ey1
Q

(where ¢,, denotes the Dirac measure concentrated on w), that is, (A x B) =
J 4 bo(B) dP(w) for all (A, B) € S x Br. The mapping . — p is injective,
because we have defined random elements as equivalence classes. We shall
thus identify yjis with a subset of V! and call its elements disintegrable Young

19
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measures. If T is a Radon space (that is, if every law on T is Radon), then
Y. = V!, thanks to the Disintegration Theorem (see [HJ71, Val72, Val73]).

e X(T): With each random element X of T, we can associate the disintegrable
Young measure dy : w +— dx(,). Thus X(T) can be seen as a subset of
V3.(T). We have

Gy = / 50 ® Sx () dP(W),

the latter notation being more convenient when we need to emphasize the
underlying measure P. Young measures of the form ¢y will be called de-
generate Young measures. As degenerate Young measures are parametrized
Dirac measures, they are also sometimes called Dirac Young measures.

o MPTI(T): The set MT!(T) can be embedded in Vi if we associate with
each v € M !(T) the constant random measure w +— v. The corresponding
Young measure is p = P ® v. Such a measure p is called a homogeneous
Young measure.

o T: If we identify X(T) and M™!(T) with their corresponding subsets in
V3.(T), then T will be naturally identified with X(T) N M™!(T).

We shall consider these embeddings from a topological point of view in Section
2.2. The embedding of X(T) in Vi (T) will be studied more in depth in Chapter
3, which is devoted to convergence in probability of random laws.

We endow the set Y! with four different topologies, called stable topologies,
which coincide in most applications: a strong one ’7';1, two intermediate topologies
7'31‘,41 and T;l, and a weak one 7'3"]"1. In the Portmanteau Theorem 2.1.3, we shall
compare them precisely and give some simple necessary and sufficient conditions
for a net to converge in one or another of these stable topologies.

e The topology 73, is the coarsest topology for which the functions

A

are l.s.c. for every bounded l.s.c. integrand f on 2 x T. This means that a net
(1Y) aen of elements of P! converges to a young measure u™ if and only if,
for each normal L'-bounded integrand f, we have liminf, pu®(f) > u>(f).
We call this topology topology of S—stable convergence (for short S—stable
topology) on Y'. As usual, if we need to precise what is the underlying
topological space, or the underlying probability, we use notations such as
T)Sﬂ(T) or T)Sﬂ(P). A subbase for 75’,1 is given by the sets

U(f,r) ={p e u(f) >r}

where f is a normal L'-bounded integrand and r € R (that is, each open
subset of V! is a union of finite intersections of sets U(f,r)).
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e The topology 7y, is the coarsest topology for which the functions

A

are continuous for every bounded continuous integrand f on  x T. We
call it topology of M—stable convergence (or M-stable topology) on Y*. Thus
(1) aea M—stably converges to 4 if and only if, for any bounded continuous
integrand f, we have lim, p®(f) = > (f).

e The topology 73, is the coarsest topology for which the functions

o
poo= op(la®f)

are l.s.c. for every A € § and every bounded l.s.c. f on T. We call it topology
of N-stable convergence (or N-stable topology) on Y. A net (u*)qen N-
stably converges to u® if and only if, for each A € S, the net (u*(A X .))aca
of elements of M™(T) narrowly converges to u™(A x .).

e The topology 7y is the coarsest topology for which the functions

o
poo= op(la®f)

are continuous for every A € S and every bounded continuous function f on
T. We call it topology of W-stable convergence (or W-stable topology) on Y*.
A net (u®)aea W-stably converges to u> if and only if, for each A € S, the
net (u*(A X .))aea of elements of M™(T) weakly converges to u™ (A4 x .).

We thus have the following obvious arrows, which represent implications:

Ty1—Convergence ——— Ty —CONVEIgence

! !

Ty —Convergence —— Ty),—CONVErgence

(to remember the notations for the two intermediate topologies Tyr and 7y, the
reader may think that “M” stands for “medium” and “N” for “narrow”). The
topologies 75, and 7y); coincide when T is completely regular and the elements of
MTL(T) are 7-regular, e.g. T is Suslin regular or T is metrisable and contains
a dense subspace with non—measurable cardinal, see Section 1.4 (recall that the
weak and narrow topologies coincide on M (T) if and only if T is completely
regular, see Section 1.3). Note also that, when T is not completely regular, Ty 18
not necessarily Hausdorff.
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If (41®)aea is a net of elements of V! which *—stably converges to an element
p> of Yt (x =S, M,N, W), we write

o *-stably oo
R Y e

I

For simplicity, if (X,) is a net of random elements of T, the expression “(X,)
*—stably converges to u°” will be used for “(0x_) *-stably converges to p>".
When all four stable topologies coincide, we skip the symbols S, M, N, W or

* and we write, e.g., that (u®)s stably converges to p™, or p® —=2 >

Remark 2.1.1 We shall give later conditions for these four topologies to coincide
on V! or on some particular subsets of . This will be done especially in Port-
manteau Theorem for Stable Topology 2.1.3, where it is shown that they coincide
if T is Suslin metrizable, and in Chapter 4 where it is shown e.g. (see Corollary
4.3.7) that, if T is a Suslin regular space, or a completely regular Prohorov space
whose compact subsets are metrizable, these topologies share the same compact
subsets, thus the same convergent sequences. If T has too few continuous func-
tions, e.g. if all continuous functions are constant and T has more than one element
(see Section 1.3), then obviously 7'35,1 is strictly finer than 7y, and 73, is strictly
finer than 7y, . However, in the completely regular case, even if T is Sushin, we
do not know whether the topologies T)Sﬂ, 7'3“,’11, T;l and TS’;"I can differ.

If in the above definitions we restrict the test functions to be /®Br—measurable,
for some sub—o—algebra U of S, we then speak of U——stable convergence, * =
S,M,N,W. If U # S, the topology of U—+—stable convergence is obviously not
Hausdorff. For example, if A € S\ U and if ¢; and ¢y are distinct elements of T,
the Young measures 149, + 144, and EY (14) Oy, + EY (1) d,, are different,
but they cannot be separated by any set of i ® Br—measurable functions. Actually,
U—x—stable convergence provides a bridge between *—stable convergence of Young
measures and weak or narrow convergence of their margins on Q: If U= {0, Q}
and * = W, M (resp. * = S,N), a net (u%)oeca of elements of V! U—*—stably
converges to a Young measure p> if and only if the net of margins (u®(Q X .))aea
in M 1(T) weakly (resp. narrowly) converges to p° (2 x .).

The terminology of “stable convergence” stems from Rényi [Rén63, RR58],
who observed that this convergence behaves like narrow convergence plus some
nice stability properties (see Proposition 9.2.2). We prefer to use this terminology
rather than that of “narrow convergence of Young measures”, to stress the differ-
ence with the narrow topology on the space of measures on a topological space.
Although, in the definitions, *—stable convergence looks like a parametrized narrow
or weak convergence, it will appear in Chapter 3 that x—stable convergence gen-
eralizes both narrow or weak convergence and convergence in probability (see the
title of [JM81Db]). Furthermore, it is very convenient to say that a sequence (X, )n
of random variables *-stably converges if the sequence (d x, ), *—stably converges.
This is much more convenient than to say that (X,,), “narrowly converges” (one
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would think that (X,,), converges in law) or that (X,,), “weakly converges” (one
would think that (X,,), converges for o (L', L>)).
The following lemma will be extended in Corollary 2.1.9, in the case * = W.

Lemma 2.1.2 (Stable topology relative to the completed c—algebra) As-
sume that T is the union of a sequence (Tp)nen of second countable Suslin spaces
(for the topology induced by T) which are Borel subsets of T, this is the case if
eg. T = (E,0(E,E*)) or T = (E*,0(E*,E)) for some separable Banach space
E. Let us identify each u € Y with its unique extension in Y*(Q, Sy, P*). For
* = S, M,N, W, the topology Ty, remains unchanged if we replace (€2, S,P) by
(Q, S5, P).

Proof. Obvious in view of Lemma 1.2.6. ]

The following key theorem is an adaptation of the classical Portmanteau Theo-
rem for narrow convergence of laws on a topological space as in [Top70b] (see also
[Bil68] for the metric case). Part G, where W—stable convergence implies S—stable
convergence, is also known as the Semicontinuity Theorem (see also Proposition
2.1.12).

Recall that a portmanteau is a very large suitcase which can contain a lot
of clothes. Using simple compactness arguments, we shall add extensions to this
portmanteau in Theorems 2.1.13, 4.3.8 and 4.5.1 (see also Corollary 2.1.4). A
probabilistic point of view will be presented in Proposition 9.2.2. A synthesis on
the Semicontinuity Theorem is given in Table 1 page 112.

Theorem 2.1.3 (Portmanteau theorem for stable convergence of Young
measures) Recall that T is a Hausdorff topological space. Let (u*)oca be a net
of elements of Y' and let u>™ € Y. Let C be a set of nonnegative S-measurable
bounded functions which is stable under multiplication of two elements, which con-
tains the constant function 1, and which generates S (e.g. C may consist in the
indicator functions of the elements of a subset of S which is stable under finite in-
tersection, which contains 2, and which generates S). If f € C and g is a function
on T, we denote by f®g the function on Q X T defined by (f®g)(w,t) = f(w)g(t).
For any u € Y' and any f € C, we denote by u(f ® .) the measure v € M*(T)
defined by v(B) = p(f @ 1p) for any B € Br.

A) The following 6 conditions are equivalent:

o  S-stably 0o
—_—

1. u

2. liminf, pu®(f) > p>°(f) for any normal L*-bounded integrand f.
3. limsup, p®(f) < u>®(f) for any L'-bounded u.s.c. integrand f.
4 2 p

liminf, p*(f) >
that 0 < f < 1.

5. liminf, p*(G) > u>=(G) for any G € G.

<(f) for any normal L'-bounded integrand f such
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6. limsup, u®(F) < pu*>(F) for any F € F.

B) Furthermore, each of Conditions 1 to 6 implies Conditions 7 and 8 below,
which are equivalent.

o M-stably %)
s

7w
8. limg pu®(f) = pu>®(f) for any L'-bounded continuous integrand f.

C) Each of Conditions 1 to 6 implies Conditions 9, 10 and 11 below, which are
equivalent.

o  N-stably o
—_—

9. p

10. liminf, p*(f®g) > p>(f®g) for any f € C and for any bounded l.s.c.
function g on T.

11. For every f € C, the net (u*(f ® .))aea in MT(T) narrowly converges
to p>(f ® .).

D) Each of Conditions 1 to 11 implies each of Conditions 12 to 14 below, which
are equivalent. Furthermore, if T is completely reqular, if U is any uniformity
on T which is compatible with the topology of T, and if p> (2 x .) € MF(T),
then Conditions 9 to 15 are equivalent.

12 /,(,a W-stably MOO )

18. lim, p*(f ®9g) = p>=(f ®g) for any f € C and for any bounded contin-
wous function g on T.

14. For every f € C, the net (u*(f ® .))aca i MT(T) weakly converges to
pe(f @ ).

15, lim, p®*(f ® g) = p>(f ®@ g) for any f € C and for any bounded U-
uniformly continuous function g on T.

E) Assume that T is hereditarily Lindelof and regular (thus completely regular).
Assume furthermore that T is separable (or that T contains a dense subspace
with non-measurable cardinal, see Section 1.4 and also Remark 1.1.8). Let
D be a set of semidistances which induces the topology of T and which is o—
upwards filtering (if we assume furthermore that T is submetrizable, e.g. T
is cosmic regular, then we may take for D a set of distances on T). Then
Conditions 9 to 15 are equivalent to Conditions 16 to 18 below.

16. p® 2 4> in YY(T,d) for any d € D.

17. lim, p®*(f ® g) = p>=(f ® g) for any f € C, for any d € D and for any
bounded d—uniformly continuous function g on T.

18. lim, pu®*(f ®@ g) = p=(f ® g) for any f € C, for any d € D and for any
bounded d—Lipschitz function g on T.
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F) Assume that T is Suslin reqular. Let D be a set of distances which induces the
topology of T and which is c—upwards filtering. Then Conditions 9 to 18 are
equivalent to Condition 19 below.

19. p> =2 420 i YY(T,d) for any d € D.

G) Assume that T is metrizable and Suslin. Let d be a distance which is com-
patible with the topology of T. Then Conditions 1 to 19 (with D = {d}) are
equivalent.

We shall give several corollaries later, but let us immediately give the following one,
to compare with Parts D and E. A similar result, without separability condition,
will be given in Proposition 2.1.10.

Corollary 2.1.4 Assume that T is completely reqular and separable. Let (u®)aea
be a net in Y1 which W-stably converges to a Young measure p>™ € Y'. Let d be
a continuous semidistance on T and let f be a bounded d—uniformly continuous
integrand. We have

lim () = u>(f).

Proof. Let S be the completion of the quotient space T/d. We denote by 7 the
canonical mapping T — S. Define the corresponding mapping w on €2 x T:

.{QXT — QxS
Tl W) = (wm(t)).

There exists a bounded uniformly continuous integrand f defined on € x S such
that f = f oxwr. We have

W-stably

oy (1) oy (1)

But S is Polish thus, from Part G of Theorem 2.1.3,

S—stably

my (1) my (1) -

In particular, we have

lim i (f) = limm (1) (f) = m, (u™) (f) = p>(f).
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Proof of Theorem 2.1.3.

A) 1< 2 follows directly from the definition of S—stable convergence.

2 3,2=4,5< 6 and 2 = 5 are obvious.

5 = 4. Note that, if g : @ x T — R is any measurable function such that
0 < g < 1, we have, for any p € Y?,

i<1+iu{g>k/n}> ZM(Q)Z%Z_:M{9>I€/”}-
k=1

k=1

Let f be a normal L'-bounded integrand with 0 < f < 1. We have, for any
integer n > 1,

n—1
lirrginf/la(f) > 1irr}linf {711 Z,u“ {f > k/n}}
k=1

v

n—1
1
= ZliminfuCy {f>k/n}
"= o

n—1

1
- Z p>{f > k/n} (from Condition 5)
k=1

Y

> p>(f) = 1/n,

thus liminf,, p*(f) > u>(f).

4 = 1. If f is a normal L'-bounded integrand such that a < f < b for
some fixed real numbers a and b, Condition 4 applied to (f —a)/(b—a) yields
the result. Assume now that |f(w,.)] < ¢(w) for some integrable function
¢ : Q2 — R and for every w € Q. Let € > 0. There exists ¢ > 0 such that
Jyse ®dP <. We have, for any index o € AU {oo},

1 (flgse)l < p* (@ 1gse) =P(Plgse) <e,
thus
liminf p®(f) > liminf p*(f 1<) + liminf p®(f 1p>c)
o (e} - «

> p=(flg<e) — €
=pu=(f) = p(flpse) — ¢
> p*(f) — 2e.

The implications (2 and 3) = 8 = 7 are obvious. The implication 7 = 8 can
be easily obtained by the same trucation method as for 4 = 1.



2.1. DEFINITIONS, PORTMANTEAU THEOREM 27

C) The implication 2 = 9 is obvious. Furthermore, in the case when C =
{14; A € S}, the equivalences 9 < 10 < 11 are immediate consequences
of the definition of 7§}, and of the definition of narrow convergence on M™(T).
There remains to prove that Conditions 10 and 11 are independent of the
choice of C.

Let us denote by Meas the set of bounded measurable functions on €. It is
clear that Condition 11 is implied by

11’. For every f € Meas, the net (u*(f®.))aeca in MT(T) narrowly converges
to p>(f ® .).

So, we only need to prove the implication (11 = 11’).

We shall prove this implication by using a Functional Monotone Class The-
orem. A set £ of bounded measurable functions on €2 is called a monotone
vector space [Sha88, Appendix A] if (i) it is a vector space over R, (ii) it con-
tains the constant functions and (iii) it is stable under monotone limits of
uniformly bounded sequences. The Monotone Class Theorem asserts that if
£ is a monotone vector space and if H is a subset of £ which is stable under
multiplication of two elements, then £ contains all bounded functions which
are measurable for the o—algebra generated by H (this theorem is proved in
[DM75, Théoreme 21, page 20], with the extra hypothesis that £ is stable under
uniform convergence, but it appears that any monotone vector space satisfies
this condition, see [DM83, page 231] or [Sha88]). Let £ be the set of elements
f of Meas such that lim, p®(f ® g) = p>°(f ® g) for any bounded continuous
function g on T. We have C C &, and £ is a vector space which contains the
constant functions. To prove that & = Meas, we only need to prove that &
is stable under monotone limits of uniformly bounded sequences. Let (f)nen
be an increasing sequence of elements of £ such that f :=sup, oy fn € Meas.
By adding a constant, we assume w.l.g. that fy > 0. Let g be a continuous
function on T, with 0 < g < 1. Let € > 0. There exists an integer ng € N such
that P(f,,) +¢& > P(f). We thus have, for any u € V!,

0<pu(f®@g)—p(fu, ®9) = u((f = fro) ®9) <P (f — frn,) < ¢,
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and therefore

limsup u*(f @ g) < liénua(fno ®g)+e

<p>(feg) te

=supu=(fn®g)+e
neN

= sup lim u*(f, ® g) + ¢
neN ¢

< liminfsup u*(f, ® g) + ¢
@ neN

= liminf u*(f ® g) + .

As € is arbitrary, this proves that f € £. Thus £ = Meas.

D) The implications 7 = 12 and 9 = 12 are obvious.

The equivalence 13 < 14 is an immediate consequence of the definitions, as
well as, if C = {14; A € S}, the equivalence 12 < 13.

The proof that Condition 14 does not depend on the choice of C is the same
as in Part C.

If T is completely regular and if p10, (2% .) € M (T), Condition 15 is equivalent
to Conditions 11 and 14 by the classical Portmanteau Theorem for narrow
convergence of Borel measures on a topological space (see page 13 and [Top70b,
Theorem 8.1]).

E) As T is hereditarily Lindelof, we have pioo (2x.) € M (T), thus the conclusions
of Part D hold true.

The equivalence of Conditions 17 and 18 with Condition 16 comes from the
Portmanteau Theorem for narrow convergence of measures on a metric space:
see e.g. [Dud76, Dud02] for the case when T is separable. In the nonseparable
case, the equivalence 17<16 is provided by [Top70b, Theorem 8.1], and the
equivalence 18<16 by [HJ91, Corollary 7.12].

The implication 12 = 16 is obvious. Assume 16, let f € Candlet g: T — R
be bounded continuous. From Lemma 1.1.2, there exists a continuous semidis-
tance d € D such that g is d-continuous (from Remark 1.1.1, if T is sub-
metrizable, we can take for d a distance). Thus, by Condition 16, we have
limg, p*(f ® g) = u*>°(f ® g), which proves 13.

We now prove G, which we will use in the proof of F. Note that, when T is Suslin,
we have M™(T) = M} (T), which ensures that p>(. x T) € M} (T).

G) (FIrsT sTEP) In this step, T need not be Suslin (but then, we assume that
u>(. x T) € Mf(T)). As T is separable metrizable, the results of Parts D
and E apply. Thus Conditions 12 to 18 are equivalent. In particular, these
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conditions are independent of the choice of C. We can thus assume without
loss of generality that C = {14; A € S}.

Let us prove that Condition 17 implies
7. limg, p®(f) = p®°(f) for any bounded uniformly continuous integrand f.

As Condition 17 is equivalent to Condition 12, which is independent of the
choice of d, we shall assume w.l.g. that (T,d) is totally bounded (see [Eng89,
Par67] for the existence of such a distance). Then the space C,(d), endowed
with the topology of uniform convergence, is separable (this is the main argu-
ment in this part of the proof). Following the notations of [JM81b, JM83], we
denote by B, the set of bounded measurable functions on 2 x T and we set

Bhe ={1a® f; A€ S, f € Cyu(d)},
IB12110 = {f = Z ]lAn ®fn;

neN
fEBm, Vn,meN 14, @ fn €Bhe, (RAEmM= A, NA, =0},

Boe = {f €Bm; Vwe€Q f(w,.) € Cu(d)}.
So, Condition 17 reads

lim,, u®(f) = pu>(f) for any f € BL..
Let f =3 ey la, ® fn € B2, with (A4,),en a measurable partition of €,
and let us prove that lim, u®(f) = p>(f).

Let a = sup(, yeaxr |f(w,t)]. For each ¢ > 0, choose an integer n(e) such
that P(Uispe)Ai) < e/a. Let ge =37, .) 1a, ® fi. Forany p € V!, we have

() = mlgo)l = > Iu(1a, ® fi)| <e.

i>n(e)

But, for each € > 0, we also have lim, p*(g:) = p*(g:). Thus lim, p*(f) =
1> (f)-

Now, let f € B2,.. Let (f.)nen be a dense sequence in C,,(d) (recall that (T, d)
is a totally bounded metric space). For each € > 0 and each n € N, set

By, ={w € @ sup|f(w,t) = fult)] < e}
teT

Define (A$)nen inductively by A = Bf and A5 = B, | \ Uo<i<nBj. Let
e = nen laz ® fn. Then f€ € B2, thus lim, pu®(f¢) = p>°(f¢). But we
also have supq . | f — f¢] < &, thus, for any u € Y1, |u(f) — u(f¥)| < e. Thus
lim,, u®(f) = p*(f), which proves Condition 7’.
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G) (SECOND STEP) Note that, in our current setting, Condition 19 is equivalent
to Condition 1. So, to complete the proof of Part G, we only need to prove
the implication 7/ = 6.

Now, from Lemma 2.1.2, as T is Suslin and second countable, we can assume
w.l.g. that (Q,S,P) is complete.

Assume 7" and let F' € F. We shall approximate the integrand 1z by elements
f of B3, such that f > 1 (recall that B3 . is the set of bounded d—uniformly
continuous integrands on © x T).

From the Projection Theorem, the set Q' = {w € Q; F(w) # 0} is S—
measurable. We shall assume w.l.g. that Q' = Q.

Let (0, )nen be a Castaing representation of F, that is, each o, is a measurable
mapping from Q to T and F(w) is the closure of {o,(w); n € N} for every
w € ). Let d € D. The function

ga: (w,t) —d(t, F(w)) = ing d(t, on(w))
ne
is an integrand. From Lemma 1.2.2, for each € > 0, the set

G = {(w,t) € A x T; d(t, F(w)) < €}
= UnEN {(wat) €N x T; d(taan(w)) < 5}

isin G. Let € > 0 and define an uniformly continuous integrand fq . by

1 if (w,t)eF
faelw,t) = q (1/e)(e = ga(w,t)) if 0<ga(w,t)<e
0 it ga(w,t) >e.

We thus have
]IF S fd,e § ]ldeia

and

p> (F) = inf p>(GVE)
> Iicgfi/ioo(fd,l/k)
>inf {p>(f); f € B, f = 1p}
= inf {lim 4 (); £ € B, f > 1r }
> limsup (inf {1 (f); f € B, f > 1r})

> limsup u®(F),
«

which proves Condition 6.



2.1. DEFINITIONS, PORTMANTEAU THEOREM 31

We can now prove F.

F) As T is cosmic regular, the results of E apply, thus Conditions 9 to 18 are
equivalent. Furthermore, by Part G, for any d € D, 19 is equivalent to 16.

[]

Remark and Definition 2.1.5 (Extension of 735,1 to the space of measures
on (2 x T,S®Br)). Let us call extended S—stable topology and denote by 73, the
coarsest topology on M1 (Q x T, S ® Br) such that the mapping i +— pu(f) is l.s.c.
for any Ls.c. bounded integrand f.

Similarly, for * = M, N, W, we can define the extended x—stable topology .

Obviously, V! is closed in MT(Q x T,S ® Br) for 7y, * =S, M, N, W.

Note that, in Parts A and B of the proof of Theorem 2.1.3, we did not use
the fact that all elements of ! have the same marginal P on Q; we used this
hypothesis in C and D, when we applied the monotone class theorem, but we can
dodge this part of the proof if we assume a stronger hypothesis on C, e.g. that C
contains all indicator functions 14 (A4 € S). If we modify the hypothesis on C
in this way, Theorem 2.1.3 extends to M*1(Q x T, S ® Br), with the topologies
induced by 7y, * = S, M, N, W.

Furthermore, it is easy to adapt the proof of Theorem 2.1.3 to (M (Q x T,S®
Br),Ty,) (see [RAF03]). Besides the above mentionned modification, we only need
to add in Conditions 5 and 6 that lim, p*(2 x T) = u>(Q x T).

The topologies 7%, and 7}, are particular cases of the w-topology defined by
Topsge [Top70a] on an abstract set endowed with some pavings I, G and F. We
shall apply Topsge’s results on compactness in chapter 4. In the case when T is
separable metrizable, the topology 7}, was also investigated by Schél [Sch75] (with
sometimes topological assumptions on (2, S8)), under the name of ws—topology. In
the case when T is Polish, the topology 73, = 7); was also studied by Jacod and
Mémin [JM81b] and by Galdéano [Gal97]. More recently, Balder [Bal01] studied
Thy in the case when T is Suslin regular.

Remark 2.1.6 (W—Stable topology as an initial topology) Actually, in Part
E, we identified each measure u® (o € AU {oo}) with its restriction to the o—
algebra S ® B(r 4y, which may be different from S ® By if T is not Suslin. Assume
that T is separable, hereditarily Lindelof and regular, and let D be a set of semidis-
tances which induces the topology of T and which is c—upwards filtering. For each
d € D, let w4 be the canonical projection of T onto (T,d). Let m; be the mapping
(w,t) = (w,mq(t)) defined on © x T. Then a more precise writing of Condition 16

1S
16", (mg)y p =5 (), 4> in Y*(T,d) for any d € D,

where (my), p* (o € AU {oo}) denotes the measure image of ;1> by m.
The equivalence 16’ < 12 means that TS’,‘Q is the initial topology for the system

(791(d),(m4)4), where d runs over D.
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Remark 2.1.7 (W—Stable convergence vs. S—stable convergence in the
Suslin regular case) Parts F and G give a criterion for Tf,l and TS’,‘Q to coincide
when T is Suslin regular. Notice first that, when T is Suslin, for each continuous
distance d on T, the o-algebra B, coincides with B,,, thus the sets Y'(d) and
Y(7r) coincide. Let Id be the identity mapping on Y!. From Remark 2.1.6, Tyn

w

is the initial topology (and even the projective limit) for the system (73 (d),Id),

where d runs over D. Clearly, 73, is finer than the initial topology (and even the

projective limit) for the system (73, (d),1d), where d runs over D. But, for each
d € D, we have 73 (d) = 73:(d) by Part G. Thus, if T is Suslin regular, the
topologies 73, and 73, coincide if and only if T3, is the initial topology for the

system (73 (d),1d), where d runs over D.

Corollary 2.1.8 (W-stable convergence for dense subspaces) Assume that
T is a dense subspace of a completely reqular space S. Assume furthermore that
MT(T) = MH(T) (e.g. T is hereditarily Lindeléf). For each p € Y(T), let
i € VXS) be the measure on Q x S defined by fu(A) = u(AN (2 xT)) for any
A € S® Bs. The injection p — i from (yl( ), Tyr (T )) to (\))I(S),Tj","1 (S)) is
a topological embedding, that is, a net (u®)q in Y*(T) W-stably converges to an
element p® of YY(T) if and only if the net (i®), W-stably converges to i in

YH(S).

Proof. Observe that, for any u € Y*(T), the definition of f implies that the
measure i(Q x .) is in M} (S). Let U be a uniformity on S which is compatible
with the topology 75 of S. For simplicity, the uniformity on T induced by U will
also be denoted by U. Let Cyp,(S,U) (resp. Cpyu(T,U)) be the space of bounded
U—uniformly continuous functions on S (resp. on T). Each element f of Cy, (T,U)
has a unique extension f € Cpy(S,U) (e.g. [Bou71, Theorem 2, Page 11.20]). Let
1) be the canonical injection from T to S. For each p € V' and each fi-integrable
integrand f on 2 x S, we have u(f) = u(f o)) = u(f‘ﬂxT). Let (u®)q be a net
in YY(T) and let u> € Y(T). Using the equivalence 12 < 15 from Part D of
Theorem 2.1.3 , we get

pe T 4 s VA ES Vf € Cou(TU) p*(1a@ f) = p™(1a® f)

I
SVYAES VfeCu(TU) 140 f) — i=(1a® f)
SVAeS VfeCpn(SU) 1*(1a® f) =™ (1la® f)

~q W-stably ﬁoo
_—

& [

[

Theorem 2.1.3 and its Corollary 2.1.8 also allow us to extend Lemma 2.1.2 to
dense subsets of regular Suslin spaces, for W—stable convergence.
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Corollary 2.1.9 (W-Stable topology relative to the completed c—algebra)
If T is a dense subspace of a Suslin regular space, then Ty (Q,8,P) coincides with

751 (€, Sp, P7).

Proof. From Corollary 2.1.8, we can assume w.l.g. that T is Suslin regular. Let
D be any o—upwards filtering set of distances which induces the topology of T.
From the beginning of Remark 2.1.7, and with the same notations, TJV,"I (Q,8,P)is
the initial topology for the system (7')","1 (Q,S,P,d),1d), where d runs over D. But,
from Lemma 2.1.2, for each d € D, the topological spaces 73 (€2, S, P; T, d) and
31 (2, Sp, P*;T,d) coincide. ]

The following result gives convergence of W—stably converging nets on some
integrands which are not tensor products. Contrarily to Corollary 2.1.4, no sep-
arability condition is assumed (provided T contains a dense subspace with non—
measurable cardinal, see Section 1.4).

Let d be a continuous semidistance on T. Recall that BL (T, d) is the set of
bounded Lipschitz functions f : T — [—1,1] with Lipschitz modulus bounded
by 1 (see page 15). We denote by BL,(Q2,T,d) the space of integrands f such
that f(w,.) € BLy(T,d) for all w € Q and by BL}(Q2,T,d) the set of elements
f of BL, (2, T,d) which have the form f = Y1 | 14, ® g;, where (4;)1<i<y is a
measurable partition of Q (which depends on f).

Proposition 2.1.10 (W—Stable convergence and Lipschitz integrands)
Let d be a continuous semidistance on T. We assume that T contains a dense
subspace with non—-measurable cardinal (Section 1.4) or that there exists a separa-
ble subset Tg of T such that u™=(Q x Tg) = 1. Let (u®)aea be a net in Y* which
W-stably converges to some > € Y'. Then we have

lim (g o f) = p>=(po f)

for each integrand f € BL,(Q,T,d) and for each continuous function ¢ : [—1,1]—
R.

Proof. Assuming that T contains a dense subspace with non—measurable cardinal
or that u>(Q x Tg) = 1 for some subspace Tg of T, the measure (2 X .) is inner
regular w.r.t. the totally bounded subsets of T. Let ¢ > 0. There exists a totally
bounded subset K of T such that u> (2 x K) > 1 —e. Recall that every Lipschitz
function f € BLy(K) can be extended to a Lipschitz function f € BL(T,d) (see
e.g. [Dud02, Theorem 6.1.1]).

For any continuous function f on T and any B C T, let us denote | f|| 5 :=
sup,ep | f(x)]. The set of restrictions to K of elements of BL1 (d) is totally bounded
for ||.||, (it is a subset of the compact space BL,(K,d), where K is the d—
completion of K). For each n > 0, there exist thus gi,...,9, € BL1(d) such
that, for each f € BLi(d), we have inf;—1 ., || f — gill x < -
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Now, let f € BL;(Q,T,d) and let ¢ : [-1,1] — R be a continuous function.
The mapping ¢ is uniformly continuous, thus there exists n > 0 such that, for
all x,y € [-1,1], if |z —y| < n then |p(x) — p(y)| < e. For each w € Q, we can
find N(w) € {1,...,n} such that Hf(w, D)= gN(W)HK < n/3. Furthermore, we can
assume that N is measurable, because Lipschitz functions on K are determined by
their values on a countable dense subset of K. Fori=1,...,n,let A; = {N(w) =
it,andlet g = 31" | 14,®g;. We have g € BL|(Q,T,d) and || f(w,.) — g(w, )| x <
n/3 for every w € Q.

Let K"/3 = {x € T; d(x, K) < n/3}. For each w € Q, as f(w,.) and g(w,.) are
1-Lipschitz, we have
n

Hf(wv ) - g(wa ')”Kn/ii <3 3

7,
thus

(2.1.1) oo flw,.) —pog(w, )lgms <e.

Let h : T — [0,1] be a Lipschitz mapping such that h(z) = 1 if z € K and

h(x) =0 if 2 ¢ K"/3 (we can take e.g. h(z) = (1 — (3/n)d(z, K)) v 0). We have
lim p% (1o @ (1= h)) = p> (1o @ (1 = h)) < p> (2 x K°) <&,

thus there exists g € A such that

(2.1.2) a>ayg=pu*(lo® (1 —h)) < 2e.

On the other hand, let M = max,ci_11]|¢(x)|. For every w € Q, we have
looflw,.) —pog(w, )|y < 2M. From (2.1.1) and (2.1.2) we thus have, for
a > o,

(1 = p=) (po f—pog) < (u* +p>)((po f—pog)(la®@h)|)
+ (4 p>) (12M (1o @ (1= h))))
<(e4e)+e+2e)M = (24 6M)e.
But we also have lim,, (u® — p°°) (¢ o g) = 0, thus, for « large enough,

(1 = p>=) (po f)l < (3+6M)e,
which yields the result because ¢ is arbitrary. []

We are going to deduce from Proposition 2.1.10 (with ¢(z) = ) a new criterion
of W—stable convergence. Let d be a continuous distance on T. Let BL(T, d) denote
the vector space of real-valued bounded Lipschitz functions defined on T. It is a
Banach space for the norm

I lon e = 171 + sup (LG =IO 5 21y
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We denote by BL(Q, T, d) the set of all integrands f on 2 x T — R such that
there exists a measurable mapping ¢ : Q — R* with || f(w,.)lgp) < ¢(w) for
every w € Q (if T is separable, the mapping w — |[f(w,.)|[g1,4) is measurable,
thus BL(Q2, T, d) is simply the set of integrands f such that f(w,.) € BL(T,d) for
each w € Q).

We denote by BL' (2, T, d) the set of elements f of BL({, T, d) which have the
form

f(w,t) = Z ]lAl(w)fl(t)v
i=1

where (A1,...,A4,) is a measurable partition of {2 and each f; is in BL(T, d). Let

L113L(11',d) be the space of Bochner integrable functions defined on (92, S,P) with
values in BL(T, d). We have

(2.1.3) BL(Q,T,d) C Ly rq C {f € BL(Q,T,d); f is L'-bounded } .

Corollary 2.1.11 (W—Stable convergence and Lipschitz integrands) As-
sume that T is metrizable and let d be a distance which is compatible with the
topology of T. Let (u*)aea be a net in V' and let u>° € Y. The following
conditions are equivalent:

(a) Ma W-stably ,U,OO.

(b) For each L'-bounded integrand f € BL(Q, T, d), we have limg, pu®(f) = p>(f).
(¢) For each f € L]13L(’Jr,d)7 we have lim,, p®(f) = p®>(f).
(d) For each integrand f € BL'(Q, T, d), we have lim, u®(f) = u>(f).

Proof.

The implications (b) = (¢) = (d) are clear from (2.1.3).

The implication (d) = (a) comes from Part D of Portmanteau Theorem 2.1.3.

Assume (a). Let € > 0. Let f be an L'-bounded element of BL(Q, T,d). In
order to show that lim, u®(f) = p>(f), we have to control both |f(w,t)| and the
Lipschitz modulus of f(w,.). From the definition of BL(f2, T,d), there exists a
measurable function ¢ : Q — R¥ such that || f(w, ML < ¢(w) for every w € Q.
Furthermore, as f is L'-bounded, there exists a P-integrable function ¢ : Q — R
such that |f(w,t)] < ¢(w) for each (w,t) € @ x T. We can thus find Q. € S and
M > 0 such that

P(Q\ Q) <e, ¢lg. <M, and / pdP <e.
Q\Q.

Define g € BL(Q2, T, d) by
1
— flw,t) ifweQ,
o) = 27/ @)
0 ifwe\ Q.
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We have g € BL,(Q,T,d), thus, from Proposition 2.1.10, lim, pu*(g) = u*(g).
Moreover, for any p € V!, we have

lu(f — Mg)| <e.

As ¢ is arbitrary, this proves the result. ]

The following easy consequence of Theorem 2.1.3 and Proposition 2.1.10 is
often useful.

Proposition 2.1.12 (Semicontinuity Theorem) Let (u%)aeca be a net of el-
ements of Y and let > € Y. Assume that one of the following conditions is
satisfied:

o Westably oo
—

(a) p [
continuous distance d on T with f(w,.) € BL1(T,d) for each w € Q.

and f: Q x T — RT is an integrand such that there exists a

(b) p* = 42 and f - Q x T — [0, 400] is a continuous integrand.

o N-stably
_—

(c) p pu>, g: Q—[0,+00] is a measurable mapping, h : T — RT is an

l.s.c. mapping and [ is the integrand g ® h.

(d) p® = 1> and f: Q x T — [0, +00] is an Ls.c. integrand.

Then we have
p(f) < liminf j°(f).

Proof. From Proposition 2.1.10 (in the case (a)) or from Theorem 2.1.3, we have,
for every M € [0, +ool, u>°(f A M) < liminf, u®(f A M).

Assume first that pu*°(f) < +o0o. Choose M > 0 such that u>(f A M) >
p#>°(f) —e. We then have

p () < p(fAM)+e <liminf u®(f A M) +¢e < liminf p*(f) + ¢

which yields the result, because ¢ is arbitrary.
Assume now that p®°(f) = +oo. For each A > 0, there exists M > 0 such that
p>(f A M) > A. We then have

A <liminf p®*(f A M) < liminf p®(f).

As A is arbitrary, this proves that liminf, p®(f) = 4oc. ]

In the preceding results, in particular in the Portmanteau Theorem 2.1.3, we
considered mainly conditions on the topological space T, not on (€2, S). Now, from
Part D, it is easy to deduce the following continuation of Theorem 2.1.3, in the case
when €2 can be endowed with a topology. We show that, in some cases, W—stable
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convergence coincides with narrow convergence w.r.t. an appropriate topology on
Q2 x T. This result generalizes [Val94, Theorem 3, 2)].

Before we state this result, we need to fix some more vocabulary. Let C be a
set of subsets of ). We say that C essentially generates S if S is contained in the
universal completion of the o—algebra generated by C. We say that S is essentially
countably generated if there exists a countable set of subsets of 2 which essentially
generates S.

Theorem 2.1.13 (Portmanteau Theorem continued: W-stable conver-
gence vs. narrow convergence on the product space) Let (1%)qca be a net
in Y' and let u>=° € Y'. Assume that there exists a topology Tq on  such that
B, =S.

A) If Tq is perfectly normal, the following Conditions 1 and 2 are equivalent:

o W-stably o
—_—

L p 1%

2. lim, p*(f ® g) = u>®(f ® g) for any bounded To—continuous function f
on Q and for any bounded Tr—continuous function g on T.

B) If furthermore T is the union of a sequence of second countable Suslin spaces
which are Borel subsets of T, or if T is Suslin reqular, we can replace in A the
hypothesis B, =S by

B, =87,

where, as usual, for any o—-algebra A, we denote by A* its universal completion.

C) Assume that (T, 1) and (Q,7q) are completely reqular topological spaces such
that Brogr = Bro @ Bry (this is the case if T ®@1r is hereditarily Lindeldf, or if
one of the spaces (T, 1) and (Q, 7q) is cosmic, see the proof of this theorem).
Assume furthermore that the elements of MT1(Q x T,7q ® 71) are T—regular
(this is the case if Tq ® Tr is hereditarily Lindeldf). Then Condition 2 is
equivalent to each of Conditions 8 and 4 below.

3. lim, p*(f) = p>=(f) for any bounded T ® Tr—continuous function f on
QxT.

4o p® == e in MEHQ % T, 70 @ 7r).

D) In particular, Tyr coincides with the topology induced on V! by the topology of

narrow convergence on MY (Q x T, 7q ® 1) in each of the following cases:

(2) (T,7r) and (Q,1q) are regular cosmic spaces and S is the Borel o—algebra
of T,

(i) (T,7r) is a regular Suslin space, (Q,7q) is a regular cosmic space, and
S* is essentially generated by Tq.
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Proof.

A) As 1q is perfectly normal, the o—algebra S = B, is generated by C; (2, 7q).
The result is thus a direct consequence of Part D of Theorem 2.1.3.

B) Obvious from Lemma 2.1.2 and Corollary 2.1.9.

C) This is a result on narrow and weak convergence. The equivalence between
3 and 4 comes from the fact that, by the classical Portmanteau Theorem
[Top70b], as 7o ® 71 is completely regular, the weak topology and the narrow
topology on M} (Q x T, 7q ® 71) coincide. The hypothesis B,gr = Br, @ Br,
ensures that each u® (o € AU {oo}) is in MTY(Q x T, 7q ® 7). The proof
that Br,gm = Bry, ® By holds when 7q ® 7r is hereditarily Lindel6f, or when
one of the spaces (T,7r) and (9, 7o) has a countable Borel network, can be
found in [BC93, Exercice 3.18, with solution] (see also [FJW96] where it is
proved that, if (Q,7q) is a regular space, then B, g = Br, ® By, holds for
any regular space (T, 7r) if and only if (£2, 7q) has a countable Borel network).
If (T, 7r) and (2, 7q) are metrizable, the equivalence between 3 and 2 is proved
in [vdVW96, Corollary 1.4.5]. Assume now that (T, 7r) and (€2, 7q) are com-
pletely regular. Clearly, 3 implies 2. Assume 2 and let Dg (resp. Dr) be an
upward filtering set of continuous distances which induces the topology of
(resp. T). For any d € Dq and any d’ € Dr, define the distance d ® d’ by
d® d’((wl,tl), (wg,tg)) = d(wl,(,Ug) V d/(tl,ﬁg). Then D = {d@ d;deDq,de
Dr} is an upwards filtering set of distances that induces 7o ® 7r. From the
metrizable case, we have, for any d ® d’ € D,

pe —2 > in MHL(Q x T, d® d' € D).
The conclusion follows from Lemma 1.3.3.

D) Obvious.
[]

Remark 2.1.14 In Part D, (Y*(T), 73}) is a closed subspace of M*(Q x T) en-
dowed with its narrow topology.

2.2 Special subspaces of Young measures,
denseness of the space X of random variables

In this section, we consider the topological subspaces M*(T), T and X (T) (see
page 20 how they are imbedded in Y..). The subspaces of p-integrable Young
measures will be considered in another section (Section 2.4), because we shall
endow them with new stable topologies wich are not induced by the topologies

*

Tyl.



2.2. SPECIAL SUBSPACES, DENSENESS OF RANDOM VARIABLES 39

For the spaces M™1(T) and T, we compare their usual topologies with the
topology induced by 7'3*)1, * = S, M, N, W: We shall see that 7 is the topology
induced on T by 7'3*,1 and that, when T is completely regular, the narrow topology
on M™Y(T) is also induced by 73, .

For X(T), it is only in Chapter 3 that we will compare its natural topology
(that is, the topology of convergence in P-probability) with the topology induced
by 7'3*,1, * = S, M,N,W. We prove in this section that, in a quite general case,
X(T) is dense in Y* for 73,,, * = S, M, N, W.

Proposition 2.2.1 (x—Stable topology on M™!(T)) The narrow topology on
MHTL(T) is induced by Ty and the weak topology on MTY(T) is induced by T -

Proof. Let g be a bounded ls.c. function on T and let A € S. Let f = 14, ®g.
Then the function f: T — R defined by

Ft) = / f(w,1) dP(w)

is bounded l.s.c. Conversely, any bounded l.s.c. function g can be written g = f,
with f(w,t) = g(t) = (1g ® g)(w,t). Let (u%)aeca be a net in M*(T) and let
pu>* € MTYT). For the time of the proof let us distinguish between each p®
(o € AU {o0}) and the constant disintegrable Young measure p® : w — p®*. We
have, for each oo € AU {0},

W) = [ 0 dn® () dP) = 17 ()
Thus liminf,ep p®(f) > p>°(f) if and only if liminf,cy uo‘(f) > ,uoo(f), and one
deduces easily the first part of the proposition.
The same reasoning shows that the topology induced on M**(T) by 73} co-
incides with the weak topology. ]

Corollary 2.2.2 (+—Stable topology on T) The topology 1 is induced by T3, .
If T is completely reqular, it is also induced by Ty1-

Proof. Indeed, the restriction to T of the narrow topology on M™1(T) is 7r.

L]

The subspace X (T) : Denseness Theorem The following result is essential
in applications. Since the origins of the theory of Young measures, it is well-
known that, if P is nonatomic and T is metrizable and compact, then X is dense
in V! [You37, pages 226-228] (actually, Young measures were constructed as the
completion of X in an appropriate uniformity). This result has been extended by
Balder [Bal84b] to the case when T is a completely regular Suslin space and P is
nonatomic. We give below a slight generalization, with T non necessarily regular.
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Theorem 2.2.3 (Denseness Theorem) Assume that T is Radon and that the
compact subsets of T are metrizable (e.g. T is Suslin). Assume furthermore that

P is nonatomic. Then X is dense in Y for T)*,l, * =8 M N, W.

Our proof of Theorem 2.2.3 relies on the denseness result in the case when T is
Suslin metrizable. For the convenience of the reader, we also give the proof of
Theorem 2.2.3 in this well-known case.

Proof.

Step 1: Suslin metrizable case. In this case, know by Part G of Theorem
2.1.3 that 735,1 = Tiv;l = T§1 = TJV;Vl. Let p € Y. Let d be a distance which is
compatible with the topology of T. We only need to show that, for any ¢ > 0,
any finite subset {A;,...,A,} of § and any subset {fi,...,fn} of BLi(T,d),
there exists a random element X of T such that, for each ¢ = 1,...,n, we have
’/‘l’(]lAi ® fi) — fAi fi OXdP’ < €. Considering the measurable partition of €
generated by the set A;, and taking a smaller ¢ > 0, we can assume that, for
i # j, we have A; = A; or A; N A; = (. Furthermore, we only need to define
X on each A;. So, the problem reduces to the search, for any ¢ > 0, any A € S
and any finite subset {fi,..., fn} of BLi(T,d), of a random element X such that
(14 @ fi) = [, fio X dP| <. Let v := pu(A x .) € MT(T). The set of convex
combinations of Dirac measures is dense in M™1(T), thus there exist a finite
subset {t1,...,tm,} of T and positive coefficients av, ..., such that 7" oy =
v(T) = P(A) and such that we have Aglg(u, Yo ady,) < e (where A](Bdg is the
Dudley distance). Now, as P has no atom, we can find a measurable partition
Cy,...,Cp of A such that P(Cg) = ay for k = 1,...,m. Then we only need to
set X(w) =t; on Cy for k=1,...,m.

Step 2: general case. We only need to prove the theorem for * = S.

Let u € Y'. Let V be a neighbourhood of p in P! for Ty1. We can assume
w.l.g. that

V={veYhVi=1,...,n v(fi)>puf;)—¢},

where n is a positive integer, fi,..., f, are lL.s.c. integrands such that 0 < f; <1
foralli=1,...,nand e > 0.

As T is Radon, the measure u(€2 x .) is tight. Let K € K be such that
pQx K) >1—¢/2. Let p = Mo be the restriction of u on Q x K. Let

n=pu(x K). Let P=Ji(. x T) = pu(. x K). We have P(Q) =7 € |1 —¢/2,1],
P <P and [i < p (that is, P(A) < P(A) for any A € S and Ji(A) < pu(A) for any
A € B). In particular, P is nonatomic.

Now, the measure (1/n)i is an element of Y(,S, (1/n)P; K). Consider the

following neighbourhood of (1/n)p:

V= {V eVHN,S, (/)P K);Vi=1,....n v(f;) > u(f) —5/2}.
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From the denseness result for metrizable compact spaces, there exists a random
element X of K such that the measure [ 4, ® dx (. d(1/n)P(w) is an element of

17, that is, fort =1,...,n,

%/ﬁ@XWWﬁM>%Mﬁhm%fﬂ

As 0 < f; <1, we thus have

/MuMwMHMZ/ﬁMXwWﬁM

> pu(filoxk) —ne/2
> p(fi) —me/2—€/2 > p(fi) —e.

Thus [ 6, ® dx(w) dP(w) is in V. ]

Remark 2.2.4 If T is metrizable, another construction, using the martingale con-
vergence theorem, can be found in [RAFZ02].

When random elements of T converge in J!, it might be interesting to know
whether the limit p is also a random element of T. The following criterion was
given by Zigba.

Theorem 2.2.5 (Zigba Criterion [Zie85]) Assume that By is countably gen-
erated. Let p € Yk . The following conditions are equivalent:

(a) There exists X € X such that p = dx (from the identifications we made, this
can be written: p € X).

(b) VA x B € S® By
MAXxB)>0= (A CA PA)>0, YweA p,(B)=1).

We shall need the following easy lemma.

Lemma 2.2.6 Let v € MTYT). Assume that v ¢ T, that is, v is not a Dirac
measure. Assume furthermore that By is generated by a sequence (Bi,Ba,...).
Then there exists an integer n such that v(By) > 0 and v(Bg) > 0.

Proof. Indeed, assume that the conclusion of Lemma 2.2.6 is false. For each
n > 1, let C, be the finite partition generated by Bi,..., B,. Then, for each n,
one can find C,, € C, such that v(C,) = 1. Necessarily (C),), is decreasing. Let
C =n,C,. We have v(C) = 1. But C is an atom of By, thus, as T is Hausdorff,
C is a singleton {t}, and we have v = §;. ]

Proof of Theorem 2.2.5. The necessary part is obvious. Assume now that
@ &€ X. Then there exists Ag € S, P(Ag) > 0, such that, for every w € Ay, p,, is
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nondegenerate, that is, p, € T. Let (B, Ba,...) be a sequence which generates
Br. From Lemma 2.2.6, the random variable

N(w) =inf{n € N*; p,(B,) > 0 and p,(B;,) > 0}

has finite values on Agy. There exists thus an integer n such that P{N =n} >
0. Let A = {N =n}. Now, for each A’ C A such that P(4’) > 0, we have
w(A" x Bp,) > 0 but p,(By) <1 for allw € A’. Thus (b) is not satisfied.

[]

Corollary 2.2.7 ([Zig85]) Assume that By is countably generated. Let u € V1. .
For any measure Q on (2, S) which is absolutely continuous w.r.t. P, let dQ/dP
denote the Radon—Nikodym derivative of Q w.r.t. P. The following conditions are
equivalent:

(a) There exists X € X such that =0 y.

(b) For each B € By such that u(2x B) > 0, let Qp denote the measure pu(. x B).
Then, almost everywhere, dQ g /dP takes its values in {0,1}.

(c) For each B € B such that i(B) > 0, let Q , denote the measure p((.xT)NB).
Then, almost everywhere, dQ ,/d P takes its values in {0,1}.

Proof. The implication (a)=(c) is straightforward, with

1Q
—B(w) = 1w, X))

for B € B, and (b) is a particular case of (¢). Now, assume (b). Let B € Br such
that (2 x B) > 0. Let h = dQp/dP, with values in {0,1}. Let A € S such
that (A x B) > 0. Let A’ = {w € 4; h(w) > 0} = {w € 4; h(w) =1}. We have
P(A’) > 0 thus p,(B) = 1 for P-almost every w € A’. From Theorem 2.2.5, (a) is
thus satisfied. ]

2.3 Properties of (V! 7%%) related to the topology
of T

Metrizability From Corollary 2.2.2, the space T is a subspace of (yl,Tg ).
Thus, for (V! T)I‘jl) to be metrizable, it is necessary that T be metrizable.

Proposition 2.3.1 Assume that T is separable and metrizable, and that S is

essentially countably generated. Then TJV}VI = 3N,1 is metrizable (thus, if furthermore

T is Suslin, then 7'35,1 = Tl","l is metrizable).
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Proof. By Corollary 2.1.9, we can assume w.l.g. that S is countably generated.
Let d be a distance which is compatible with the topology of T. Let Agiﬁ be
the Dudley distance on M™(T) associated with d. Let (A,) be a sequence in S
which generates S. For each n € N, let C™ = {C{, ..., C’T’}l(n)} be the partition of
Q generated by Ao, ..., A, (we skip of it all subsets with P—probability 0). We
rename the elements of C = U,C™ so as to have C = {C1,...,C,y,...}. We define
a distance 6 : Y1 x Y1 —[0,1] by

:22_” sup |u(le, @ f) —v(1e, @ f)]

71 JEBLi(T.d)
=" 27 AR ((Cr % ), w(C % ).
n>1

Let (14®)aca be a net in P! which W-stably converges to u™ € yl. Then, for
each n € N, the net (u®(C, X .))aea converges in M (T) to u*>(C,, x .) (for the
Dudley distance), thus the net (supepy, (r.q) 4% (1o, ® f) — (]lc ® f))aca,
with values in [0, 1], converges to 0. Therefore the net (6(u® ,,u *))aca converges
to 0.

Conversely, assume that (§(u®, 1°°))aea converges to 0. Then Condition 18 in
Theorem 2.1.3 is satisfied, thus (u*)aea W-stably converges to u> € Y*.

[]

Submetrizability

Corollary 2.3.2 Assume that there exists a separable metrizable topology 79 on T
which is coarser than the original topology T of T, and such that T and 79 have the
same Borel sets. Assume furthermore that S is essentially countably generated.
Then 7y, is submetrizable.

Proof. If 7 and 7y have the same Borel sets, they have the same Young measures,
and we have 73 (19) C 73} (7). ]

Suslin property and Polishness

Proposition 2.3.3 Assume that T is Suslin reqular and that S is standard, that
is, there exists a Polish topology Tq on Q such that S = B,,. Then (Y1, 7%) =

) yl
(1, Ty1) is Suslin regular. If furthermore T is Polish, then (% TH) = (1, ™)
is Polish.

Proof. From Theorem 2.1.13 and Remark 2.1.14, the space (yl,f;vl) is a closed
subspace of MT1(Q x T, 7q ® 71) endowed with the narrow topology. But the
space MT1(Q x T, 7q ® 7r) is Suslin regular, thus (!, Ty1) is also Suslin regular.
If furthermore T is Polish, then M*1(Q x T, 7q ® 7r) is Polish, thus (!, 1) is
Polish too. ]
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2.4 Integrable Young measures and Ly spaces

In this section, we are given a real number p > 1 and we assume that T is com-
pletely regular and that its topology is defined by a set D of semidistances. We are
going to define the subspace y};’ of p—integrable Young measures. On this space,
new “stable” topologies are defined, using integrands satisfying some growth con-
dition related to p instead of bounded integrands. Another topology on this space
will be investigated (for p = 1) in Section 3.4.

The restriction to X(T) yields the spaces .’{?ﬂ.’p). The space L§ of Bochner p—

integrable functions with values in a Banach space E is a particular case of X’(’TD)
space.

We say that a Young measure p € V! is p—integrable (relatively to D) if we
have

vd € D d(a,t)P du(w,t) < +o00
QxT

for some (equivalently for all) a € T. A p-integrable Young measure is also said
to be of order p. If p = 1, we simply say that u is integrable. We denote by ygp
the set of p-integrable Young measures relatively to D. If D has a single element
d, we simplify notations by writing y;*’ instead of y%;;;. Also, if d stems from a

seminorm ||.||, we shall use notations such as ))M’ .

The space V5P N X is naturally denoted by XZLD) or X, and its elements
are called p—integrable random elements (relatively to D). Obviously, if E is a
Banach space and if d is the distance associated with the norm of E, the space
%’ZE d) is nothing but the space Lf of Bochner E-valued p-integrable functions.
Similarly, Young measures extend Bochner integrable random elements of locally
convex topological spaces.

We can define new stable topologies T;QD, on %,’p, with * =S, M, N, W, by re-
placing the boundedness condition on the test integrands by a condition of growth
of order p. For example, let 7’5 be the coarsest topology on y;;” such that, for
each d € D, the functions

A
pooo= p(la®f)

are continuous for every A € § and every continuous function f on T satisfying
If(O)] < 1+d(a,t)?

for some fixed a € T.

The topology TXII-H’ when T C R™, has been considered (with different defini-
tions) by Schonbek [Sch82], Ball [Bal89c|, Kinderlehrer and Pedregal [KP94] (see
also [Rou97] about these three papers), by Piccinini and Valadier [PV95], by Art-
stein [ArtOla, ArtO1b], Artstein and Popa [AP03], and by Dedecker and Merlevede
[DMO02].



2.4. INTEGRABLE YOUNG MEASURES 45

We shall see in Theorem 2.4.3 that, if T is a Banach space (E, ||.||), the restric-
tion of T;YH'H to L is the strong topology of the vector space LE. Unfortunately, the
sum of random elements and the multiplication of a random vector by a scalar do
not admit continuous extensions on the space yijﬁ) (Q,S,P;E) of integrable Young
measures on T. Multivalued extensions which keep some of the properties of these
operations are constructed in [ArtOla, Art01b, AP03].

If the elements of D are bounded, y};’ is nothing but the familiar space V!,
and we have 7' = 7y;1.

Let us now introduce a notion of uniform integrability which will help us
to characterize Tg"chonvergence. We say that a set Y C yg” is uniformly p—

integrable (relativély to D) if, for every d € D,

lim sup/ d(a,t)? du(w,t) =0
R—+oo e Jax{d(a,.)>R}

for some (equivalently, for any) a € T. We say that a net (u®)qea of elements of
ygp is asymptotically uniformly p—integrable (relatively to D) if, for every d € D,

lim lim Sup/ d(a,t)? du*(w,t) =0
Qx{d(a,.)>R}

R—+o00 o

for some (or any) a € T. If A = N, (u*)aea is asymptotically uniformly p-
integrable if and only if it is uniformly p—integrable.

For every d € D, we denote by Lip,(d) the set of d-Lipschitz functions on T,
with Lipschitz modulus not greater than 1.

Proposition 2.4.1 (Various characterizations of 7, p—convergence) Let

(1¥)aca be a net in y})”’, and let u*>° € y}D’p. Let a be some fized element of T. We
assume that T contains a dense subspace with non-measurable cardinal (Section
1.4) or that there exists a separable subset To of T such that p>=°(QxTo) = 1. The
following conditions are equivalent:

1. (Ma)aeA converges to u*>° for T;Y,]D'

2. p& = 1% andlim, [, o d(a,t)? du® (w,t) = [o, ¢ d(a, t)? du®((w,t))
for every d € D.

o W-stably
_—

3. u 1> and (1Y) aea s asymptotically uniformly p—integrable.

4. limg p®(f) = p>®(f) for every integrand f : Q x T — R* such that f*/?(w,.)
€ Lip, (d) for each w € Q and f(.,a) € L'(P).

5. limg u*(1a @ f) = p>®(1a ® f) for every A € S and for every function
f:T —R* such that f'/? € Lip,(d).
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Remark 2.4.2 Analogous characterizations for the other stable topologies TI:D
can be easily obtained, except for Conditions 4 and 5, which are specific to 7%5.
A proof of 3 = 1 for 77 1, in a particular case will be given in Lemma 6.2.2.

Note also that Condition 4 applies in particular to Holder continuous integrands
f (relatively to d) of order p with bounded modulus, that is, integrands f satisfying

SUPq(t,s)5£0 |f(W7:;)(t7—sJ)c;Sw’ S) ‘

< M for some M > 0 and for all w € €.
Proof of Proposition 2.4.1. We shall first prove 1 = 2 = 3 = 1 and then
3=4=5=2

The implication 1 = 2 is obvious.

Let us assume 2. Let d € D. Let € > 0. There exists R such that

/ d(a,s)” du™(w, s) < &/2.
Qx {tET: d(a,t)>R}

For every p > 0, let us denote By (a,p) = {t € T; d(a,t) < p}. Let h: T — [0, 1]
be a continuous function such that 1, r) < h < 1p,(a,r+1)- We have

/ (1= h(t)) d(a, £) du™(w, ) < /2.
QxT
From W-stable convergence of (1%), to 1, we also have
im [ () d(a, )7 dp(w, t) = / h(t) d(a, £ ™ (w, £).
@ JaxT QxT
From Condition 2 and the above convergence,
lim (1 — h(t))d(a,t)? du®(w,t) = / (1 —h(t))d(a,t)? du>(w,t),
@ JaxT QxT
hence, for a large enough,
/ d(a,t)? du®(w,t) < e,
Qx{teT;d(a,t)>R+1}
which proves 3.

Assume now 3 and let us prove 1. Let d € D, let A € Sandlet f: T — R
be a continuous function such that |f(¢)| <1+ d(a,t)? for each t € T. Let € > 0.
There exists R > 0 and ag € A such that

(24.1) VaceAU{o0} a>ay= 1 +d(a,t)? du®(w,t) < e.
Qx{teT;d(a,t)>R}
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Let h: T — R be a continuous function such that 1(4,,)<ry <h < g, <ri1}-
Let h = 1o ® h. By W-stable convergence, we have

(24.2) lim (14 @ f) 1) = (12 @ ) ).
But we also have
114 ® fl (1= h) < (1+d(a,)") Laa,)>r)
thus, from (2.4.1),
(2.4.3) Vae AU{oo} a>ag= p®(|(1a® f)(1—h)|) <e.

Condition 1 follows immediately from (2.4.2) and (2.4.3).

We now prove 3 = 4. Assume again 3. Let d € Dandlet f: Qx T — RT
be an integrand such that f/?(w,.) € Lip, (d) for each w € Q and f(.,a) € L(P).
Let € > 0. Let R > 0 and a € A such that, for each a € A satisfying a > aq or
for a = oo,

(2.4.4) / d(a,t)? du(w,t) < 8—1‘
Qx{d(a,.)>R} 2v
We can assume also that R is large enough such that

(2.4.5) / Flw, @) dp(w,t) < —.
Qx{d(a,)>R} 2p

Let b : T — R be a continuous function such that 1p,, gz < h < 1p(q,r41], Where
B(a,p] = {t € T; d(t,a) < p}. We can assume furthermore that h'/? € BL (T, d).
For all (w,t) € Q x T, we have f1/P(w,t) < fY/P(w, a)+d(a, t), thus, from convexity
of x — |z’

(2.4.6) flw,t) <27 f(w,a) + 2P d(a, t)P.

Let Q. € S such that f(.,a) is bounded on ). and such that
(2.4.7) / 2P f(w,a) + 27" YR+ 1)P dP(w) < e.
g

We have, for all a € A,
(> = p*) (NI < (™ = p®) (f(1o. @ h))]

(248) n [u°°<f< 1o @) + 1 (F( 1o @ h))}

n [uwmlg © (- 1)+ (o —h))].
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Let us estimate the first part of the right hand side of (2.4.8). Let

M = sup 277! f(w,a) + 2P 1 (R+1)P.
wEN,

From (2.4.6), we have

M > sup flw,).
(w,t)EQe X B(a,R+1]

For each w € Q., f1/?(w,.)(1g, ® h)"/P(w,.) is bounded by M'/P and d-Lispchitz
with Lipschitz modulus 1 4+ M/?. From Proposition 2.1.10, with o(z) = 2P, we
thus have

(2.4.9)

lin (1 — 1) (f(la, © B))| = tim | (2 — %) (90 (F(10, @ 1)'"*)| = 0.

For the second part of the right hand side of (2.4.8), we have, from (2.4.6) and
(2.4.7),

(2.4.10)
1= (F(las @ ) + u(f (e @ h)) <2 / P (w,0) + 2T (R 1P dP(W) < 2.

For the third part in (2.4.8), we have, by W—stable convergence and (2.4.5),

lim [ f(.,a)® (1 —h)du® £, — h)dpu> <—p
mf - [t 2

thus we can take g large enough such that, for all & > «y,

(2.4.11) flw,a)(1 = h(t)) du(w,t) <

QxT 2p=1’

Using (2.4.4), (2.4.6), and (2.4.11), we have, for every a € A such that o > «g
and for a = o0,

p(f(1a © (1= h)))

<o [ f(wia)(1 - h(t) dp(w,t)
QxT

4 2r~1 / d(t,a)? du®(w,t)
Qx{d(a,.)>R}

< 2e

)

thus, for a > ),

(2.4.12) p=(f(lg® (1 —h))) +p*(f(lo @ (1 = h))) < 4e.
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Substituting (2.4.9), (2.4.10) and (2.4.12) in (2.4.8) yields
lim p*(f) = p==(f),
which proves 4.
The implication 4 = 5 is obvious. Finally, assume 5 and let us prove 2.

Let d € D. Applying 5 to 1o ® d(a,.)? shows that lim, [, d(a,t)? du®((w,t))

o W-st ably

= [qxpd(a,t)? du>((w,t)). There remains to prove that pu® ———= p>. Let

A € S and let f € BLy(d), with f > 0. Let € > 0. The functions z — zP and
x +— x'/P are uniformly continuous on [0, 1], thus there exists 7 > 0 such that

(2.4.13) Ve,y€[0,1] |z —y|<n=|aP —yP|<¢

and there exists 6 > 0, with § < /3, such that

(2.4.14) Yo,y €[0,1] |z —y| <6= ’xl/p /P

<
=3

The measure p®> (A x .) is inner regular w.r.t. the totally bounded subsets of T
(see Section 1.4), thus there exists a totally bounded subset K of T (relatively
to d) such that p>(A x (T \ K)) < e. For any continuous function g on T and
any B C T, let us denote ||g||z = sup,cp |g(z)|. The set of restrictions to K
of elements of BL;(d) is totally bounded for ||.|| 5, thus there exists g € BLy(d),
with g > 0, such that ||f/? —g|| . < n/3. Let K° = {t € T; d(t,K) < 6}. As
fyg € BLy(T,d), we have , using (2.4.14),

-

n,n
<lTyTis<
ks =3 Ty TO=T

and thus, from (2.4.13),
(2.4.15) If = 9" lls <&

Let h : T — [0,1] be a continuous function such that 1x < h < 1gs. We can
assume that h'/? is d-Lispschitz. From (2.4.15), we have

(2.4.16) I(f = g")hlly <e.

To shorten notations, for every u € Y!, we shall denote the measure (A x .) €
M™T(T) by pa. For all @ € A we have, from (2.4.16),

(2.4.17) (1% = B9)((f = ")) < 2.

On the other hand, from Condition 5, we have

(2.4.18) lim [(p% — 1) (9"h)] = 0
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because gh'/P is d-Lipschitz. Also, as u%(1) = uX(1) = P(A) and pg(h) —
#X (h), we have

(2.4.19) liglui(l—h) =uX(1—-h)<pFQ\K)<e.
We thus have, using (2.4.17), (2.4.18) and (2.4.19),
limsup |(u3 — p3) ()] < limsup (4 = u3)((f — 9")h)|
+lim | (3 — p)(g"h)]
+ lim;up(u?f +p3)(1—h)
< e,

and this proves 2. ]

Theorem 2.4.3 (The subspace %](DT D)) Assume that T is hereditarily Lindelof

and regular (thus completely regular). Assume furthermore that T is separable (or
that T contains a dense subspace with non—measurable cardinal, see Section 1.4).
(a) The restriction to %1()T,D
AW (d € D) defined by

) of the topology T,'p is induced by the semidistances

1/p
d
AD(X,Y) = </Qd(X,Y)de) .
(b) Furthermore, if T is Radon and its compact subsets are metrizable (e.g. T is
Suslin) and if P is nonatomic, then .’{’(’T py is dense in J%’p.

Proof.
a) Topology induced on X% .. Let (X,)a € A be a net in X7, and let X, €
(T,D) (T, D)

%%T Dy Assume that é;d) (Xa, Xoo) — 0 for each d € D. We will check Condition

3 of Proposition 2.4.1. Let d € D. We then have
(2.4.20) ligénE (d(Xa, Xeo)?) =0,
thus, using Hoélder’s inequality,

liénE (d(Xa, X)) =0.
For any f € BL{(T,d) and any A € S, we thus have

hglE (‘ ﬂAf(Xa) - ]lAf(Xoo)D S hglE ( ]lAd(XouXoo)) =0.
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From Part E of Theorem 2.1.3, this proves that (dy,)a W-stably converges to
Ox._ - Let a € T. Let ¢ > 0 and let R > 0 such that

(2.4.21) E ( ]l{te’]l‘; d(a,t)>R} (XOO) d(a7X00>p) <E.

Let us define a continuous truncation function 6 by

0 ife>R+1,
R—Rx—R) iR<z<R+I1,
Oz)=<= if —R<axz<R,
—R+R(z+R) if —R—1<z<-R,
0 ife<-R-1.
From (2.4.21), we have
(2.4.22) E (d(a, Xo)? —0P(d(a, X)) < e.

On the other hand, as (dx, )o W-stably converges to dx_, we also have

lim E (67 (d(a, Xa))) = E (67 (d(a, X)) ,

thus, using (2.4.20),

(24.23)  lim B (d(a, Xa)” = 0" (d(a, X)) = B (d(a, Xo0)” 07 (d(a, Xox))

From (2.4.22) and (2.4.23), we have

lim E (d(a, Xo)? — 6P(d(a, X)) < e
which proves that (dy, ) is asymptotically uniformly p-integrable. Thus, from
Proposition 2.4.1, (dx_ )a converges to dy_ for 7)"p.

Conversely, assume that d y  converges to dx_ for 7,"p. For each d € D, define
an integrand fy : Q@ X T — R by fy4(w,t) = d(Xs(w),t)?. Using Condition 4 of
Proposition 2.4.1, we have

/ﬂ A(Xo, Xo)? dP = b (f) = b (fa) — By (fa) — 0,

thus Az(,d) (0x,,9x. ) converges to 0.

(b) Denseness of %%r py- Fix an element a in T. Let u € V5P, Let e > 0.
Let dy,...,d, € D and, for each i € {1,...,n} let A; € Sand f; : T — R
such that |f;| < 14 d;(a,.)P. For each ¢ € {1,...,n} and for each R > 0, let
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Bg) ={t €T, d;(a,t) < R}. As T is Radon, we can find a compact subset K of
T such that p(2 x K°) < &/2. We can find R > 0 such that K C ﬂlgignt) and

(2.4.24) Vie{l,...,n} 1+di(a,t)P du(w,t) < e.
ax(T\BY)

For each i € {1,...,n}, let g; : T — [—R, R] be defined by

gi(t) = q fi(t) if —R< fi(t) <R,
R i fi(f) < —R.

The functions g; are bounded continuous thus, from the Denseness Theorem 2.2.3,
there exists X € X such that

(2.4.25) Vie{l,...,n}

/gle(]lAi ®gi)d(u_5x)' e

Furthermore, the proof of Theorem 2.2.3 shows that we can assume without loss
of generality that X takes its values in K, thus
(2.4.26)

Vie{l,...,n} /Q]lAi(w)gi(X(w))dP(w):/Q]lAi(w)fi(X(w))dP(w).

We thus have, using (2.4.24), (2.4.25) and (2.4.26),

l¥$1&®f0dw—5xﬁ<

/ (14, ® 1) d (1~ by)
QxT

+/ (14, @ (fi — 94)) dp
QxT
< 2,

which proves the denseness result. ]



Chapter 3

Convergence in probability
of Young measures (with
some applications to stable
convergence)

We assume in this chapter that T contains a dense subspace with non—measurable
cardinal (see Section 1.4). This assumption will not be recalled in the hypothesis
of the theorems, but we shall mention it every time we use it.

The main results of Sections 3.1, 3.2 and 3.3 appear (in a metric setting) in
[CRAF04].

3.1 Stable convergence
versus convergence in probability

We shall compare here x—stable convergence of disintegrable Young measures
(mainly W-stable convergence) with convergence in probability of the associated
random laws. Actually, this comparison will be continued with some by—products
of the results of the other sections.

Convergence in probability of random elements Let us recall Hoffmann—
Jorgensen’s definition of convergence in (Baire) probability [HJ91, HJ98]. We say
that a net (X, )aea of random elements of T converges in probability to a random
element X, if, for any bounded continuous function f: T — R, we have

(3.1.1) tim [ 1F(X0) = £(Xo0)| 4P =0.

53
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It is not difficult to show that, for any bounded real random variable Y, we have

/YdP’ /|Y| dp,

(3.1.2) \Y| dP > sup
AeS

thus (3.1.1) is equivalent to
(3.1.3) lim/ (f(Xa) — f(Xx)) dP =0 uniformly in A € S.
@ Ja

We shall see later (see Theorem 3.1.2) and Corollary 3.2.2), that, if T is completely
regular separable, W—stable convergence coincides on X with convergence in prob-
ability. This means that we can replace the expression “uniformly in A € §” in
(3.1.3) by “for each A € §”.

One immediately notices that this notion of convergence in probability depends
only on the bounded continuous functions on T, not on the whole topology 71. Con-

vergence in probability means convergence with respect to the topology induced
(dy)

by the semidistances A7}, where f runs over the space C (T, [0, 1]) of continuous
d
functions from T to [0,1] and, for all X,Y € X, AY") (X,Y) = E(|f(X) — f(Y)]).

We denote by b (X(T)) this topology. The topology induced by Tprob (X) on T
is generated by the semidistances dy(t,s) = |f(t) — f(s)|, thus it is the coarsest
topology such that the elements of C(T,[0,1]) be continuous. This topology is
coarser than 7 and it coincides with 7r if and only if T is completely regular (see
[Eng89, Example 8.1.19]).

Actually, Hoffmann—Jgrgensen also defined in [HJ98] a stronger notion of con-
vergence in probability, which always induces 7, but we shall not consider it here.
Note also that Hoffmann—Jgrgensen’s definitions and theory also apply to non—
necessarily measurable random elements of a non—necessarily Hausdorff space.

In the case when the topology of T is induced by a family D of semidistances,
Hoffmann—Jgrgensen’s definition coincides with the usual one ([HJ91, Theorem
7.4] or [HJ98, Corollary 4.7]):

Hoffmann—Jgrgensen’s characterization of convergence in probability
Assume that the topology of T is induced by a family D of semidistances (and that T
contains a dense subspace with non—-measurable cardinal). The following assertions
are equivalent:

(a) (Xa)aea converges in probability to X (in the sense given above).
(b) limy, P{d(Xo, Xoo) >} =0 for all d € D and for all € > 0.
(¢) limy E(d(Xqa, Xoo) A1) =0 for alld € D.

If d is a semidistance on T, we shall denote by A(r)b the semidistance on X
defined by

A(d)

prob

(X,Y) = E(d(Xa, Xso) A1).
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If the topology of T is induced by a family D of semidistances, then 7o (X) is

induced by the semidistances Aggjb (d € D). Note that if d is a distance on T, then

A(d)b is a distance on X(T), and if d is compatible with the topology of T, then

pro
Aslb is compatible with the topology Tprob (X). If (X4)aea is a net of random

elements which converges in probability to a random element X, we write
X, __prob | Xeo.

Proposition 3.1.1 Assume that T is a subset of a completely reqular space S.
Then Tprob (X(T)) is the restriction on X(T) of the topology Tprob (X(S)).

If furthermore T is a closed Gs—subset of S, or if T is a closed subset of S and
S is hereditarily Lindeldf, then X(T) is Tprob (X(S))—closed in X(S).

Proof. The first part of Proposition 3.1.1 is clear, in view of the above Hoffmann—
Jorgensen characterization of convergence in probability in completely regular
spaces.

Assume that T is a closed subset of S, and let (X, )aca be a net in X(T) which
converges in probability to a random element X, of S.

Assume first that T is a Gs—subset of S. Let (G,,)nen be a decreasing sequence
of open subsets of S such that N,enG, = T. Take for each n € N a continuous
function f, on S such that f, =1 on T and f, = 0 on G§. We can furthermore
assume that (f,,), is decreasing and 0 < f,, <1 for every n. We have f,0X, =1
for every n € N and every « € A, thus, for every n € N, we have

/fnoXooszlim/fnoXaszl,
Q @« Jo

which proves that X, (w) € T for P—almost every w € Q.

Assume now that S is hereditarily Lindel6f. The law £ (X ) is thus 7-regular.
Furthermore, the law £ (X,) of X, converges in M*1(S) to £(X.). As S is
completely regular and T is closed we thus have, from the usual Portmanteau
Theorem [Top70b, Theorem 8.1],

P{Xw €T} =L (X)(T) > limsup £ (X,) (T) > 1.

[]

Convergence in probability of Young measures We endow M™1(T) with
the weak topology (see page 13) and we consider the topology Tpron (%(M*l('ﬂ‘)))
on the space Y3, (T) ~ X(M™!(T)). We denote this topology by Tprob (Viis(T)),
for short mron (y;is) if no ambiguity is to fear. The weak topology on M*1(T) is
induced by the family of semidistances d¢(u,v) = |u(f) — v(f)|, where f runs over
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C(T,[0,1]) thus the topology Tprob (y(}is) is induced by the semidistances A}(ﬁ(’;g)
(f € C(T,[0,1])), that is, we have

pt ey o |f € CT0.1) i [ 1S(0) = (] () =0
])3 is equivalent to the semidistance

Using (3.1.2), we see that the semidistance Agf(f)
AY) defined, for all u,v € Vi, by

prob

(3.1.4) AN (uv) = sup |u(1a @ f) —v(1a ® f).
AeS

Now, we see that (3.1.4) still has a meaning if p or v is not disintegrable (actually,
it has a meaning for any p and any v in M*(Q x T)). Thus we can extend to Y*
A;()Q)b defined by (3.1.4). This
extended topology of convergence in probability will be denoted by Tprob (yl).

For each p € Y! and each A € S, let us define a finite measure p4 on T by

the topology Tprob (y;is), using the semidistances

pa = pu(Ax.).

From (3.1.4), we see that a net (u®)qea in V! converges in probability to a Young
measure p° if and only if we have

(3.1.5) Vf e C(T,[0,1]) limsup [pu&(f) — pX(f) =0,
@ AeS

that is, (u%)aca weakly converges to x> uniformly in A € S for the uniformity
on M™(T) induced by the semidistances (i, v) — |u(f) —v(f)|, f € C(T,|0,1]).

Comparing (3.1.4) or (3.1.5) with Condition 13 in Theorem 2.1.3, we immedi-
ately get Part 1 of the following theorem. Part 3 extends a result of Jacod and
Mémin [JM81b] for Polish spaces (see also [Let98, FGT00] and, in the case T = R,
the remark of Dellacherie [Del78] which follows the paper of Meyer [Mey78]). The
result of Part 3 will be further improved in Corollary 3.2.2.

Theorem 3.1.2 (Comparison of 7 (yjis) and TJ"}’I)
1. The topology Tprob ()}1) is finer than Ty,

2. Tprob (){}is) is strictly finer than 73, if and only if T has more than one element
and (0,8, P) has a nonatomic part.

3. If T is completely regular, both topologies coincide on X(T).

4. If T is regular cosmic, then X(T) is Tprob (Vi) —closed in X (MTH(T)) = Vi.
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Remark 3.1.3 Recall that we have proved in Theorem 2.2.3 that, if T is Radon
and its compact subsets are metrizable (e.g. if T is Suslin), and if P is nonatomic,
then X is T)V,"rdense in Y1, This results contrasts with Part 4 of Theorem 3.1.2.

We shall see with Corollary 3.2.2 that, when T is regular Suslin, the relation
between Tprob (Jﬂ) and 7y, is similar to the relation between the topology U
of uniform convergence and the Skorokhod topology J; on the Skorokhod space
D0, 1] (see e.g.[Bil68, Page 150]): U is finer than Ji, but if (z,,), J1—converges to
z and z € C[0,1], then (x,), U-converges to z. Furthermore, C[0,1] is a closed
subset of D for U, but it is dense in D for J.

Before we prove Theorem 3.1.2, let us consider the following example, which
shows that a sequence (u™) of random elements of M™1(T) may converge S—stably
to a random probability 4> without being convergent in probability.

Example 3.1.4 (Rademacher sequence in a topological space) Assume
that T has at least two distinct elements a and b and assume that (Q,S,P) has
no atom. We can build an independent sequence (t,),>1 of T—valued random
elements such that P{t,, = a} = P{x,, = b} = 1/2 for every n.

First, the sequence (J, )n>1 S-stably converges to the Young measure p =
1/2(8, + 9,)- Indeed, let S be the set {a,b} endowed with the discrete topology
{0,{a},{b},S}. As S is a closed subspace of T, it is straightforward to check
that (V*(S), 75, (S)) is a topological subspace of (Y*(T), 75, (T)). Thus, we only
need to prove that (8, )n>1 S-stably converges to p in Y*(S). The space S is
Polish. From Part G of Portmanteau Theorem for Stable Topology 2.1.3, we thus
only need to prove that (. )n>1 W-stably converges to p in Y!(S). Let A € S
and let f : S — R be a function (necessarily, f is bounded and continuous!). If
f(a) = f(b), we have §. (14 ® f) = P(A)f(a) = p(1s ® f) for every n > 1.
Assume that f(a) # f(b). Using a translation and a rescaling, we assume without
loss of generality that f(a) = —1 and f(b) = 1. Forn > 1, set X,, = for,. We
have, from Bessel’s inequality,

E(1a)=E(13) > Y (X,, L),

n>1
thus ((X,,, 14)), converges to 0 and we have

. . 1

lmd, (14 ® f) = lim B (Xu 1a) = 0= (7(a) + /(5) P(4) = u(14 ® f).

In order to show that (t,),>1 does not converge in probability to u, let us
consider again a bounded function f on T such that f(a) = —1 and f(b) = 1. The
function @5 : M*1(T) — R defined by ®;(v) = v(f) is bounded continuous, but
we have, for any n > 1 and any w € €,

@5 (Oenw) = s (po)| = [ f(ta(w)) — % (f(a) + FO)] = f(ta(w))] = 1.
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Proof of Theorem 3.1.2.
1. Let (4®)aea be a net in Y which converges in probability to 4> € Y, that
is,
vfeC(T,[0,1]) lim sup 1 (1a® f) = p=(1a ® f)| = 0.
€

W-stably %)
A= .

From Part D of Theorem 2.1.3, we have u®

2. If T has only one element, 7o (V') and 73 coincide obviously. If (2, S, P)
has no nonatomic part, let Ay,..., A,,... be the atoms of (2,S,P). Let £ > 0.
There exists an integer N such that P(Up,<nAy) > 1—¢. Let (u®)qea be a net in
V! which W-stably converges to 4> € Y*. We then have, for every f € C (T, [0, 1])
and for every o € A,

prob (1™ 1) < sup (14 @ f) = p>(1a ® f)[ + 2¢
AES,ACUnSNAn

<> (14, ® f) = p(1a, @ f)] + 2.
n<N

Thus (u®)aea converges in probability to .

Conversely, assume that T has at least two elements a and b and that (2, S, P)
has an atomic part Q. If Qp = €2, the proof that mpyop (y;is) is strictly finer than
Tyr is provided by Example 3.1.4. Let us show that the general case amounts
to this particular case. Let S‘Q be the o-algebra {ANQy; A € S} and let P‘Q

0 0
be the restriction of P to S|, . Let Py be the probability on (QO,S‘Q ) defined

0 0
by Py = ﬁ P‘Q . Then (QO,S‘Q ,Po) has no atoms, thus we can construct a
0 0
T—valued Rademacher sequence (t,), on (QO,S‘Q ,Po), such that Po{r, = a} =
0

Po{r, = b} = 1/2. We extend t,, to Q by setting t,(w) = a for every w € Q \ Q.
The sequence (4., ), W-stably converges to the Young measure p € y(}is defined
by

5a if we 0\ Q.

But (J,,)n does not converge in probability because, otherwise, its restriction to
Qo would converge in Py—probability.

3. We only need to prove that, on X, W-stable convergence implies convergence
in probability. Let (X4 )aca be a net of elements of X which W—stably converges
to an element X, of X. Let D be a set of continuous semidistances which induces
the topology of T and such that each element d of D satisfies d < 1. Let d € D.
Let g € BL,(Q, T, d) be defined by

g(w,t) = d(t, Xoo(w)).

B {1/2(5a +6) ifwe

Proposition 2.1.10 yields

lim/d(Xa,Xoc)dP zlim/gdéxa = /gdéxm -0,
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thus (X, )aeca converges in probability to X

4. Assume that T is regular cosmic. Then, from Proposition 1.3.2, M*1(T) is
regular cosmic, thus perfectly normal. As T is closed in M*1(T), it is thus a G5
subset of M*-!(T). We thus only need to apply Proposition 3.1.1.  []

Using Part D of Theorem 2.1.13, we immediately get the following link between
convergence in probability and narrow convergence of random elements.

Corollary 3.1.5 (Convergence in probability and narrow convergence on
the subspace X(T)) Assume that T is cosmic regular (thus completely regular)
and S is the Borel o—algebra of a cosmic regular topology Tq on 2, or that T is
Suslin reqular and S is essentially generated by a cosmic regular topology Tq on §2.
Let (X)n (n € N) and X be random elements of T. Then (X, )nen converges in
probability to X if and only if the sequence of probability laws (dx, )n converges
to 8y for the narrow convergence on M™*1(2 x T).

Corollary 3.1.6 (Random laws seen as degenerate Young measures on
MTYT)) Assume that T is cosmic regular. Then Tpeon (Vi) is the restriction to

X (MEUT)) of 751 (pva (-

In other words, Tprob (Vi) is the coarsest topology on Vi such that, for each
bounded continuous function ® on M*TY(T) and each A € S, the mapping p —
J4 ®(po) dP(w) is continuous.

Proof. From Proposition 1.3.2, M*!(T) is cosmic regular, thus it is separable,
hereditarily Lindel6f and completely regular. The result follows by applying Part
3 of Theorem 3.1.2 to the space M™T1(T). ]

Remark 3.1.7 If T is cosmic regular, we can thus compare 731 and Tprob (Viis)

as follows. Let (u%)qea be a net in P! and let pu> € Y1 If f € C(T,|0,1]), we
denote as usual by ®; the bounded continuous function v — v(f) on M™*1(T).
We thus have

(3.1.6)
e o YA E S WD e C (MPN(T), [0,1])

in [ 008) 4P = [ @) ape)]

(and then, for each ® € C (M™1(T),[0,1]), the latter convergence is uniform in
A € S), whereas

(3.1.7)
0 muoo & |VAeS Ve C(T;[Ovl])

im [ @2 ape) = [ @0 ape)]
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The main difference between (3.1.6) and (3.1.7) is that, in (3.1.7), the test functions
@ act linearly on M™1(T).

To show that the Rademacher functions (or the degenerate Young measures
associated with them) do not converge in probability (see Example 3.1.4), we can
take T = {—1,1} and consider a (bounded continuous) function ® on M™*1(T)

1 1
such that ®(6_1) = ®(51) =1 and P (2(5_1 + 2(51) =0.

Remark 3.1.8 We can consider YV}, (T) as a subset of Vi (M™!(T)) in two
different ways.

1. In the first way, we identify T with the closed subset {d;; t € T} of MT™1(T).
If 4 € Y*(T), we associate with y a Young measure fi € ! (M™(T)), defined
by

(A x B) = u(Ax {t €T; 6, € BY) ~ u(A x (BAT))

for any A € § and any B € Bag+.1¢). The measure i is thus the image of
w by (w,t) — (w,d:). It is easy to check that the topology TJV}VI(M#I(T)) on
{ii; p € Y1 (T)} coincides with the topology induced by the mapping u +— i,
that is, the mapping p — i is an embedding of Y!(T) in Y* (M™(T)).

2. In the second way, we see each random probability u € V1. (T) as a degenerate
Young measure on M*:1(T), that is, we identify M1 (T) with the closed subset
{6,; € MPYT)} of MTL(MTY(T)). Each p € Vi (T) is identified with the
disintegrable degenerate Young measure =90, € A (M+’1(T)), defined by

H(AXB):Aéﬂw(B)dP(W) =P(ANn{we; u, € B}).

Thus p is the image of P by the mapping w — .

In Corollary 3.1.6, we chose the second way, that is, we identified Y31, (T) with
{u; p € YY(T)}. Assume that T is a cosmic regular space with more than one
element and that (€2,S,P) has no atom. From Theorem 3.1.2, it follows that,
under this identification, the topology TS};VI(T) is strictly coarser than the topology

induced on yl(T) by T;;VI(MH(T))'

Here is a small complement to Theorem 3.1.2.

Proposition 3.1.9 (x—Stable convergence vs. convergence in probability
on the subspace X(T)) The topology induced on X by 735 is finer than that of
convergence in probability, which is finer than the topology induced by 7.

Proof. We have already proved in Theorem 3.1.2 that the topology of convergence
in probability on X is finer than the topology induced by 73)\.
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Let (X4 )aea be anet of elements of X which M—stably converges to an element
X of X. Let f: T — R be a bounded continuous function. Let g be the integrand
on ) x T defined by

9w, t) = [f(t) = f(Xoo(w))]-

For each w € £, the function g(w, .) is continuous. From the definition of M-stable
convergence, we have

li('in/ﬂg(w,Xa(w))dP(w):/Qg(w,Xoo(w))dP(w)zo,

thus (X, )aeca converges in probability to X . ]

3.2 Parametrized Dudley distances

In this section, in the case when 7r is induced by an upwards filtering family
D of semidistances, we provide a family of semidistances on Y!, indexed by D,
which induces Tpron (V1) (see Theorems 3.2.1 and 3.2.3). We also continue the
comparison of Tprop (yl) with Ti\;/[l or 7'3V,V1 (see Corollary 3.2.2 and Remark 3.2.4).
First, we fix some new notations. Let d be a continuous semidistance on T.
Recall (see page 33) that BL,(Q, T, d) denotes the space of integrands f such that
f(w,.) € BLi(T,d) for all w € Q and that BL} (2, T, d) denotes the set of elements
f of BL, (2, T,d) which have the form f = Y | 14, ® g;, where (4;)1<i<y is a
measurable partition of Q (which depends on f). We set, for all p,v € Vi,

AY (1, 1) = /Q AD (10, 1) dP(w).

We call égiﬁ the parametrized Dudley semidistance associated with d.

Theorem 3.2.1 Assume that T is completely reqular. Let D be an upwards filter-
ing set of continuous semidistances which induces the topology of T. The topology

Torob (Vi) is induced by the family (é](z,dg)d 5 and we have, for each d € D and
€
all p,v € YL,

(321) AR = sup (W) -v(f)= s (u(f) - v(f).
f€BL, (,T,d) feBL; (2,T,d)

Furthermore, if d is a distance, then Agjﬁ is a distance on Yii..

Proof. We know from Section 1.3 that the topology of M™1(T) is induced by
the family (Aglﬁ)dep of semidistances, and that, if d is a distance, then Agiﬁ
is a distance on MT1(T). The corresponding results for (é](;g)dep come from
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Hoffmann—Jgrgensen’s characterization of convergence in probability (see page 54)
and from the fact that we have, for each d € D (with horrific notations !)

(d)
(ApL
prob

Afp =A
Now, we have to prove (3.2.1). Let d € D. Let p,v € Y},.. We have
sup — (u(f) —v(f) < sup - (u(f) —v(f))

fEBL, (Q,T,d) f€BL, (,T,d)

< jf sip (po(f(,) = vul(f(w,))) dP(w)

Q feBL,(Q,T,d)
d
§[¥%HMM@WPW)

There remains to prove the converse inequalities. By an obvious factorization
to a quotient space, we can assume w.l.g. that d is a distance. Let € €]0,1]. The
measures (€ x .) and ({2 x .) are inner regular w.r.t. the totally bounded subsets
of T (see Section 1.4), thus there exists a totally bounded subset K of T such that

(3.2.2) pQxK)>1—e and v(QxK)>1-—c.

For any continuous function f on T and any B C T, let us denote || f|| 5 :=
sup,ep | f(t)]. The set of restrictions to K of elements of BL;(T,d) is totally
bounded for ||.|| (it is a subset of the compact space BL; (K, d), where K is the
d-completion of K). There exist thus hq,...,h, € BLi(T,d) such that, for each
h € BL1(T,d), we have inf,—1 __, ||h — k|| < €. For every w € Q, there exists
N(w) € {1,...,n} such that

,U,w(hN(w) ]lK) *Vw(hN(w) ]1]() 2 sup (ILLw(h]lK) 7I/w(h]lK)) — 2e.
heBL,(T,d)

Obviously, we can assume that N is measurable. We have, for every w € (,

AD () < po K+ v Ko+ sup  (po(h 1x) — v (h k)

hEBL; (T,d)
S ﬂch + VwKC + Mw(hN(o.;) ]lK) - Vw(hN(w) ]IK) + 2¢
(323) < 2,LL<,,,I(C + 20, K¢ + ,LLw(hN(w)) - Vw(hN(w)) + 2¢.

Using (3.2.2) and (3.2.3), we thus have
/ Agdﬁ(uw,uw) dP(w) <2u (2 x K +2v (Q x K)
Q

-+/;mwwww—»@me»de»+%
Q

< sup  (u(f)—v(f)) +6e
fEBL} (Q,T,d)
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because the mapping (w,t) — hy () (t) is in BLi (€, T,d). As € is arbitrary, this
shows that we have

| ARy dP@) = swp () = i),

feBLy (Q,T.d)

[]

The following corollary extends the result of Part 3 of Theorem 3.1.2.

Corollary 3.2.2 (Convergence in probability implied by W—stable con-
vergence) Assume that T is completely regular. Let (1*)aeca be a net in Vi and
let X € X. Then (u*)aeca W-stably converges to u™ = 8§ if and only if (4™)aca
converges in probability to J x.

Proof. We know from Part 1 of Theorem 3.1.2 that, on y(}is, convergence in
probability implies W—stable convergence.

Assume that (u®)aes W-stably converges to 4> = §. Let D be an upwards
filtering set of continuous semidistances which induces the topology of T. We can
assume that each element d of D satisfies d < 1. Let d € D.

For each f € BL,(Q2, T, d), we have

] J —uff)(t)dP(w)\ - \ ([ s - s x@aco) dP(cu)\
< [ ([ 10~ s x @)l duzto)) avee)
< / d(t, X (@) dpi® (w,1).

Let g € BL,(Q2, T,d) be defined by g(w,t) = d(t, X (w)). As (u*)aca W-stably
converges to u* = d y, we have, using Proposition 2.1.10,

lim/gd,uo‘:/gd,uw:/d(X,X)dPZO.

We thus have

sup [ st du - )0 dP()

feBL, (Q,T,d)
< ‘ / 9w, 8) d(u — ) (8) dP(w)| — 0.

L]

In the case when T is completely regular, Theorem 3.2.1 yields a natural exten-
sion of the topology Tprob (y;is) of convergence in probability to the whole space
V!, and the results of the Comparison Theorem 3.1.2 continue to apply to this
extended topology.
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Theorem 3.2.3 (Extended parametrized Dudley distances) Assume that
T is completely reqular and let D be an upwards filtering set of continuous semidis-
tances which induces the topology of T. For each d € D and for all pu,v € Y, the
last equality in (3.2.1) remains valid if p or v are not disintegrable, that is, we
have

sup  (u(f) —v(f) = sup  (u(f) —v(f)).

f€BL,(Q,T,d) feBL(Q,T,d)

Thus we can take (3.2.1) as a definition of the semidistances é%d]z on the whole
space Y'. Furthermore, the extended topology of convergence in probability on Y*

(see page 56) is induced by the extended semidistances égﬁ (deD).

In particular, the topology induced on V' by the extended semidistances égﬁ
(d € D) does not depend on D.

Proof. Let d € D and let u,v € Y!. We have

sup  (u(f)—w(f)) = sup  (u(f) —v(f)).

fEBL, (Q,T,d)  fEBL{(Q,T,d)

Let us prove the converse inequality. Considering a quotient space, we can assume
w.l.g. that d is a distance. Let S be the d—completion of T. For simplicity of
notations, we identify y and v with their unique extensions in Y*(S), and we
identify each Lipschitz function on T with its unique extension on S (otherwise,
we could use notations similar to those of the proof of Corollary 2.1.8). Assuming
that T contains a dense subspace with non—measurable cardinal, we can find a
Polish subspace Sy of S such that u(Q x Sp) = v(2 x Sg) = 1. The Young
measures y and v on Sy are disintegrable elements of Y*(Sg). We thus have, from
Theorem 3.2.1,

sup  pu(f)—v(f)= sup  p(f) —v(f)

f€EBL, (Q,T,d) fEBL, (2,5,d)

< sup  pu(f) —v(f)

 f€BL, (2,S0.d)

— sw () - v(h).

feBL! (22,80,d)

But, from a theorem of Kirszbraun and McShane, each Lispchitz function on Sg
can be extended into a Lipschitz function on S with same Lipschitz modulus (see
[Dud76, Theorem 7.3] or [Dud02, Theorem 6.1.1]). We thus have

sup  wu(f)—v(f) <  sup  up(f)—v(f)

fEBL, (2,T,d) feBL}(2,5,d)

= sup  u(f) —v(f).

feBL}(Q,T,d)

This proves that the last equality in (3.2.1) remains valid in V1.
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Now, let Tp ob (J}l) be the topology induced by the semidistances églg (d e D),
and let us show that Tpmb (yl) = Tprob (yl). If A is a semidistance on a space ¥

and t € T and € > 0, let us denote by Ba (t,¢) the open ball for A with center t
and radius €. With this notation, we only need to prove that

(i) each ball B AW (11,7) contains a finite intersection of balls Bz, (1, pi)

prob

(é4) each ball Bx(» (u,p) contains a finite intersection of balls B, ) (1, 74).
prob 2L

To prove (i), let u € V!, let d € D, and let » > 0. Assuming that T contains
a dense subspace with non—measurable cardinal, we can find a finite subset K=
{t1,...,ty} of T such that

r r
J229) (UteKBd (t7 g)) >1——
where po = pu(2 x.). Fori=1,...,n, let

r r
U; = By (t g) and  V; = By (t Z) .
Let
U=Ui<i<nU; and V =Ui<;<,Vi.

Let

Vo="T\ (UrzizaBa (1 g))

(where By (t, p] denotes the closed d-ball with center ¢ and radius p), and let
(fi)o<i<n be a partition of unity subordinated to the open cover (V;)o<i<n (such
a partition of unity can be constructed e.g. in the quotient space T/d and then
lifted to T). Now, let v € V! satisfying

(fO) < L

prob

and

Vi=1,...,n AU

prob( ) <

r
4dn’
First, observe that we have

(3.2.4) va(fo) = (va — pa)(fo) + pa(fo) < 17). + pa(U°) <

Let g € BL; (9, T,d). We have, fori =1,...,n

OO\?

(3.2.5) YVweQ VteV, |g(w,t)—g(w,t;)]| <

N

Let us make a small technical remark. Let w: Q@ — [-1,1] and h: T — [-1,1]
be two bounded measurable functions. Let A be the measure (u — v)(. ® h) on
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(2,8). Let (A*,A7) be the Jordan decomposition of X\. There exist two sets S
and Sy in S such that S;1 NSy =0, S;US: =Q, and AT(S3) = 0= A"(S1). Let
Ap=(S1N{u>0}H U (San{u<0}).

We then have
(3.2.6)
(n=v)(u@h) = Au) <A(1a,) = (1, —va,)(h) < sup [(pa —va)(h)].

Aes

Now, to avoid heavy notations, let us identify each f; with the corresponding
integrand 1o ® f;. Similarly, let us identify each ¢(., ¢;) with the integrand (w,t) —
g(w, t;). Using (3.2.4), (3.2.5) and (3.2.6), we then get

(u—v)(g) =D _(u—v)(gfi)
< Z(M —v)(gfi) + pa(fo) +va(fo)

<D (= V)(g(t)F:) + Y (=) (g = gt F) + 5 + 5

1 i=1

n n

<D sup [(ea = va)(f)l+ Dl = g( 8] £)

=1 =1

T T
Sno- Qo fi) + o fi)+
i=1 i=1
<T'+7"+'I"+T
-+ -4+ -+ -=r
“a4717171

Setting pg = T and pi = 4L fori=1,...,n, this yields
n

NizoBxus) (1, pi) © B (p,7).
To prove (i), let p € Y1, let f € C(T,[0,1]) and let p > 0. We can assume
without loss of generality that p < 1. Some surgery on p will be necessary.
First Step For each t € T, as D is upwards filtering, we can find 7, > 0 and an
element d; of D such that

(3.2.7) VseT di(s,t) <ne=1|f(s)— f(t)| < p/8.
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Let us denote by 0?B the boundary of a subset B of T w.r.t. a semidistance d. As
the set of positive numbers r such that

,Lmad"Bglt (t,r) >0
is at most countable, we can choose 7, such that
(3.2.8) 1ad% By, (t,n;) = 0.

Let
Uy = Bdt (ta 77t/2> and Vi = Bdt (tﬂ?t) :

We have T = UserUy, thus, from 7-regularity of po (assuming that T contains
a dense subspace with non—measurable cardinal), we can find a finite subset K=
{t1,...,ty} of T such that

(3.2.9) po (UtexUp) > 1 — g
Let § € D such that 6 > d; for every t € K. Set
n= ?Eliilgm, U=Uier U and V =Uweg Vi
We can find a function h € BL;(T, §) such that h = /2 on U and h = 0 on V¢,

e.g. take hs(s) = (n/2 —d6(s,U))". We have 1y < (2/n)h < 1y thus, for any
ve,

2 2 2
v e Byw (1mp/16) = va(V) 2 ;Vn(h) > E#Q(h) 0 lva(h) — pa(h)|
2
> 16 (U) = = AR ()
P 2mp p
2.1 1221y £
(3:2.10) R TG 4

Second Step We construct a partition (V;)1<;<, of V' by setting

Vi=Wy,
Vigr = V;fi+1 \Ujﬁivtj (1 <i<n-— 1)'

For each ¢ >0 and each i =1,...,n, let
Vi=Bs(Vi,e) and (V)" = Bs (Vif,e).

From (3.2.8), each V; has po—negligible 6—boundary, thus ua(V;) = infos pa (V).
We can thus choose ¢ € ]0, 1] such that

(3.211) VYi=1,...,n NQ(Vf\v;)<£ and m((v;@)ff\vy)gé.
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Let us now find a proper bound on Agﬁ (v, ) so as to make each |(ua —va) (Vi)]
small enough.
For each i = 1,...,n, let g; and h; in BL1(T, ) be defined by

gi(t) = (e —o(t, Vi) .
hi(t) = (e - 5(t786‘/i))+

forallt € T. Wehave 0 < h; < ¢g; <e,g;=conV;, g, =0on (V) and h; =0
on (Vi) U ((Vi¥))“.

If v € V! satisfies Agﬁ(u, V) < ep/16n, we have, for each i = 1,...,n and each
AeS,

9i 1 ep 14
2.12 _ gi Lep
(32.12) ‘(“A VA)(@)‘<5167L 16n
h; 1 ep p
2.1 - - Ly
(32.13) ‘(MA VA)( € )‘ < € 16n  16n

Furthermore, under the same hypothesis, we also have, using (3.2.11) and (3.2.12),

(va = ) (Vi) < va (£) = pa(v)

= am) (£) +a (L11,)
< (va—pa) (L) +pa i\ W)
< Py PP
~16n  8n ~ 4n

IN
T
kS

|
S
&

e P PP _ P
~ 16n 16n 8n 4n’

If v € P! satisfies Agﬁ(uﬂ/) < €p/16n, we thus have, for each ¢ = 1,...,n and
each A€ S,

(3.2.14) (14 = va) (Vi) < £
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Third Step We now gather the results of the preceding steps.
Let
a =min {np/16,ep/16n} .

Let v € B, (1, ). Using (3.2.7), (3.2.9), (3.2.10), and (3.2.14), we thus have,
—BL

for any A € S,

pa (V) +va(Ve) + |pa(f Iv) —va(f Iv)|

g+ > pa —va)(f v, = (i) 1v,)]

1<isn

+ J(&:) [(na —va) (Vi)

lna(f) —va(f)l <

H
&
IA
3

IN
+

(pa +va) (Vi) + D I(na —va)(Vi)]

1<i<n

i
IN

-
3

IN
[CTRSEEE GRS

+
=D ol A

+
RS

that is,
Al(){gb(/’h ) S p-

L]

Remark 3.2.4 (W-stable topology vs. convergence in probability) As-
sume that T is hereditarily Lindel6f and regular (thus completely regular), e.g.
T is a regular cosmic space. Let D be an upwards filtering set of semidistances
which induces the topology of T. From Theorem 3.2.3, Tprob (:))1) appears to be
the topology of uniform convergence on the sets BL, (2, T, d), (d € D), whereas,
from Theorem 2.1.3 (see Condition 18) and Proposition 2.1.10, Ty1 is the topology
of pointwise convergence on UgepBL; (2, T, d).

3.3 Fiber Product Lemma and applications

The results of this section are consequences of Theorem 3.2.1.
Let S and T be topological spaces and let u € Y31, (2,S) and v € Y1, (2, T).
We call fiber product of i and v the measure p @ v € V1. (Q,S x T) defined by

(N@V)wzﬂw®yw

for every w € Q. Note that, in such a general setting, the measure p ® v may not
be defined on S ® BsxT, because the inclusion Bs ® By C Bsxt may be strict. We
have already seen that Bs® By = BsxT when S x T is hereditarily Lindel6f or when
one of the spaces S and T has a countable network (see Theorem 2.1.13.C). It is
also well-known that, if S or T is first countable, then every measure on Bs ® Br
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can be extended to a Borel measure on Sx T (see [GP84, Proposition 7.10], slightly
generalized in [BC93, Exercice 10.9, with solution]). If y,, and v, are Radon, then
tw ® 1, can be extended in a unique way to a Radon measure on Bgyxt [Sch73,
Theorem 17 page 63].

The following theorem generalizes a classical result [Fis70, Bal88, Val90b,
Val94, Tat02]. In these papers (except in [Tat02]), (v*), W-stably converges
to a degenerate Young measure, but, from Corollary 3.2.2, this assumption is
contained in Hypothesis (1i7) below.

Theorem 3.3.1 (Fiber product lemma)

1. Let S and T be topological spaces such that S x T is hereditarily Lindeldf reqular
(e.g. S and T are reqular cosmic spaces). Let (u*)aca be a net in Vi (S) and
(V) aea be a net in Y3 (T) (with the same index set). Assume that

(i) (u™)aeca W-stably converges to p>° € Y3 (S),

(ii) (V*)aeca converges in probability to v>° € Y1 (T).
Then (u® @ v¥)aen W-stably converges to p> & v*>°.

2. If furthermore (u%)o converges in probability, then (u* ® v%), converges in
probability to u>° @ v=°.

It is not very much less general to assume in Theorem 3.3.1 that S and T are
separable: Recall that it is not known whether there exist nonseparable hereditarily
Lindel6f regular spaces (see Remark 1.1.3).

Proof of Theorem 3.3.1.

1. From Part E of the Portmanteau Theorem 2.1.3, the first part of Theorem
3.3.1 only needs to be proved in the case when S and T are metrizable spaces
(assuming that S x T contains a subspace with non—-measurable cardinal). Let dg
and dr be distances which are compatible with the respective topologies of S and
T. For all (s,t),(s',t') € S x T, set

d((s,t), (s',t")) = max {ds(s, s'), dr(t,t')}.

Let Ae Sandlet f: SxT — [0,1] be an element of BL;(S x T,d). For each
a € AU{oo}, each w € Q and each t € T, let

() = 1a(e) [ 0 duc(s)
Then g € BL,(Q, T, dr), thus, from (174) and Theorem 3.2.1,

/gﬁ d(° — VOO)’ 0.

lim sup
@ BeA
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In particular, we have

(3.3.1)
hm/ 1a(w)f(s,t)dpl(s)dvs —v)(t) dP(w) = lim/ga d(v® —v*>) =0.

Set h(w, s) = 1a(w) [ f(s,t) dve(t) for all (w, s) € 2xS. Then hisin BL, (2, S, ds),
thus, from (1¢) and Proposition 2.1.10, we also have

hm/ Ta(w)f(s,t) dul(s) dvy(t) dP(w) *hm/hd,u /hd,uOo
(3.3.2) :/ 1a(w)f(s,t)d(p™ @ v™) (w,s,t).

Using (3.3.1) and (3.3.2), we immediately get

hm/]lA (5,0) dp® ® V™ (w, 5, 1)
~ lim / La(@) (s, 8) dusi(s) d(ve — v (£) d P(w)
+hm/ La(w) £ (s, t) duc(s) dv>(t) d P(w)
- / L4()F(5,) A © 1) (w,5,1),

which proves that (u* @ v®)aen W-stably converges to u™> @ v>

2. Assume now that (u®), converges in probability to 4>. To prove the second
part of Theorem 3.3.1, using Theorem 3.2.1, we can again assume without loss of
generality that S and T are metrizable spaces such that S x T contains a subspace
with non-measurable cardinal. Let f € BL; (2, S x T, d), where the distance d on
S x T is defined in the same way as in the the proof of Part 1. Set

w,1) = /S F(@,5,8) dus(s)

for all « € AU {oo}, w € N and t € T. We have g* € BL, (2, T, dr), thus, for any
a €A,

(3.3.3) (v = ™) (%) < Al (v*, ™).

Set h(w,s) = [ f(w,s, t)dve(t) for all (w,s) € Q x S. We have h € BL, (2, S, ds)
and

(3.3.4) (1 — 1) ()] < AR (u, 1),
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But we have (u* @ v* — u>® @ v>°) (f) = (v* —v*>) (¢%) + (u* — ) (h). From

(3.3.3) and (3.3.4), we thus obtain

[(u* @ v = p® @v=) () < 1™ =v™) (¢™)| + [(u® — 1) (h)]
d a .00 d o oo
< A %) + AL (1 1),
This is valid for any f € BL,(,S x T, d), thus we have
A (1 @ v®, 1™ @ 1) < AYE (1, 0) + AR (1, 1),
L]
Remark 3.3.2 The hypothesis that S x T be hereditarily Lindel6f regular is used
for two reasons: firstly, to ensure that the fiber products p® @ v are Young mea-
sures, secondly, to use Part E of the Portmanteau Theorem 2.1.3, which reduces
the proof of W—stable convergence in S x T to the proof of W—stable convergence
w.r.t. each product semidistance.
It is possible to replace this hypothesis by assuming that S and T are metrizable

spaces and that there exist separable subspaces Sy of S and Ty of T such that
p(Q X Sp) = v>°(2 x Tg) = 1. The reasoning is the same and we skip it.

Counterexample 3.3.3 ([Val94]) The convergence in probability in the hypoth-
esis (1i1) of Theorem 3.3.1 cannot be weakened to W-stable convergence. For ex-
ample, let p" =4, and v =9, be degenerate Young measures associated with
the sequence of Rademacher variables with values in {—1,1}. Then

1

o0 o0 1
Qv = Z(é—l +0,)® 0 1 +4,) = Z(é(—l,—l) 01y +0a, 1) Fa)

1
but (u™ ® v™),, converges to 5@(_1’_1) +0(11))-

Counterexample 3.3.4 The hypothesis (1¢) and the conclusion of Part 1 of The-
orem 3.3.1 cannot be weakened into /—«—stable convergence for any sub—o—algebra
U of §. Consequences of this phenomenon will appear in Chapter 9, see Remark
9.4.9.

For example, assume that (1¢) and (14¢) hold for the U—«—stable convergence,
with &4 = {0,Q}. Assume furthermore that @ = T = [0,1] and that, for each
w € [0, 1], we have
50 ®6Q if w S 1/2,

Ho B0 {51®51 if w > 1/2.

Take for P the Lebesgue measure on [0, 1] and let ' be defined by

, [aifw<1/2,
Ho =50 ifw > 1/2.
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We have p/(2 x .) = p™(Q x .), thus the net (u®), U-stably converges to u’ (the
limit in A/—stable convergence is not unique). But p/ ® v>°(2x.) # p™ & v>°(Qx.)
and thus (u® ® v*)sca does not U-stably converge to u>® ® v>°. Indeed, let
f:1]0,1] x [0,1] — [0,1] be a continuous function such that f(0,0) = f(1,1) =0
and f(1,0) = f(0,1) = 1. We have

u“&&vm(hz®fd::/f@J)W€%$d%?@)dP@0
1 1
= if(ovo) =+ if(lal) =0,

whereas

W@ (e f) = 5£(1,0)+ 5 f0.1) = 1.

Typical applications of Theorem 3.3.1 make use of the following corollary. In
view of these applications, this corollary is given for nets of functions, but it can
be extended without further difficulties to nets of Young measures. The first
apparitions of similar results seem to be [Mog66], [Fis70, Théoréme 5] and [Fis71]
([Mog66] only considered a special case of stable convergence, called Rényi—mizing,
see the definition in Chapter 9).

Corollary 3.3.5 Let S1 and Sy be topological spaces such that S; x So is hered-
itarily Lindelof regular (e.g. S1 and So are regular cosmic spaces). Let ® be a
continuous mapping from S; X S to the topological space T. Let (Xo)aca be
a net i X(S1) and (Yo)aca be a net in X(Sz) (with same index set). For ev-
ery a € A, let Z, = ®(Xn,Ys). Let @ : QxS xSy — QxT be defined by
P(w, 51, 82) = (w, P(s1,82)). Assume that

(i) (8x.)acs W-stably converges to n> € Vi (S1),
(ii) (Ya)aea converges in probability to Yoo € V3. (S2).
Let A = &, (1™ ® 8y_). Then (85 )acn W-stably converges to A>°.

The proof of Corollary 3.3.5 is obvious in view of Theorem 3.3.1 and the following
very easy lemma.

Lemma 3.3.6 Let S and T be topological spaces. Let @ : S — T be continuous.
Let (u®)aea be a net in YX(S) which W-stably converges to u> € Y(S). Let
D (w,8) — (w,®(s)) and, for each p € YL(S), let i = (@)4(p). Then (A*)aea
W-stably converges to > in Y1(T).

Proof. Let A € S and let g: T — [0, 1] be bounded continuous. We have
(1a@g) =p>(la®g) o) =p= (14 @ (g0 P))
= licryn,uo‘(]lA ®(go®)) = lién,u"‘((]lA ®g)o®)
=lm % (14 @ g). ]
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3.4 Parametrized Lévy—Wasserstein distances and
Li spaces

We define and study new semidistances on the space of integrable Young measures,
in the same spirit as in the definition of the parametrized Dudley semidistances,
that is, uniform convergence on an appropriate set of integrands. The difference
between the topology constructed in this way and the topology 7,"p defined in
Section 2.4 is similar to that between 7p0n (y;is) and T)V,"l.

Assume that T is regular and let D be a set of continuous semidistances on T.
Let 1 € Y'. Recall that p is integrable relatively to D if, for all d € D and for
some (equivalently, for all) to € T, we have u(d(to,.)) < +00. We denote by Y1
the space of integrable (relatively to D) disintegrable Young measures. /

Let d € D. Recall that Lip,(d) is the set of d-Lipschitz functions on T, with
Lipschitz modulus not greater than 1. Let Lip (d) be the set of integrands f such
that f(w,.) € Lip,(d) for each w € Q and such that f(.,tp) is integrable for some

(or any) to € T. We define the semidistance ég))v on yj;s{p by

A (nv) = fei};p(d) (u(f) —v(f))-

If d is a distance, then éga, is a distance on y;;jp.

We denote by 71 p the topology on y(};j)p defined by the semidistances A(L%)V,
d € D. As BL, (%, T,d) C Lip (d) for every d € D, the topology 71,p is finer

than the topology induced on yj;j}p by the topology of convergence in probability
Tprob (y(}lb) -

Now, let o be some arbitrarily fixed element of T and let Lip (d) be the set
of elements f of Lip (d) such that f(w,to) = 0 for every w € Q. If f € Lip (d),

then the integrand f defined by f(w,t) = f(w,t) — f(w,to) is in Epl(d), and

w(f) = v(f) = u(f) = v(f) for all p,v € yj;s{d, because 1 and v have the same
margin on 2. Thus we have also

(3.4.1) AR ()= sw (u(f) —v(f)).
f€Lip, (d)

Similarly, let BL, (2, T, d) be the set of elements f of BL, (2, T,d) such that
f(w,to) = 0 for every w € . We have, for any u,v € Y1,

(3.4.2) AD ()= suwp  (ulf) —v(f).
feBL, (Q,T,d)

For each f € Epl(d/\ 1), we have |f(w,t)| = |f(w,t) = f(w,to)] < 1 for all (w,t) €
Qx T, thus f € ]§7VL1(Q,']I‘,d). But, for each f € @(Q,']Rd), we have, for all
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(W t1,t2) € Ax Tx T, |f(w,t1) — f(w,t2)| < 2, thus f € Lip,(d A 2). We thus
have the inclusions

Lip (d A1) € BLy(2,T,d) € 2Lip, (d A1),
which imply, using (3.4.1) and (3.4.2),
(3.4.3) ARV < Af) <2V,

Thus the topology Tprob (y;is) on V! is induced by the semidistances ég}(,\l), deD.

Kantorovich—Rubinstein Theorem For any p,v € MT(T), let D(u,v) be
the set of probability laws 7 on T x T with margins p and v. The set D(u,v) is
closed for the narrow topology on M 1(T x T). From a general result of Kawabe
[Kaw94], if T is regular and if 4 and v are 7—regular, D(u,v) is compact (if p and
v are tight, this is obvious because then D(u,v) is tight). In particular, if T is a
regular hereditarily Lindelof space, D(u,v) is compact for all u,v € MT1(T).

Recall the Kantorovich-Rubinstein Theorem (see e.g. [Dud02, Rac91, RR98]):
If T is a separable metric space, if d is a distance which is compatible with 7,
and if [ d(to,.) dpu < +oo and [ d(to,.)dv < +oo, we have

s (u(f) v = _inf [ de ) (s, ).
J€Lip, (d) m€D (V) JTxT
Furthermore, as T is regular hereditarily Lindel6f, an easy compactness argument
shows that the infimum in the right hand side is attained.
For any u,v € V', let D(u,v) be the set of probability laws 7 on Q x T x T
such that (. x . X T) = pand 7(. x T x .) = v. Set

éié?z(u,u)z inf / d(t,t') dr(w,t,t').
m€D(1,v) JOXTXT

Theorem 3.4.1 (Parametrized Kantorovich-Rubinstein Theorem) Assume
that T is Suslin reqular. Let d be a continuous semidistance on T. For any
JIRZAS yj;;d, we have

d
AR (1) = AR (1, v).
Furthermore, the infimum in the definition of A%){(u, V) is attained, that is, there
exists m € D(u,v) such that é&%(u, v) = Joupur d(t,t") dr(w, t,t).

Let us first prove the following lemma, which is interesting in itself.

Lemma 3.4.2 Let d be a continuous distance on T. Assume that (T,d) is sepa-
rable. Let B* be the universal completion of the o—algebra B g+ (myx pm+1 (). For
any p,v € MTH(T), let

r(p,v) = mf /dtt dr(t,t') € [0, +o0].



76 CHAPTER 3. CONVERGENCE IN PROBABILITY

The function r is B* —measurable. Furthermore, the multifunction

P { MTHT) x MEYT) — K(M+1(TxT))
1 () —  {m e D v); [dt,t)dr(t,t') =r(u,v)}

has a B* —measurable selection.

Proof. First, we can assume w.l.g. that T is Polish. Indeed, let S be the d—
completion of T. For each p € MT1(T) (resp. u € MTYT x T)), let us denote
by fi the law on S (resp. S x S) defined by i(B) = u(BNT) for all B € Bs (resp.
w(B) = u(BN(T xT)) for all B € Bsxs). From Lemma 1.3.1, the mapping p — [
is an homeomorphism from M+ (T) to the space M (S) of laws y on S satifying

11(T€) = 0 (vesp. from M*H1(T x T) to M;1(S x S) satifying . ((T x T)¢) = 0).
For all (u,v) € MT1(T), let

D(p,v) = {7: 7 € D(u,v)}.

One easily checks that we have, with obvious notations,

D(u,v) = D(@i, D).

Furthermore, from Lemma 1.3.1, we have, again with obvious notations,

r(p,v) = inf / d(t,t")dn(t,t') = inf / d(t,t")dz(t,t") = r(, D).
TxT SxS

weD(u,v) weD(n,v)
Using again Lemma 1.3.1, this yields
K(p,v) = {77 € D(p,v);

= UK (@.D),

d(t, ') dz(t,t') = r(f, D)}

SxS

where VU is the homeomorphism 7 +— 7 from M™(T x T) to MTxT(S X S).
So, we assume from now on that T is Polish. We have D = ®~!, where ® is
the continuous mapping

B - { MEPYT XT) — MPYT) x MTY(T)
A — (AL xT), AT x.)).

Therefore, the graph gph (D) of D is a closed subset of the Polish space (M*’l(T)
x MTY(T)) x MTHT x T).
Now, the mapping
b [ PTD = D)
! T — fTX']T ) dﬂ'(t t )

is Ls.c. because it is the supremum of the continuous mappings 7 +— w(dAn),n € N
(if d is bounded, % is continuous). From the Projection Theorem, as T is Suslin and
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as gph (D) is in the Borel o—algebra of the Polish space (M™*1(T) x M*T1(T)) x
MHTL(T x T), the mapping

r: (uv) — inf {$(m); ™ € D(,v)}

is B*—measurable: Indeed, we have

Vo e R {(u,v); r(p,v) <o}
= T+ (myxmi(my (1, V), ™) € gph (D)5 ¥(7) < a}.

For each (p,v) € MTL(T) x M*T(T), we have

K(p,v) = {m € D(p,v); ¢(m) = r(p,v)} -

The multifunction K has nonempty compact values because D has nonempty
compact values and v is l.s.c. Let

7. { (MTYT) x MPYT)) x MEHT xT) — R
L (s v)sm) — () — r(u,v).

The mapping F' is B* ® B M+1(TxT) - measurable. Furthermore, the graph of K is

gph (K) ={((p,v),m); p=m(. xT), v =n(T x.), F((n,v),7) =0}
= gph (D) N F~1(0)
e B* ®BM+71(T><T)~

As (T,d) is Suslin, this proves that K is B*-LV-measurable (see Remark 1.2.1).
Thus K has a B*—measurable selection. ]

Proof of Theorem 3.4.1. First, we can reduce the proof to the case when d
is a distance. Indeed, let (T, ci) be the quotient metric space and 7 the canonical
projection T — T. The space Lip;(d) can be identified in an obvious way with
Lip, (T, d) because, for any f € Lip, (d), if d(t,t') = 0, |f(t) — f(t')] = 0. We shall
denote by f the corresponding element of Lipl('ﬂ‘, ci) Furthermore, the mapping
A= m(\), MEYT, 7p) — MHY(T,d) is surjective because T and T are Suslin
[Sch73, Theorem 12 page 126]. Let m be the mapping (w,t) — (w, 7 (t)). We have

A r) = s myn—v)(f)
f€Lip (d)

and

AD ()= inf /Q ety dn(en ).
XX

1
€D (my(1)my (v))
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We assume now that (T,d) is a (Suslin) metric space. The proof will be done
in three steps.

Step 1

From Lemma 3.4.2, and with the same notations, the mapping

G:ww— inf / d(t, ) dr(t,t') = (e, Vo)
TED(pw Vo) JTXT

is S*~measurable (indeed, the mapping w +— (., v,) is measurable for S* and B*
because it is measurable for S and Bag+.1(1)x ae+.1(T))- Since p, vE yj;jd, we have

G(w) < 400 almost everywhere. Let us prove that AKR ) = [ G( (w).
First, as T is Radon, 7 is disintegrable, and we have, for any m 6 D(p, ),

/Q</Td(t,t’) dww(t,t')> dP(w) z/ﬂg(w)dp(w)

thus A%R (w,v) > fQ (w). But, from Lemma 3.4.2, the multifunction
w D(,uw, l/w) has a B* fmeasurable selection w — A, such that, for every w € 2,
fo'JI‘ ") dA(t,t"). We thus have é%){(u, V) < Joursr d(t, ) dX(w, t, 1)

—fQ )-

Step 2 This is the shortest and main step. Let (g be the almost sure set on
which G(w) < +o0. From the usual Kantorovich-Rubinstein Theorem, we have,
for every w € €y,

(344) Gw)= sup (pw(g) —rulg) = sup (1w(g) — vu(g)) -
g€Lip, (d) g€Lip, (d), g(to)=0

Step 3 To conclude the proof, we only need to prove the equality ég}v(u, v) =
Jo G(w) dP(w). For every f € Lip, (d), we have [ fd(u—v) < [GdP by (3.4.4),

thus Aig\l,)v(u, v) < [, GdP . Now,let € > 0. Let 1z and  be the finite measures on
T defined by
uw(B) = / d(to,t) dp(w,t) and v(B)= / d(to,t) dv(w,t)
QxB QxB

for any B € Br. Let T be a totally bounded subset of T containing ¢y such that
a(T§) < e and v(T§) < e. For any f € Lip, (d), we have

(3.4.5)

/ (o — ) (f(@,.)) dP(w) — / (s — 1) (f (.. 1z,) P ()
Q Q

[ = ) 1) dP(w)‘ <o
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Set, for all w € Qg,

G/(L«J) = sup (,Uw - Vw)(g ]lTo)'
g€Lipy (d), g(to)=0

‘We thus have

(3.4.6)

GdP — G’dP’ng.
Qo Qo

From a theorem of Kirszbraun and McShane, each Lipschitz function on T can
be extended into a Lipschitz function on T with the same Lipschitz modulus (see
[Dud76, Theorem 7.3] or [Dud02, Theorem 6.1.1]). Thus we have, for any w € ),

G (w) = sup (e — Vw)\TO (9)-
g€Lip;(To,d), g(to)=0

Let (gn)n be a sequence which is dense for ||| in Cy, (To)N{g € Lip;(To,d); g(to)
= 0}. We have G'(w) = sup,,(ftw — 1/“,)‘T (gn). Extend each g, into a function
0

gn € Lipy (T, d) and set, for all (w,t) € Qg x T,

N(w) = inf {ns (uo = w)y (9) 2 G'@) =} and  f(@,1) = g (0)

‘TO

We then have, using (3.4.5) and (3.4.6),

AR (p,v) > /

Q[)XT

fd(u—mz/ f(u—v) -2

Q()XTO

2/ G'dP—?)eZ/ GdP —5e.
Q() QO

[]

Let us formulate Theorem 3.4.1 in the particular case of degenerate Young
measures.

Corollary 3.4.3 Assume that T is Suslin reqular. Let d be a continuous semidis-
tance on T. For any X,Y € X%T ), we have

AYD(X,Y)= sup /fw X(w)) - f(w, (w))dP(w):/Qd(X,Y)dP

f€Lip (d)

In particular, if D is an upwards filtering set of continuous semidistances which
defines the topology of T, Corollary 3.4.3 and Theorem 2.4.3 imply that the topolo-
gies 71, p et 7\'p coincide on %%T D)
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A Vitali Theorem Let us now go back to the relations between convergence in
yj;j p for the semidistances ég/)v (d € D) and convergence in probability.

Theorem 3.4.4 (Vitali Convergence Theorem for random laws) Assume
that T is completely reqular. Let D be an upwards filtering set of continuous
semidistances which defines the topology of T. Let (u*)aca be a net in y;;jp and

let u>° € yggjp. The following assertions are equivalent:

(a) (u*)aea converges to pu> in yj;sl,p

(b) p> — 4> and (1Y) aea ts asymptotically uniformly integrable relatively

to D.

Proof.

(a)=(b). We already know that convergence in yj;sl’p implies convergence in
probability. Furthermore, for any ¢y € T, the mapping (w,t) — d(tg,t) is in
Lip,(d). Let € > 0. Let a > 0 such that

/ d(te, t) du™(w,t) < .
Qx{d(to,.)>a}

We can furthermore choose a such that
1™ {(w,t); d(to,t) = a} = 0.
We then have, by narrow convergence of (1*(€2 X .))q to (2 x .),
lién/ﬁ {(w,t); d(to,t) > a} = p™ {(w,t); d(to,t) > a}.
Now, we have

d(to, t) ]l'{d(t(),.)>a}(t> = d(to, t) — d(to, t) ANa—+a ﬂ{d(to,‘)>a} (t),
and the mapping (w,t) — d(tg,t) A a is also in @1(60. We thus have
/ d(to, t) du®(w,t) = / d(to,t) du® — / d(to,t) AN adu®
Qx{d(tg,.)>a} QxT QxT
+ ap® {(w,t); d(to,t) > a}
[ ety dp — / d(te,t) A a du™

QxT QxT
+ ap®™ {(w,t); d(to,t) > a}

= / d(to,t) du™(w,t)
Qx{d(to,.)>a}

<eg,
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thus (4)qea is asymptotically uniformly integrable.
(b)=(a). Let d € D. Let € > 0 and tg € T. Let a > 0 such that

lim sup/ d(to, t) du*(w,t) < e
Qx{d(to,.)>a}

«

and

/ d(to, t) du™(w,t) < e.
Qx{d(to,.)>a}

Set B = {t € T; d(to,t) < a}. For any f € Lip, let fI* be the bounded Lipschitz
integrand (f A a) V —a. We have, using (3.4.1), and for « large enough,

AR 1= = sup W (f) — 1<)
fELip, (d)

< s () = (f)

feLip, (d)
[ fr= g dun s [ Jr- o] du
QxT aQxT
< sup ’u”‘(f'“) — p(f1)
feLip (d)
bttt )+ [ dltont) due)
Qx B¢ Qx B¢
< sup |p(f1) = p (1)) + 26
J€Lip, (d)

The conclusion follows from the fact that, from Theorem 3.2.1, we have

H (1) = w2 (F1)| = 0.

lim sup
¢ feLip, (d)

L]

Remark 3.4.5 Assume that T is hereditarily Lindelof and regular. Let D be a
family of semidistances which defines the topology of T. Recall that 7,"5 is the

topology on yﬁ;;D defined by the semidistances |u(f) — v(f)], f € Lip, (d), d € D
(see Proposition 2.4.1). We have the following continuous inclusions, represented
by arrows:

(Vhipmp) —— (Vs Toron (V)

| l

1,1 w 1w
(ydis,D7 Tl,D) - (ydis’ Tyl) .
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The lower horizontal arrow comes from Proposition 2.4.1 and the vertical arrow on
the right hand side comes from Theorem 3.1.2. If the elements of D are bounded,
the horizontal arrows represent equalities of topological spaces.



Chapter 4

Compactness

In this chapter, we focus on compactness for the S—stable topology because the 73, -

compact subsets of V! can be characterized in a rather simple way (see Theorem
4.3.5) and because they are also compact for all coarser Hausdorff topologies on
V1. In some cases (see Corollary 4.3.7) all stable topologies appear to have the
same compact subsets.

4.1 Preliminary remarks and definitions

Recall that a subset £ of a topological space T is net—compact if every net of ele-
ments of R admits a subnet which converges in T, or equivalently, if every universal
net of elements of K is convergent in T (see [Kel55] about subnets and universal
nets). We say that R is relatively compact if it is contained in a compact subset
of T. Thus every relatively compact subset of T is net-compact. The converse
implication is true if T is regular (see the proof in [PV95] or [OW98]). We say
that R is sequentially relatively compact if every sequence of elements of K admits a
convergent subsequence. If, furthermore, the limit of the convergent subsequence
always lies in K, we say that K is sequentially compact (this terminology is not
entirely consistent, because, if K is sequentially relatively compact, its closure is
not necessarily sequentially compact). In the case when T is metrizable, it is well-
known that R is sequentially compact if and only if it is compact. Similarly, if
T is metrizable, R is sequentially relatively compact if and only if it is relatively
compact. Indeed, if & is sequentially relatively compact, let (¢,), be a sequence
in the closure € of K. For each n, let s, € & such that d(¢,,s,) < 1/n (where
d is a distance that metrizes T). Then the convergence of any subsequence of
(tn)n is equivalent to the convergence (to the same limit) of the subsequence of
($n)n which has the same indexes. Thus every subsequence of (t,),, has a further
subsequence which converges in €.

Let ¥ be a set and let 7 and 7y be two Hausdorff topologies on ¥ such that

83
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To C 7. Let & be a T7—relatively compact subset of €. Then 7 and 7y coincide on
K. Indeed, the 7—closure € of K is 7—compact, thus 7 and 7y coincide on €.

When we need to prove sequential compactness of compact subsets of V!,
the following lemma can be used to dodge the assumption that S be essentially
countably generated.

Lemma 4.1.1 (Sequential relative compactness deduced from relative
compactness) Let & be a Ty ~relatively compact subset of V!, Assume that there
erists a separable metrizable topology 1o on T which is coarser than the original
topology Tr of T, and such that 71 and 1y have the same Borel sets. Then K is
sequentially relatively compact.

Proof. Let € be the T;rclosure of Rin Y. Then the topologies T;l(TT) and Tjs)l(m)
coincide on €. So, we can assume without loss of generality that T is metrizable
and separable.

Let S be a Polish space containing T. Then we have

S@Br={BN(QxT); BeS®Bs}.

With each measure p € Y1(T), we can associate the measure g € Y(S) defined
by p(B) = u(BN (2 x T)) for any B € S ® Bs, and we have p(A) = p*(A) for any
A € 8 ® Br, which proves that the mapping ® : pu — u is a bijection from Y*(T)
to the subspace of elements v of Y*(S) which satisfy v*(Q x T) = 1. Using e.g.
Condition 6 of the Portmanteau Theorem 2.1.3, we see that ® is continuous, thus
the restriction of ® on € is a homeomorphism from € to the compact subset ®(€)
of Y1(S). So, we only need to show that ®(€) is sequentially compact, that is, we
can assume that T is Polish.
We can associate with each p € Y!(T) a disintegration w — pu,, because T
is Polish. It is well-known that the space M™1(T) is metrizable separable (see
g. [Par67, Theorem 6.2]). Thus the Borel o—algebra generated by each mapping
w >, is countably generated. Let (u™),en be a sequence of elements of R.
Let Sy be the o-algebra generated by the mappings w — p}. Let Q be the
restriction of P on &y. Let 7 be the canonical projection (that is, the restriction)
of Y1(Q,8,P;T) onto Y(Q,8p,Q;T). The mapping 7 is obviously continuous,
thus 7(R) is compact. From Proposition 2.3.1, the space Y1(£2, Sy, Q) (endowed
with 73y = 73,1), is metrizable, thus 7(&) is sequentially compact. There exists a

Young measure p € Y1(Q, 8y, Q; T) and a subsequence (A"),en of (4™)nen such
that (w(A™)),en converges to p.

Let A € § and let f be a bounded continuous function on T. We denote by
Ego the conditional expectation w.r.t. Sg and P. We have

/uww:/mwwﬁdﬂ )= /ESOUIA)( () dQw)
—>/E5° 14)(wW)pu(f) dQw :/]1A f)dP(w)
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In view of Condition 13 in the Portmanteau Theorem 2.1.3, this shows that (A™)pen
converges to the Young measure

(B~ D
A'{B o [ pu(B) dP).

L]

We shall prove later, in Proposition 4.5.2, a converse implication.

In this chapter, we do not study directly compactness in spaces of p—integrable
Young measures. However, compactness criteria can be easily obtained through
the following proposition (as in Section 2.4, we give only the result for Tops but
the same method would yield similar results for other topologies T;’D).

Proposition 4.1.2 (Compact subsets of yg”) Assume that T is completely
reqular and that its topology Tt is defined by a set D of semidistances. Let p > 0.
Let ) C ygp. The following conditions are equivalent:

(a) The setQ) is net-compact for 7,'p.
(b) The set Q) is net-compact for 1 and uniformly p—integrable relatively to D.

Proof. Assume (a). Then 9 is net-compact for 7. Assume furthermore that
for some d € D, ) is not uniformly p—integrable relatively to d. Let a € T. There

exists € > 0 such that, for each R > 0, we can find pu* € 9 with

(4.1.1) d(a, t)P duf(w,t) > €.

AX {teT; d(a,.)>R}
From net-compactness of 9 for 7,'5, there exists a subnet (ufe)q of () g which
converges to some p € y}f’ for 7;'p. But from Theorem 2.4.1, this implies that
(uft~)4 is asymptotically uniformly p-integrable, which contradicts (4.1.1). Thus
) is uniformly p-integrable relatively to D.

Conversely, if we assume (b), every universal net of elements of ) is 73—

convergent and uniformly p—integrable relatively to D, thus, from Theorem 2.4.1,
it converges for 7.'p. ]

4.2 Necessary and sufficient condition when T is
separably submetrizable: Topsge Criterion

Under the hypothesis that T is separably submetrizable and (€2, S, P) is complete,
we shall now adapt to Young measures a compactness criterion of Topsge [Top70a].
The main results from this section are proved in [RAF03], in the more general
setting of the space M*(Q x T) endowed with the topology 73, (see Remark and
Definition 2.1.5, page 31).
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We call paving on € x T any nonempty set of subsets of  x T. We now list
some properties of the pavings ¢ and K that we shall need later. We present them
in a similar way as in [Top70a].

Lemma 4.2.1 (Properties of G and K) Assume that T is Suslin submetrizable
and (2, S,P) is complete.

I K contains O and is closed under finite unions and countable intersections,

II. G contains O and is closed under finite unions and finite intersections (ac-
tually, G is also closed under countable unions, but we shall not need it),

1. K\ G e K for all K € K and for all G € G,

IV. G separates the sets in IC, that is, for any pair K1, Ko of disjoint elements
of IC, we can find a pair G1,G2 of disjoint elements of G such that K1 C G1 and
Ks C Gs.

V. The set Y is uniformly o-smooth on G at () w.r.t. K, that is, for any
countable family (K;);cr of elements of IC which filters downwards to 0, we have

inf su inf G)=0
i€l MEJE)I Geg,GOK; n(G)

(we say that (K;);cr filters downwards to 0 if NicrK; = 0 and if, for any i € T
and any j € I, there exists k € I such that K, C K; N K;).

Remark 4.2.2 Note that we do not have Property V of [Top70a], that is, semi-
compactness of K (a paving C is said to be semi-compact if, for any countable
family of elements of C which has an empty intersection, there exists a finite
subfamily which has an empty intersection). We shall see however that the weaker
Property V’ is sufficient to yield the same conclusion as in Theorem 4 of [Top70a].

Proof of Lemma 4.2.1. Actually, only Properties IV and V’ need a proof. Note
however that IIT holds because T is Hausdorff, which entails that K C F (recall
that, in a non—Hausdorff space, a compact subset need not be closed).

We denote by d a continuous distance on T and by 7 the topology (coarser
than 77) generated by d.

Proof of IV. Let K1, K5 be disjoint elements of K.

Assume first that K; and K» have nonempty values. For each w € Q, K;(w)
and Ko(w) are compact for 79, thus d(K;(w), K2(w)) > 0. Furthermore, as
(Q,S,P) is complete, the function ¢ : w — d(K;(w), K2(w)) is S-measurable.
Indeed, let T be the d—completion of T. Then, for i = 1,2, the set K; is an
element of S ® By, thus, from (iii) of Remark 1.2.1, page 7, we have

{weQ Ki(w)NU #0} e S

for any open subset U of T. But, from Theorem II1.9 in [CV77], this is equivalent
to each of the following properties:

e for each t € T, the function w — d(t, K;(w)) is S—measurable,
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e there exists a sequence (¢!, ), en of S—measurable mappings Q — T such that,
for every w € Q, ¢!, (w) € K;(w) and K;(w) is the mo—closure of {(¢% (w)); n €
N}.

Thus ¢ = inf,, nen d(@l,, ¢2) is S—measurable.
Now set, for i = 1,2,

G; = {(w,t) e Q x T, d(LKZ(w)) < (b(;})} .

It is clear that G; N Gy = @ and that, for i = 1,2, we have K; C G; and G;(w)
(1 =1,2) is 7r—open for each w € Q. Furthermore, for each n € N, the function

¢w)

g (@) = d (eh(w) 1) - 2

is S @ Br—measurable, thus G; = U,en(g5) ™t ([—00, 0[) belongs to S ® Br.

Let us now allow each K; to have empty values. From the Projection The-
orem (see page 7), as (2,8,P) is complete, the sets {w € Q; K;(w) # 0} are
S-measurable. Consider the S-measurable sets

Qy={weQ; K1(w) =0 and Ks(w) = 0},
Q) ={we Ki(w) =0 and Ko(w) # 0},
Q ={weQ Ki(w) # 0 and Ko(w) = 0},
Q3 ={weQ; Ki(w) # 0 and Ka(w) # 0}.

The same arguments as above show the existence of two disjoint elements G} and
G4 of G, contained in Q3 x T, such that K; N (Qs x T) C G} (i = 1,2). To prove
Property IV, we only need to set

@ if w e Qo,

o (Z) if w € Qz
GZ(W) o T if weQgy,

Glw) if wes.

Proof of V. Let (K;);cr be a countable family of elements of IC which filters
downwards to (. For each w € Q, (K;(w))ier is a family of compact subsets of
T which filters downwards to ), thus there exists an element ¢ of I such that
K;(w) = 0. We can enumerate the elements of I: I = {ig,i1,...}, and we can
endow I with the ordering associated with this enumeration: ig < ¢; < .... For
each w € €, let us denote by a(w) the smallest ¢ such that K;(w) = (). Using the
Projection Theorem as in the proof of Property IV, we see that, for each i € I,
the set

A ={w e O aw) =i} = (ra(K))" N [ ma(K;)

j<i-1



88 CHAPTER 4. COMPACTNESS

is measurable. Thus the family (A;);cs is a measurable partition of 2. For each
integer n € N, let Q,, = A;, U---UA,; . As (K;);es filters downwards to @, there
exists an element j; of I such that K;, C K;, NK;,. We then have K, (w) =0 on
Ay UA;, = Q. By induction, we can construct a sequence (K, )n>1 such that
K (w)=10onQ,.

Now, we have U,enQ, = Q. Let ¢ > 0. Let n > 1 such that P(Q,) > 1 —¢.
Let G, = Q% x T. We have K;, C G, and u(G,) =P (Q) < ¢ for every p € Y'.
This shows that

inf sup inf (G) <e.
el pEYL Geg,GDK;

As ¢ is arbitrary, this proves Property V. ]

We can now give an adaptation of Topsge’s compactness criterion ([Top70a,
Corollary 2], see also [Top74, OW98]). If C and £ are two pavings on Q x T, we
say that £ dominates C if each element of C is contained in some element of £.

Theorem 4.2.3 (Topsge Criterion) Assume that T is Suslin submetrizable and
(2,8, P) is complete. Let & be a subset of Y'. Then R is Ty1 —net—compact if and
only if, for any subfamily G' of G which dominates K and for each ¢ > 0, there
exists a finite subfamily G of G' such that, for every u € K, we can find G € G"
such that u(G°) < e.

Proof. It is a simple adaptation of the proof of Topsge’s Theorem 4 and Corollary
2 in [Top70a]. We only need to show that Property V in [Top70a] (see remark
4.2.2) can be replaced by our Property V’. We use here the definitions of [Top70a).

The “only if” part of the proof is exactly as in [Top70a], and does not rely on
Properties I to V. For the “if” part, Property V is used in [Top70a] (in the proof of
Theorem 4) in the following way. Let (u®)oeca be a universal net in 8. We define
a set function v : G — [0,1] by

(4.2.1) VG eg v(G)= 1i(£nuo‘(G).

The mapping v is monotone (that is, G C G’ = v(G) < v(G’)), additive (that is,
GNG =0=v(GUG) =v(G) +v(G")) and subadditive (that is, v(GUG’) <
v(G) +v(G’)). Then Property V is only used (through Theorem 2 of [Top70al) to
ensure that the formula

4.2.9 VBeB u(B)= inf G
(4.2.2) B u(B) o Gegl,nGjKV( )

defines a measure y € M™* (2 x T). But, from [Top70a, Theorem 2], this result also
holds true if v is o—smooth at ) w.r.t. K, and this last property is an immediate
consequence of V'. ]
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Remark 4.2.4 (Extension to M*(Q2 x T)) We can extend Theorem 4.2.3 to
the set M™T(Q x T) and the topology 73, (see Remark and Definition 2.1.5, page
31) by adding the condition that (7o),(R) must be net-compact in the strong
topology s on M™(Q), that is, the coarsest topology such that, for each A € S,
the mapping p — p(A), M (Q) — R, is continuous.

Indeed, if a net (4®)qen of elements of M1 (Q x T) converges for 73, to some
limit 4, then its projection ((mq),(1%))aca on MT(Q) converges to (mq)y (1) for
Ts, thus, if 8 C M™(Q x T) is net-—compact for 75, (7o), (R) is net-compact for
Ts-

Conversely, assume that (mq),(8) is net-compact for 7, and that £ satisfies the
condition given in Theorem 4.2.3. Let (u®),ca be an universal net in K. Define
the monotone additive and subadditive mapping v as above, using formula (4.2.1).
Let (K;)icr be a countable family of elements of K which filters downwards to 0.
Define the sets ,, and the subsequence (K, ), as in the proof of Part V' of Lemma

4.2.1. The net ((7TQ)ti ,ua> , converges for 75 to a measure A € M™T(T). We have
aE

inf  inf v(G)=inf inf lim p%(G)
i€l GEG,GDK; i€l Geg,GOK; ach

< inf inf lim p*(G)

neN Geg,GD K, acA
< inf lim p®(G
" neN aEAM ( n)

= inf A(Q2) =0
neN

thus v is o—smooth at ) w.r.t. K. Using Properties I to IV of Lemma 4.2.1, we
deduce from [Top70a, Theorem 2] that (4.2.2) defines a measure on (2 x T, B)
which satisfies u < v. We then prove that (1%)a,eca converges to u as in the proof
of [Top70a, Theorem 4].

Note that, if furthermore (7q),(R) is relatively compact for 7y, then a slight
modification of the proof of Lemma 4.2.1 shows that Property V’ still holds true
on R, that is, for any countable family (K;);cr of elements of I which filters
downwards to ), we have

inf inf  u(G) =0.
W SUD g ok, ME)

Indeed, with the notations of the proof of Lemma 4.2.1, we have, by Dini Theo-
rem, lim,, o sup,cq (2, x T) = 0, because the mappings p +— p(2, x T) are
continuous for 75. We can then deduce the net—compactness of & as in Theorem
4.2.3.

The extension of Theorem 4.2.3 obtained in this way includes the compactness
criteria of Schél [Sch75, Theorem 3.10], Jacod and Mémin [JM81b] and Balder
[Bal01] for 73, see [RAF03].
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4.3 Flexible tightness and strict tightness:
Prohorov Criterion

Tightness and Prohorov spaces Recall that a subset & of M™1(T) is said
to be (uniformly) tight if, for each ¢ > 0, there exists a compact subset K of T
such that sup,cq u(K°) < e. Every tight subset of MN(T) is relatively com-
pact ([Top70a, Top70b], Theorem 9.1). In the case where each compact subset of
M;’I(T) is tight, T is said to be a Prohorov space. J. Hoffmann—Jgrgensen [HJ72]
has shown that every Cech complete space (that is, every space which is a G sub-
set of some compact space) is Prohorov (in particular every completely metrizable
space and every locally compact space are Prohorov), and furthermore that every
locally convex topological space which is the inductive limit of a sequence of closed
Prohorov linear subspaces is Prohorov. The most general sufficient conditions for
a Hausdorff space to be Prohorov are given in [Bou96, Bou98, Bou02]. Other
references on Prohorov spaces are the surveys [Top74], [Whe83] and [Bog98b, Sec-
tion 8.3]. The result of Malgorzata Wojcicka [Wj87] is particularly interesting
in our context and we shall use it later: If T is completely regular and Prohorov,
the space M 1(T) is also Prohorov. If T is a completely regular Cech complete
space, then KC(T) is also completely regular Cech complete (see [Eng89, page 285]),
thus IC(T) is Prohorov. If E is an infinite dimensional Banach space and E* its
topological dual, the weak topology o(E, E*) and the weak* topology o(E*,E) are
never Prohorov [Fer94].

Flexible tightness and strict tightness Let & C J!.

e We say that R is flexibly tight if, for each € > 0, there exists K € K such
that

sup u(K°) < e.
HER

o We say that R is strictly tight if, for each € > 0, there exists a compact subset
K of T such that

sup u(Q x K°) <e.

HER
In other words, R is strictly tight if and only if the set (71'qy)ﬁ £ of margins on
T of elements of & is a tight subset of M™1(T).

It is clear that, if K is strictly tight, it is flexibly tight. We shall prove later that
the converse implication holds in some important cases.
Let us put in a lemma a simple observation.

Lemma 4.3.1 Assume that the compact subsets of T are metrizable. Let u € P!
such that {u} is strictly tight. Then p € Vii..
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Proof. For each integer n > 1, let K,, € K such that u(Q x K,,) > 1—1/n. Let
Ty = Up>1K,. We can identify p with a measure on 2 x Ty, and the space Ty is
a countable union of Suslin spaces, thus it is Suslin, thus it is Radon. []

We give below some characterizations of strict tightness and flexible tightness.

We start with strict tightness. Recall that a function f : T — [0, +00] is inf-
compact if, for any M € [0, +oo], the set {t € T; f(¢t) < M} is compact. Every
inf-compact function is l.s.c., thus Borel.

Theorem 4.3.2 (Equivalence theorem for strict tightness) Let 9 C Y!.
The following conditions are equivalent:

(a) D is strictly tight.

(b) There exists an inf-compact function h: T — [0, 400] such that

sup p( 1o ® h) < 4-00.
)]

Furthermore, if 3 C y;is, then these conditions are equivalent to the following
one:

(c) For each & > 0, there exists a tight subset & of M*T(T) such that, for any

1ne,
P.{weQpu, € R} >1—e.

Remarks 4.3.3

1. If the compact subsets of T are metrizable and if ) is a strictly tight subset of
V!, then, from Lemma 4.3.1, each element of 9) is disintegrable and Condition
(¢) holds true.

2. If T is Prohorov, Condition (¢) means that the set of random measures {u, ; u €
R} is tight in the usual sense for random elements of a topological space. This
condition is taken as a definition in e.g. [Jak88].

Proof of Theorem 4.3.2. The equivalence of (a) and (b) is well-known: see
Exercice 10 of §5 in [Bou69]. The proof may be found in [Jaw84, Val90b, Bal95]
(in fact a more general form is proved there, see Remark 4.3.4 below).

(b) = (c). Let ¢ > 0. Let h as in (b), and let M = sup ,cq) (1o ® h). Let

M
A = {y € MTYT); v(h) < 8} .
From [Bou69, Exercice 10 of §5], &. is a tight subset of M (T). For each 1 € 9,
let
W ={wep, €R}.
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We have

P(Qf) po(h) dP(w) <e.

9
< =
- M

(¢) = (a). Let € > 0. There exists a tight subset &./5 of M™(T) and, for
each u € ), a measurable set Q,, . € S such that P(Q, ) > 1 —¢/2 and, for each
W€ Dye, pho € Reya. Let K € K such that v(K) > 1—¢/2 for every v € R, /5. We
then have, for every p € 9),

,u(QxK)z/Q po(K)dP(w) > (1 —¢/2)2 > 1 —e.

L]

Remark 4.3.4 (Equivalence theorem for flexible tightness) Let 9 C Y!.
The following conditions are equivalent (see [Bal84a, Jaw84, Val90b, Bal95]):

(a) 9 is flexibly tight.
(b) There exists an inf-compact integrand h : Q x T — [0, +o0] such that

sup p(h) < +o0.
HEY

Tightness and relative compactness in ()*, T;l) As a consequence of Topsge

Criterion (Theorem 4.2.3), we easily get Part A of the following theorem. This
result was proved by Balder [Bal89al, in the case when T is a Suslin regular space.
The converse Part B follows easily from the definition.

Theorem 4.3.5 (Prohorov Criterion)
A) (Direct Prohorov Criterion)

1. Assume that the compact subsets of T are metrizable. Any strictly tight
subset of V' is T;Ifrelatively compact and 73, —sequentially relatively
compact.

2. If furthermore T is Suslin submetrizable, any flexibly tight subset of V'
is Tyn —relatively compact and 73, —sequentially relatively compact.

B) (Converse Prohorov Criterion) Assume that T is Prohorov and that fur-
thermore MTY(T) = M (T) (e.g. T is Suslin Prohorov). Then every 75, -

relatively compact subset of Y is strictly tight.
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Proof. Let & C V1.

A)

1 For each integer n > 1, let K,, € K(T) such that, for every u € g,

w(Q x K,) >1—1/n. Let Tp = U,K,,. The space Ty is a countable
union of Lusin spaces, thus it is Lusin. Furthermore, we have p(Q x
To) = 1 for every u € &, thus we can consider K as a strictly tight
subset of Y!(Ty). But, for any subset T’ of T, the topology Tsl(T,) is
finer than the topology induced by 7';1(?). Thus we only need to prove
that R is Tls,l(TO)frelatively compact and TSI(TO)fsequentially relatively
compact. Furthermore, Ty is a countable union of second countable
Suslin spaces which are Borel subsets of Tg, thus, from Lemma 2.1.2,
we have T§,1(TO) = 735,1(5278;713*’1‘0). Thus 1 is a consequence of 2.
Denote as usual by (2, i, P*) the P—completion of (€2, S, P). The topol-
ogy TJS,I(Q,S;,P*) is finer than 7'3571(975713), thus we only need to prove the
result when (02, S, P) is complete. To do that, observe first that the Tyn—
closure & of & is also tight. From Theorem 4.2.3, & is 75, —net-compact.
Indeed, let G’ be a subfamily of G which dominates K and let ¢ > 0.
There exists K. € K such that u(K¢) < ¢ for each p € & Choose an
element G. of G’ such that K. C G. and let §” = {G.} C G'. We
have 1(G¢) < ¢ for each u € K, thus Topsge’s criterion applies. Thus
R is compact and R is relatively compact. From Lemma 4.1.1, £ is also
sequentially relatively compact.

B) Let £ be a lejlfrelatively compact subset of Y'. For each p € P!, let pug =

1(Q x ) be the marginal of u on T, defined by uq(B) = u(Q x B) for any
B € Br. It is clear that the mapping ¢ : p+— pg, Y — MT1(T) is continuous
for 73,1, thus @(R) is relatively compact, thus it is tight, which means that, for
any € > 0, there exists a compact subset K of T such that

sup p (2 x K)°) < e.
HER

L]

Remarks 4.3.6 (Extension to (M™(Q x T),7},))
1. The generalization to (M™(Q x T), 7¥,) of Theorem 4.3.5 (except the results

on relative sequential compactness) is immediate.

2. If Q is standard and T is Suslin regular, we can complete this result in the

following way. Let 7 be a Polish topology on €2 such that § = B(q r,). Then,
from Theorem 2.1.13, Ty, coincides with the narrow topology. If £ is strictly
tight, it is tight w.r.t. the set K(Q x T). Conversely, if T is Prohorov, as the
product of two Prohorov spaces is (trivially) Prohorov, the space 2 x T endowed
with the product topology 7 is Prohorov. Thus any relatively compact subset
of MT1(Q2 x T) is tight w.r.t. K(Q x T).
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The following result can be seen as a semicontinuity theorem.

Corollary 4.3.7 (When TJV,"I and 735,1 have the same compact subsets) As-
sume that T is Prohorov and completely reqular, and that its compact subsets are
metrizable. Assume furthermore that M™1(T) = MPY(T) (all these conditions
are statisfied if T is Suslin regular Prohorov). Let & C V1. The following condi-
tions are equivalent:

(a) R is T35 —relatively compact.
(b) R is 1y —relatively compact.
(¢) R is strictly tight.

Proof. As T is completely regular, the topology 7y is Hausdorff. The implication
(a) = (b) is obvious. Assume (b). Then the set (71),(&) = {u(Q x .); p € &}
of margins on T of elements of K is relatively compact for the weak topology
on MHTYT) = MF1(T), which coincides with the narrow topology because T is
completely regular. As T is Prohorov, (7r),(8) is tight, thus we have (c). The
implication (¢) = (a) comes from the Direct Prohorov Criterion. ]

Theorem 4.3.5 yields the following complement to the Portmanteau Theorem
2.1.3, which extends by a different method [CV98, Proposition 3.1]. This theorem
is also a semicontinuity theorem. Note that the limit of the net does not need to
be explicited.

Theorem 4.3.8 (Portmanteau Theorem continued) Assume that M1 (T) =
MTYT) (e.g. T is Radon or hereditarily Lindeldf). Assume furthermore that T
is completely regular and that each compact subset of T is metrizable. Let (u®)aea
be a net in Y'. Let C be a set of nonnegative S—measurable bounded functions
which is stable under multiplication of two elements, which contains the constant
function 1 and which generates S (e.g. C consists in the indicator functions of the
elements of a subset of S which is stable under finite intersection, which contains
Q and which generates S).
Assume that one of the following conditions is satisfied:

(1) (u%)o s strictly tight
(#4) or (u*)q is flexibly tight and T is Suslin regular.
The following are equivalent:
1. (u%)q is S—stably convergent.
(1Y) is W-stably convergent.
For each f € C, the net (u*(f ®.))a has a limit in M™(T).

e e

For each f € C and each g € Cy, (T), the net (u*(f ® g))a is convergent.
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Remark 4.3.9 Under Assumption 3, if (u®), is a sequence and if T is Prohorov,
the set of margins {u*(Q x .); a € A} is a relatively compact subset of M™!(T),
thus Condition (7) is satisfied. We shall give a more general result for sequences
in Theorem 4.5.1.

Remark 4.3.10 The hypothesis that M1 (T) = M™!(T) can be skipped in
Theorem 4.3.8, if we assume that (4®)aea is a net of 7—regular Young measures,
that is, u®(A x .) € M}F(T) for each a € A and each A € S.

Proof of Theorem 4.3.8. The implications 1 = 2 = 4 and 1 = 3 = 4 are
obvious. So, we only need to prove 4 = 3 and 3 = 1.

Note that, as T is completely regular, the weak and narrow topologies coincide
on MHY(T) = MTH(T).

Now, if () or (i7) holds true, then, by Theorem 4.3.5.(A), the net (u®)q is 75:1—
relatively compact. Therefore, in any case, each subnet of (u%),, has a convergent
subnet (1%?)z which converges to a limit in Y!.

Assume 4. For each limit A of a subnet of (1), and for every f € C, we have

Vg€ Gy (T) A(f@g)=limu*(f@yg),

that is, for every f € C and for all such limits A, the measures A\(f ® .) coincide
on Cyp (T). As T is completely regular, Cy, (T) separates the elements of M™(T),
thus, for each f € C, there exists a measure v € M (T) such that each subnet of
(u*(f ®.))a has a further subnet which converges to v. Therefore, (u*(f ® .))a
converges to v, that is, Condition 3 is satisfied.

Assume now 3. Let £ be the set of bounded measurable functions f on € such
that (u“(f ®.))o has a limit in MT(T). As in the proof of Part C in Theorem
2.1.3, the set £ is a monotone vector space which contains C, thus it contains all
bounded measurable functions on 2. This proves that 3 does not depend on the
choice of C, thus we can assume without loss of generality that C = { 14; A € S}.

For each limit A of a subnet of (u%), and for every A € S, we have

AA x ) =limp*(A x ).

Thus all such limits A coincide on the product S X Br. As S x By is stable by finite
intersections and generates B, all thoses limits coincide on B. We have proved that
there exists a Young measure A such that, for each subnet of (u%),, there exists
a further subnet which S—stably converges to A. This proves that (u®), S—stably
converges to A. ]

Remark 4.3.11 In the cases (i) and (i7), if (u®), is a sequence, we can reproduce
the reasoning of the proof 3 = 1 using subsequences instead of subnets, because,
from Theorem 4.3.5, (u%), is relatively sequentially compact.
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Support Theorem for strictly tight sequences We now give a result on the
support of the limit of a sequence of Young measures. This result will be used in
Section 6.1. Further developments on the same topic will be made in Section 6.5.
If p € MTY(T), we denote by Supp p the support of p (if it exists), that is, the
intersection of all closed subsets F' such that u(F) = 1. It is easy to check that the
support of p exists when p is 7—regular, in particular when T is Radon or when T
is hereditarily Lindelof. If p is a disintegrable Young measure and Supp p,, exists
for all w € Q, we shall denote by Supp ¢ the multifunction w +— Supp pi,.

We also have to introduce the superior limit in the sense of Kuratowski of a
sequence (B,,), of subsets of T: this is the set

15(Bp) = () |J Bm-

n m>n
The following theorem is a generalization of [Val90b, Proposition 5 page 159].

Theorem 4.3.12 (Support Theorem) Assume that T has metrizable compact
subsets. Let (u™)nen be a strictly tight sequence in Y1 which W-stably converges
to some p> € Y. For each n € N and each w € €, let Supp u” be the support of
the measure pl. Let L be the graph of the multifunction 1s(Supp u™), that is,

L={(w,t)eQxT;tels(Supppu)}.
We have
p (L) =1,
where p$° is the interior measure associated with (1.

Proof. We can assume w.l.g. that T is Suslin, because there exists a K, subset
To of T such that u™(2 x Tg) = 1 for every n € NU {o0}. As T is Radon, there
exists a sequence (K;);>1 of elements of K such that, for each j > 1 and for each
n € NU{oco}, p"(©2 x K;) > 1/j. For each n € N and each j > 1, let ', ; be the
compact valued multifunction w — Supp p’ (. N K;). For each U € G(T), we have

[, U={we®pu,(UNK;)>0}€S,
thus I'y, ; is LV-measurable. For every n € N, the multifunction

A

g ¢ W Um>n D j(w)

is thus LV-measurable, with values contained in K;. Since the space Kj is sep-
arable metrizable, we have gph (A, ;) € K (Kj) (see (vi) page 7), which implies
gph (A, ;) € S ® Br. We thus have N, A, ; € S ® Br, that is,

L; :=NpUp>n gph (T, ) € S Q@ Br.
Clearly, we also have L; C L. Thus, we only need to prove that we have

(4.3.1) p(UjzaLy) =1
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But we have, for each 7 > 1,

Vo €N Vnzno 4" (eph (D Trn)) 215,

thus

1
limsup u"(L;) > 1 — —.
n J

Now, from Theorem 4.3.8, the sequence (u"),en S—stably converges to p®>. We
thus have

p (L) > limsup p"(L;) > 1 — 7

which proves (4.3.1). ]

Comparison of flexible tightness and strict tightness The following theo-
rem is a generalization (with a similar proof) of a result of the third author, which
was given in [Jaw84].

Theorem 4.3.13 (Equivalence of tightness notions) Assume that T is Suslin
and that the set IC of compact subsets of T, endowed with the Vietoris topology, is
Radon. A set)) C V' is flexibly tight if and only if it is strictly tight.

Such a theorem is not very useful if we do not know when K is Radon. This is
why we now exhibit two particular cases.

Let us say that a sequence (K, ), of compact subsets of T is a cofinal sequence
if each compact subset of T is contained in some K, (in this case, it is said that
T is hemicompact). Note that, if the compact subspaces K,, are metrizable, T is a
countable union of Polish spaces, thus it is Lusin.

Theorem 4.3.14 (Cases of equivalence of tightness notions) Assume that
one of the following conditions is satisfied:

(2) T is a regular Suslin Prohorov space,
(it) T has a cofinal sequence of metrizable compact subsets.
Then the space K is Radon, thus any flexibly tight subset of Y1 is strictly tight.

Polish spaces are regular Suslin Prohorov spaces. Another useful example of Case
(i) is provided by submetrizable k,-spaces, that we shall investigate later in Sec-
tion 4.4.

Submetrizable k,—spaces also belong to Case (7). Here is another example,
which is not included in Case (i).
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Example 4.3.15 (Topological vector space with a cofinal sequence of
compact subsets) Condition (i7) of Theorem 4.3.14 is satisfied if T is the weak
dual E? of a separable (locally convex) Fréchet space E. Indeed, as E is barrelled,
each bounded subset of E} is relatively compact, and, from [Bou81, Proposition
2 page IV.21], there exists a sequence (K, ),>1 of closed bounded subsets of E
such that each bounded subset of E} is contained in some K,,.

Furthermore, from the separability of E, there exists a countable family of con-
tinuous functions on E’ which separates the points of E*, thus E? is submetrizable,
thus its compact subsets are metrizable.

But, if E is not nuclear, E* does not belong to Case (i), because o(E*,E) is
not Prohorov [Fer94].

Proof of Theorem 4.3.13. Assume that 9) is flexibly tight and let € > 0. Let
K € K be such that

€)= su w w =
sup 1 (K7) = sup [ (T K(w)) 4P () < 5

From Remark 1.2.1, as T is Suslin, K can be seen as a random element of K
(defined on the universal completion (Q,S*,P*) of (22,S,P)), because, for any
open subset U of T, the sets

{we Kw)NU #0} =7mq (KN (QxTU))
and
{weQ Kw)CU}=mq (KN (QxU)"

belong to §*, where mq denotes the canonical projection 2 x T — €. To simplify
notations, we assume now w.l.g. that (Q,S,P) = (Q,S8*,P*).

As K is radon, the law £ (K) of the random element K is Radon, thus there
exists a compact subset & of I such that
€
5

From Michael’s characterization of compact subsets of K [Mich1, Theorem 2.5.2]
(see also [Chr74, Theorem 3.1] for the converse implication), the set

P{we® Kw)e R} >1—

H - ULeRL
is compact.
Now, let ' = {w € Q; K(w) € &}. We have P(Q\ ') < ¢/2 thus, for any
e,

p(@ 1) = [ty ape) + [ e 4P)

’

9
< [ T\ K@) aP@)+

< e. []
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Remark 4.3.16 It is easy to prove directly that, under the hypothesis (i) or (i4)
of Theorem 4.3.14, any flexibly tight subset of V! is strictly tight.

Indeed, let P C V! be flexibly tight. If (i) is satisfied, from Prohorov Criterion,
9) is relatively compact in Y'. From the Converse Prohorov Criterion, it is thus
strictly tight.

Assume now (7i). Then T is Lusin. Let (L,)nen be a nondecreasing cofinal
sequence of metrizable compact subsets of T. Let € > 0 and let K € K such that
w(K) >1—¢/2 for each p € 9. By the Projection Theorem, for each n € N, the
set A, = {w € Q; K(w) C L,} is in 8*, and we have U,4,, = Q and (A,), is
nondecreasing. There exists thus ng € N such that P*(4,,) > 1 — /2. We then
have, for every p € %),

(X Lpy) > (K \ (A5, xT)) > 1—¢/2—¢/2=1—¢.

A part of the proof of Theorem 4.3.14 lies in the following lemma. We recall
that, if A is a random subset of T and f : Q — T a mapping, we say that f is a
selection of A if f(w) € A(w) for each w € Q.

Lemma 4.3.17 Assume that T is Suslin submetrizable. Let K be a random ele-
ment of K. Let Z be the set of measurable selections of K and setQ) ={L(f); f €
Z}. Then Q) is a relatively compact subset of M*1(T).

Proof. From Remark 1.2.1 (vi), K is graph-measurable, that is, K € . Let
Y = {d;; f € Z}. The set Y’ is flexibly tight thus, from the Direct Prohorov
Criterion (Theorem 4.3.5), it is relatively compact in Y!. Thus 9 = (m1),(') 1s
relatively compact in M*+(T). ]

Proof of Theorem 4.3.14.

(i) We denote as usual by 77 the topology of T and by 7 a separable metrizable
topology which is coarser than 7r. Necessarily, 79 has the same Borel sets as 7r.

Let us denote by 7 (7r) the Vietoris topology on K and by 7 (79) the Vietoris
topology on the bigger set (T, 7). The topology 7 (7r) is submetrizable, because
it is finer than the trace on K of 7, (7p), which is metrizable. Thus, to prove that
K(T, ) is Radon, we only need to prove that every element of M (KC(T, 7r)) is
tight (see page 12).

Let K be a random element of . With the notations of Lemma 4.3.17, the
set ) is relatively compact. As T is a completely regular Prohorov space, the
space M™*1(T) is Prohorov [W6j87]. There exists thus a nondecreasing sequence
(L )m>1 of compact subsets of T such that, for each element f of Z and each m,
we have P{w € Q; f(w) € L.} < 1/m.

Assume that the law p of K is not tight. From Michael’s characterization of
compact subsets of K [Mic51, Theorem 2.5.2], there exists e > 0 such that, for each
m > 1, the set A, ;== {w € Q; K(w) ¢ L,,} satisfies P(A4,,) > e. From [CVT77,
Theorem II1.22], for each m > 1, there exists on A,, a measurable selection f,, of
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w— K(w)\ Ly,. Let o9 be an arbitrary measurable selection of K. We extend
fm on Q by setting f,,(w) = og(w) for w &€ A,,. We have f,, € Z, thus

P(Am) = P{w € fm(w) ¢ Lm} < 1/m

which, for m > 1/e, contradicts P(A,,) > .

(i) Let (Lp)nen be a cofinal sequence of metrizable compact subsets of T.
From [Chr74, Theorem 3.1}, if € is a compact subset of KC(T), there exists n € N
such that every element of € is a subset of L,. Thus we have

K(T) = UnenK(Ln).

Furthermore, the Vietoris topology on each K(L,) is induced by the Vietoris
topology on T. But each KC(L,,) is Polish (e.g. [CV77, Corollary I1.9]), thus /C(T) is
a countable union of Lusin spaces, thus it is Lusin, thus it is Radon. []

4.4 Submetrizable k,—spaces, Change of Topology
Lemma

Submetrizable k,—spaces Submetrizable k,—spaces are Suslin spaces which
share many properties with Polish spaces. They are interesting not only because
of these nice properties, but also because, in the study of tight sets of Young
measures, it is sometimes possible to replace the topology of T by a stronger one
which makes T a submetrizable k,—space (see the “Change of Topology Lemma”
4.4.3, and some of its applications in Section 4.5).

We say that a Hausdorff topological space T is a k,—space if there exists a
countable family /C of compact subsets of T such that T = Ugexc K and any subset
U of T is open if and only if, for each K € K, K NU is an open subset of K
(in the relative topology). We then say that K determines the topology of T.
The k,—spaces are the same spaces as the hemicompact kr—spaces considered in
[Whe83].

It is easy to check that, if K = {Ky, Ki,...} determines the topology of T,
then {Ko, Ko UKq,...,Uj<n K, ...} also determines the topology of T, thus we
can always assume that C = {Ky, K1, ...} for a nondecreasing sequence (K, ).
In other words, a k,—space is the inductive limit of a nondecreasing sequence of
compact subsets.

Here are some properties of k,—spaces which will be useful in the sequel.

1. Assume that (K,), is a nondecreasing sequence of compact subsets of T
which determines the topology of T. Then (K,), is a cofinal sequence of
compact subsets of T. Indeed, assume the contrary and let K be a compact
subset of T which is not contained in any K,,. There exist a sequence () of
elements of K and a subsequence (K, ) of (K,), such that z), € K, \ Ky,
for each k. Let L = {xy; k € N}. For each n € N, the set L N K, is finite,
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thus it is closed. As T is determined by the sets K, this means that L is
closed, thus L is compact because it is contained in K. But the relative
topology of L is determined by the sets {K, N L; n € N}, which are finite.
Thus L is discrete. This leads to a contradiction, because every discrete
compact space is finite.

2. Every Hausdorff k,—space is normal, as was proved by Morita [Mor56] (see
also [All96, Proposition 2.7.1]).

3. Every k,-space whose compact subsets are metrizable is a (normal, thus
regular) Lusin space, because it is a countable union of Polish spaces.

4. Thus a k,—space is submetrizable if and only if its compact subsets are
metrizable.

5. Every k,—space is Prohorov: This is a consequence of Corollary 6 in [HJ72].

Examples 4.4.1 (k,—spaces: a recipe) To build a k,—space, one can take a
topological space (T, 79) which admits a cofinal sequence of compact subsets, and
then endow T with the finest topology 7 which has the same compact sets as 7g.

The following example comes from [HJ72]: If E is a Fréchet space, we can take
for (T, 7o) the weak dual EX as in Example 4.3.15. Then, from Banach-Dieudonné
Theorem (e.g. [Bou81, Sch66]), 7 is the topology 7. of uniform convergence on com-
pact subsets of E. If, furthermore, E is separable, then T = E? is a submetrizable
k. —space.

In particular, if E is a Fréchet—Montel space, then 7 = 7, is also the topology
7 of uniform convergence on bounded subsets of E, that is, T is the strong dual
E; of E. Thus the space 8" of tempered distributions is a submetrizable k,—space.

The following lemma shows how close to Polish spaces are submetrizable k. —
spaces, with respect to properties of tight sets of Young measures. It will be used
in particular in the proof of Proposition 4.5.2; in the case when T is a submetrizable
k. —space.

Lemma 4.4.2 (Lifting Lemma) Assume that T is a submetrizable k,—space and
let (Ky,)n be a nondecreasing sequence of compact subsets of T which determines
the topology of T. There exist a Polish locally compact k,—space S, a continuous
surjection m: S — T and a Borel injection ¥ : T — S such that

1. wo1) is the identity mapping of T (in other words, ¢ is a lifting of ),
2. For each compact subset K of T, 1(K) is a relatively compact subset of S.

3. A subset & of MT1(T) is tight if and only if its image 13(R) by ¥ in MTL(S)
is tight.
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Furthermore, the mappings

xS — OQxT J axT — Qx8
z {<w,s> — (w,n(s)) “”d¢'{<w,t> - (w,(1))

are measurable and satisfy

4. m o) is the identity mapping of Q x T,

5. For each K € IC, ¥(K) is a random compact subset of S, and, for each random
compact subset K of S, we have n(K) € K.

w

6. For x = S, M, N, W, the mapping my maps continuously (yl(S),Tyl(S)) onto
(YX(T), 731) (note that, from Part G of Portmanteau Theorem 2.1.8, we know
that the topologies T)*ﬂ(S) coincide). Furthermore, a subset & of Y1(T) is strictly
tight if and only if its image % (R) in YX(S) by v is strictly tight.

Proof. For each integer m > 1, let d,, be a distance on K, which is compatible
with the topology induced by 7 and such that d,,, < 1.
For each m > 1, let K,,, = {m} x K,,. We then set

S = Umzl{m} x K,

and we endow S with the distance d defined by d((m, z), (n,y)) = d(z,y) if m =n
and d((m, z), (n,y)) = 1 otherwise. The space S is a K, metric space (it is even
locally compact), thus it is separable, and it is easy to check that it is complete
(see [BouT74], Proposition 1 page IX.57), that the canonical surjection 7 : S — T,
(m, ) — x is continuous and that, for each m > 1, 7 induces a homeomorphism
of K,, onto K,,. The topology of S is determined by the sets C,, = Ujgnf(j.

For each m > 1, let 7, be the restriction of 7 to I~{m. Let ¢ : T — S defined
by ¥(z) = 7 (z) if v € Ky \ Ki—1 (we set Ko = (). Thus 7wo(z) = x for every
z € T, and 9 is a measurable injection.

The proof of 3 follows immediately from the fact that 1) and # map compact
subsets into relatively compact subsets.

The verification of 4 and 5 is trivial.

Let us prove 6. To prove the continuity property, we only need to prove that
my maps continuously (yl(S)ﬂ')S,l(S)) onto (yl(']I‘)J)S,I).

Let G be a random open subset of T. The set 7~ !(G) is measurable and, for
each w € Q, the set 771 (G(w)) is open, thus 771 (G) is a random open subset of S.
Let (u%), be a net in Y1(S) which S-stably converges to an element u° of Y1(S).
We thus have

limainf(ﬂﬂ u)(G) = limainf p®(x (@)
> p®(x~ (@)
= (my n>)(G),
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which shows the continuity of Ty for T;I(S) and 735,1. As there is only one stable

topology on Y1(S), this entails the continuity for * = M, N and W on Y(T).
For every p € Y(T) and for every B € Bs, we have

(%, 1)(Q x B) = p(™ (@ x B)) = p(Q x v~ '(B)),
thus
(14.1) (1, (9 X ) = 52 X ).

Let & C Y!(T). The set K is strictly tight if and only if {u(Q x .); p € K} is a
tight subset of M*1(T), But, from Property 3, the set {u(Q x .); u € &} is tight
if and only if its image by 1 is a tight subset of M*1(S), which, by (4.4.1), means
that gﬁ(ﬁ) is strictly tight. ]

Change of Topology Lemma Let (K,,),en be a sequence of compact subsets
of T. Let & C M™TY(T). Let us say that (K,)nen tightens & if, for each ¢ > 0,
there exists an n € N such that sup,,cq p(Ky) < e.

If each compact subset of T is metrizable, and if £ is a subset of ! which
is tightened by a nondecreasing sequence (K, )nen of metrizable compact subsets
of T, the topology of K remains unchanged if we replace the topology of T by a
stronger k,—topology. This is shown in the following lemma, the idea of which is
due to A. Bouziad.

Lemma 4.4.3 (Change of topology [Bou]) Assume that each compact subset
of T is metrizable. Let & be a strictly tight subset of V1. Let (K,)nen be a non-
decreasing sequence of compact subsets of T which tightens R. Let Ty = Upen Ky, -
We thus have p(Q2 x To) = 1 for every u € &, that is, & C Y*(Ty). Let 7} be the
topology on Ty determined by the sets K,. Then

(i) (To,74) is a submetrizable k., —space,

(i) 7} is finer than the topology 1o induced on Ty by 7r, and () has the same
Borel sets as T,

(iii) (Kp)n is a sequence of ti—compact subsets of Ty which tightens 8,

(iv) The topologies TJS,I(TO’T@, TJVJﬁ(To,ré)’ TJS,I(T,TT) and Tﬂ’,"l(T,ﬁ) coincide on R.
Proof. The only point which needs a proof is (iv). First, for * = S, M, N, W, let
T;I(T)‘yl(%) be the restriction of T;I(T) to the subspace Y1 (Ty). We have

W S S S
Tyl(jr)‘yl(,ﬂ,o) C Tyl(T)‘yl(To) C Ty1(r]1~077_0) C Tyl(To,Té)'

But the T;I(TO’Té)fclosure R of & is strictly tight in Y*(To, 7§), thus it is 7'3511(%’76)7

compact, therefore 73, 5 ) and 7} coincide on R. ]
'To

(Dlyr (1)
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Remark 4.4.4 Taking S = {0, Q}, the Change of Topology Lemma implies that
the narrow topologies on M1 (T, 7p) and M+ 1(Tg, ) coincide on any subset &
of MT1(T) which is tightened by (K, )nen-

4.5 Sequential properties: sequential Prohorov
property, Komlos convergence, Mazur—com-
pactness

Sequential Prohorov property Let us say that T is sequentially Prohorov if
every convergent sequence in ./\/lj ’I(T) is tight. Clearly, Prohorov spaces are se-
quentially Prohorov. Topsgoe [Top70b, Theorem 9.3] provides another sufficient
criterion, generalizing a result of Le Cam: If, for any K € K, there exists Ko € K
such that K C Ky and Ky has a countable base of neighbourhoods, then T is se-
quentially Prohorov. In particular, all metric spaces and all locally compact spaces
are sequentially Prohorov. Fernique [Fer67, Exemple 1.6.4] gives a counterexample
showing that the weak topology o(E,E) of an infinite dimensional Hilbert space
is never sequentially Prohorov. This counterexample is generalized in [FGH72,
page 126] to prove that, if E is an infinite dimensional Banach space with dual E*,
neither (E,o(E,E*)) nor (E*,o(E*,E)) is sequentially Prohorov.
The following result is almost obvious, but very important!

Theorem 4.5.1 (Sequential Semicontinuity Theorem) Assume that T is se-
quentially Prohorov and that its compact subsets are metrizable. Let (u™)nen be a
sequence of elements of Y! and let u> € Y. Assume that, for eachn € NU{c},
(2 x ) is in M (T) (this is the case if T is metrizable or if T is Radon). The
following implication holds true:

n  N-stably 00 n  S-stably 0o

e e

In particular, if T is completely regular and Radon or if T is metrizable, we have

n W-stably 0o

" 1> = ,Lln S-stably 00
Proof. Indeed, from the Converse Prohorov Criterion (Theorem 4.3.5), the set
RK={pu"; neNU{oo}} is strictly tight, because the margins p" (2 x .) narrowly
converge to p>°(Q x.). Thus, from the Direct Prohorov Criterion (Theorem 4.3.5),
R is 73 —compact, and the topologies 73, and 73, coincide on K.

If T is is completely regular and Radon or if T is metrizable (provided that
T contains a dense subspace with non-measurable cardinal), we have M} (T) =
MH(T), thus 755, = 731 (see Part D of Theorem 2.1.3). ]
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Proposition 4.5.2 (Relative compactness deduced from sequential rela-
tive compactness) Assume that T is a Polish space or a sequentially Prohorov
space with a cofinal sequence of metrizable compact subsets. Let R be a T)Sﬂ*

sequentially relatively compact subset of Y. Then K is strictly tight.
In particular, any sequentially Prohorov space with a cofinal sequence of metriz-
able compact subsets is Prohorov.

Remark 4.5.3 That T;lfsequential relative compactness implies Tjs,frelative com-
pactness is obvious if S is essentially countably generated and T is a Suslin metriz-
able space, because then, from Proposition 2.3.1, 7;1 is metrizable.

Proof of Proposition 4.5.2. Assume first that T is Polish. From continuity
of the mapping p — u(Q x .), the set {u(Q x .); u € R} is sequentially relatively
compact. From metrizability of M™*1(T), it is thus relatively compact, thus it
is tight. This means that R is strictly tight. Thus, from the Direct Prohorov
Criterion (Theorem 4.3.5), £ is relatively compact.

Assume now that T is a sequentially Prohorov space with a cofinal sequence
(Km)m>1 of metrizable compact subsets. We can assume that (K,,)m>1 is non-
decreasing. Let 7’ be the k,-topology determined by (K,,)m>1. Let (u™), be
a sequence in R Let (v"), be a subsequence of (u"),. There exists a 73—
convergent subsequence (A"),, of (v"),. From the sequential Prohorov property,
the set {\"*; n € NU{oo}} is strictly tight. Thus {\"; n € NU{co}} is strictly tight
for 7/. Thus £ is sequentially relatively compact for T§,1(T,). As 7’ is finer than 77,
we can thus assume without loss of generality that T is a submetrizable k. —space.
From Lemma 4.4.2, and with the same notations, the set yn({)\”; n € NU{oo}})

is strictly tight. From Prohorov Criterion (Theorem 4.3.5), there exists a subse-
quence (p")n of (1, A")n which is convergent for 73, ). This shows that the set

% R is Tf,l(g)fsequentially relatively compact. Therefore, from continuity of the

mapping m, : Y'(S) — Y!(T), we can deduce the result from the Polish case.

L]

Komlés convergence Let (u,), be a sequence of random elements of a topo-
logical vector space T, defined on (2, S,P), and let u be a random element of T
defined on (9, S,P). Following Balder [Bal91], we say that (uy), Komlds con-
verges, or K—converges to u if, for every subsequence (vy,), of (un)n, the sequence
(TIL Z?:1 vj> almost everywhere converges to u, and, when we consider random
laws (i.e. disir&egrable Young measures), we adapt naturally this definition to the
convex set MT1(T) endowed with the topology of narrow convergence.

We recall the celebrated Komlds Theorem [Kom67]: If (uy), is a bounded
sequence of elements of L*(Q, S, P), then there exists a subsequence (vy,)y, of (t, )y,
which K-converges to an element v of L*(Q, S, P).
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This theorem has been extended to random elements of a Banach space (with
additional conditions) in [Bou79, Gar79, BBR79, Bal89b, Gue97, Saa98]. Multi-
valued versions of Komlés’s theorem are given in [BH96, CE9S].

E. Balder [Bal90] was the first who applied this theorem to Young measures
(but the notion of K—convergence is already at work in [Fis67, Section 3] or in
[Fis71]).

In particular, he used it as a tool to prove sequential compactness in Y}... On
the contrary, we deduce here K—convergence of Young measures from sequential
compactness. The following lemma is very powerful, because it allows to pass from
S—stable convergence to almost everywhere convergence. It is essentially due to
Balder [Bal90], who proved it in the Suslin regular case.

Lemma 4.5.4 (K—convergence from S—stable convergence) Assume that
the compact subsets of T are metrizable. Let (u™)nen be a strictly tight sequence
in Yt = VL. (see Lemma 4.3.1), which S-stably converges to a limit p>° € Vi .
Then there exists a subsequence of (u™)nen which K—converges to u®.

Proof.

First step Assume first that T is a separable metric space. There exists thus a
countable set {fi; k € N} of nonnegative bounded continuous functions on T such
that the topology of M™1(T) is the coarsest topology such that the mappings
v — v(fx) (k € N) are continuous.

For each k € N and each n € (NU {oo}), let ¢} be the random variable
w = pl(fr). We have lim, o [, op dP = [, ©7° dP for every A € S and every
k € N. In particular, (¢})nen is bounded in L'. From Komlés Theorem, there
exists a subsequence of (¢})nen which K—converges to a limit g5. From Lebesgue’s
dominated convergence theorem, we have necessarily g, = ¢3°. By an obvious
diagonal process, we can extract a subsequence (11")nen of (u™)nen such that, for
each k € N, the associated sequence (@7 )nen K—converges to ¢°. This proves
that (u™)nen K—converges to u®.

Second step Assume now that T is a submetrizable k,—space. We use the
notations of the Lifting Lemma 4.4.2. From the Converse Prohorov Criterion
(Theorem 4.3.5), the set Y := {u™; n € (NU {oo})} is strictly tight, thus, from
Lemma 4.4.2, the image )’ of Q) by the lifting 1 is a strictly tight subset of V1. (S).
From the Direct Prohorov Criterion (Theorem 4.3.5), there exists a subsequence
(v™),, of ((p™))rn which S—stably converges to a limit v, and from continuity of
p — m(u), we have m(v) = p>. From the first step, there exists a subsequence
(T™)p of (v™), which K—converges to v, and from continuity of 7, the sequence
(w(7™)),, K—converges to .

Third step We now consider the general case. As (u™)pen is tight, we can
assume that T is a K,—space. From the Change of Topology Lemma 4.4.3, there
exists thus a topology 7/ on T which is finer than the original topology 71 of T,
such that (T,7’) is a submetrizable k,—space and such that (u™),cn converges
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to p* for 75, .. From the second step, there exists a subsequence (fi")nen of
(1" )nen which K—converges to x> in M™!(7'), thus in M™'(rr). ]

Let us introduce in the next lemma a condition of “sequential almost every-
where tightness” for disintegrable Young measures.

Lemma 4.5.5 Assume that T is a Suslin regular Prohorov space or that T has
a cofinal sequence of metrizable compact subsets. Let ) C V' be such that, for
each sequence (U™ )nen of elements of Y, the set {u?; n € N} is almost everywhere
tight. Then %) is Tlsﬂ —sequentially relatively compact.

Proof. Assume first that T is a regular Suslin Prohorov space. Let (u™),en be a
sequence in ). For each w € 2, let

H(w) = J {nz}.

neN

For almost every w € Q, the set H(w) is closed and tight, thus compact.
For any open subset U of M™*}(T), we have

HU={we® Hw)NU #0} = | J{weuleU €S,
neN

thus H is LV-measurable. Now, as M™!(T) is Suslin regular, there exists from
Lemma 1.1.2 a continuous distance § on M*™1(T) such that U is —open. From
[CVT77, Theorem II1.2], as H is 6—LV—measurable, it is also §—V—measurable, thus
we have also HYU € S. Therefore H is a Borel mapping from Q to K(M™*1(T)).

Let € > 0. The space M 1(T) is Suslin regular. Furthermore, from [W&j87],
MHTL(T) is Prohorov. Thus, from Theorem 4.3.14, the space K(MT1(T)) is
Radon. There exist thus {2y € S and a compact subset ¢ of K(M*Y(T)) such
that

P()>1-¢/2andVw e Q; H(w) € €.

Now, from [Mich1, Theorem 2.5.2], the set

is a compact subset of M*}(T). We thus have
YweQ; H(w)CC.

As M*Y(T) is Prohorov, there exists a compact subset L of T such that, for any
v € €, we have v(L) > 1 — /2. We thus have

sup p" (2 x L) > supp™(Q x L) > (1 —¢/2)2 > 1 —«.
neN neN
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This shows that the set {u™; n € N} is strictly tight, thus, from the Direct Pro-
horov Criterion (Theorem 4.3.5), it admits a convergent subsequence. Thus ) is
T;fsequentially relatively compact.

Assume now that T admits a cofinal sequence (K,), of metrizable compact
subsets. We assume w.l.g. that (K,,), is nondecreasing. Let 7/ be the topol-
ogy on T determined by (K,),. For each sequence (u")nen of elements of 9,
the sequence (u™),en is almost everywhere tight in M*TY(T, 7). As (T, 7’) is a
submetrizable k,—space, it is regular Suslin and Prohorov, thus, from the preced-
ing study, ) is T;I(Tﬁr,)fsequentially relatively compact, and therefore it is also
TJS,I(T’ m)fsequentially relatively compact. ]

We deduce from Lemma 4.5.5 the following converse to Lemma 4.5.4. We shall
use again Lemma 4.5.5 in the proof of Theorem 4.5.8.

Proposition 4.5.6 (S—stable convergence from K—convergence) Let (u"),
be a sequence in y;is which K—-converges to a limit u> € y&is, Assume that T
is Suslin regular. Assume furthermore that (u™), is strictly tight, or that T is
Prohorov, or that T has a cofinal sequence of metrizable compact subsets. Then
(u™)p, S—stably converges to u>.

Proof. From the Direct Prohorov Criterion (Theorem 4.3.5) if (u™), is strictly
tight, or else from Lemma 4.5.5, (u™), is Tjsﬂfsequentially relatively compact.
For each subsequence of (u™),, there exists a further subsequence (z"),, of (1™)n
which S—stably converges to a limit v. But, as (u™),, K—converges to u°°, we have
£ = v. Indeed, for each A € S and each f € C;, (T), we have, using Lebesgue’s
dominated convergence theorem,

v(la@ f) =limp" (14 @ f) :hgp%z:ﬁ"(hw) =p(la® f).

i=1

We have proved that each subsequence of (u™), has a further subsequence which
S-stably converges to u®°. Thus (u"), S-stably converges to u>. ]

Mazur—compactness For any subset A of a vector space, we denote by co A
the convex hull of A.

Let us recall the following theorem of Mazur (see [Maz33, Section 2]): If
(zn)n is a weakly convergent sequence of a Banach space E, then there exists
a sequence (Y, )n of elements of E which converges in E to the same limit, with
Yn € co{Tpn,Tnt1,...}. Indeed, let = be the weak limit of (z,),. Let us denote
respectively by w—cl [A] and cl[A] the weak and strong closures of a subset A of
E. We then have, for every n,

x ew—cl [{xn,...}] Cw—=l[co{zp,...}] =cl[co{zn,...}].
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Let ) be a set of random elements of a topological vector space. We assume
that all elements of ) are defined on (2, S,P). We say that ) is Mazur-compact
if, for each sequence (uy,), of elements of ), there exists a sequence (v,,), which is
almost everywhere convergent and such that, for each n € N, v,, € co{um; m > n}.

Of course, we can apply this definition to disintegrable Young measures by
embedding the convex set M™1(T) in the vector space of signed measures on T.

Yet another characterization of strict tightness and flexible tightness (in
the case of a Polish space or a submetrizable k,—space) This characteriza-
tion will be given in Theorem 4.5.8, using K—convergence and Mazur compactness.

The following lemma gives a necessary and sufficient condition of relative com-
pactness in M 1(T). It was proved in [CV98, Proposition 3.3] in the case when
T is Polish (see also Proposition 6.4.4 page 158). We shall use this lemma in the
proof of Theorem 4.5.8, which gives necessary and sufficient conditions of relative
compactness for 7'35,1.

Lemma 4.5.7 Assume that T is Polish or that T has a cofinal sequence of metriz-
able compact subsets (e.g. T is a submetrizable k,—space). Let P C MT(T). The
following conditions are equivalent:

1. Y is tight.

2. For each sequence (uy,)n of elements of ), there exists a tight sequence (vy,)n
in M (T) such that, for every n € N, vy, € co{fim; m > n}.

Proof.

The proof in the Polish case is given in [CV98, Proposition 3.3]. We reproduce
it in Chapter 6 (Proposition 6.4.4 page 158), instead of giving it here, because it
uses duality arguments which are best integrated in this chapter. But there is no
logical circle !

Assume that T has a cofinal sequence of metrizable compact subsets. The
implication 1=-2 is obvious, because, for every n, we have p, € co{pm; m > n}.

Conversely, assume 2. Let (1, )nen be a sequence of elements of 9). Let (K;) en
be a cofinal sequence of metrizable compact subsets of T. Each tight subset of
MPTY(T) is tightened by (K;)jen. Thus, if 7/ denotes the k,, topology determined
by (K;)jen, each tight subset of MT1(T) is tight for 7r if and only if it is tight for
7/. We can thus assume without loss of generality that T is a submetrizable k —
space. With the notations of Lemma 4.4.2, let € = (). Let (u™),, be a sequence
of elements of €. Then there exists a tight sequence (v™),, in M™*(T) such that,
for every n € N, v™ € co{my u™; m > n}. We thus have ¢y 1" € co{p™; m > n}.
From Proposition 3.3 in [CV98], the set € is tight, thus, from Lemma 4.4.2, 9 =
m3(C) is tight. ]

Theorem 4.5.8 Assume that T is Polish or that T is a Prohorov space with a
cofinal sequence of metrizable compact subsets (e.g. T is a submetrizable k., —space).
Let Q) C Y. The following conditions are equivalent:
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1. Q) is (strictly or flexibly) tight.

2. For each sequence (u™), of elements of ), there exists a subsequence (A\™),, of
(™), which is K—convergent.

3. For each sequence (u™), of elements of ), there exists a subsequence (A\"),, of
(™) such that the sequence

(1/n§)\i})n

is almost everywhere convergent.
4. R 1s Mazur—compact.

5. For each sequence (u™),, of elements of 9, there exists a sequence (v™), in Y*
such that, for everymn € N, v™ € co{u™; m > n} and, for almost every w € Q,
(V) is tight.

6. For each sequence (u™), of elements of ), there exists a (strictly or flexibly)
tight sequence (V™) in V' such that, for every n € N, v™ € co {u™; m > n}.

Proof.

1 = 2 comes from Lemma 4.5.4.

2 = 3 is obvious.

3 = 4 Assume 3. Let (u™), be a sequence of elements of ) and let (A"),, be a
subsequence of (u™),, such that the sequence (1/n Y ;- AL), is almost everywhere
convergent. For almost every w € {2, the sequence

n? 1 & ; 1 (1
“(F ), - GG,
is almost everywhere convergent, and we have v™ € co{u™; m > n} for every
n>1.

4 = 1 Assume 4. Let (™), be a sequence of elements of 9. For each subse-
quence (A"),, of (u™),, there exists a subsequence (v"),, in V! such that, for every
n € N, v € co{\™; m > n} and such that (v"), almost everywhere converges.
The sequence (v™(€2 % .)) is narrowly convergent, thus (v™),, is strictly tight. Thus,
for each subsequence (A"(2 x .)), of (u™(€2 X .)),, there exists a narrowly conver-
gent sequence (7"),, in MT1(T) such that 7™ € co {A\™(2 x .); m > n} for every
n € N. From [CV98, Proposition 3.3], this implies that (u™),, is strictly tight.

4 = 5 is obvious from the (sequential) Prohorov property.
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5 = 6 comes from Lemma 4.5.5 and the fact that T is sequentially Prohorov.

6 = 4 Assume 6. Let (u"), be a sequence of elements of ) and let (v™),
be a flexibly tight sequence (v™), in V! such that, for every n € N, v" €
co{u™; m >n}. Using again Balder’s result (Lemma 4.5.4), we see that there
exists a subsequence of (v™),, which is K—convergent. We denote this subsequence
again by (v™),. We then obtain 4 by the same technique as for the implication
3=4 ]

Corollary 4.5.9 Assume that T is Polish or that T is a Prohorov space with a
cofinal sequence of metrizable compact subsets (e.g. T is a submetrizable k., —space).
Let Q) be a convex subset of Y'. The following conditions are equivalent:

1. 9 is sequentially closed for 73} .
2. 9 is sequentially closed for Tprop (311).

In particular, if T is Polish and S is essentially countably generated, then every
closed convex subset of ())177,;"1) = (3)1,735,1) is closed for Tprob (yl),
Proof. From Theorem 3.1.2, we have 1 = 2. Assume 2 and let (u™),en be a
sequence in Y! which W-stably converges to some pu € Y!. Then {u™; n € N} is
strictly tight, thus, from Theorem 4.5.8, there exists a subsequence (v, )y, of (u")n
such that
SN
lirrln -~ Z Ul = i, a.e.
i=1

Thus the sequence (1/n Y"1 | v'),, converges in probability to u. As ) is convex
and sequentially closed in probability, we thus have p € ), which proves 1.

If T is Polish and § is essentially countably generated, we know from Propo-
sition 2.3.1 that 73, = 73}, is metrizable. Furthermore, from e.g. Theorem 3.2.1,

Tprob (yl) is also metrizable. Thus sequential closedness amounts to closedness in
any of the topologies 73, and 7o (V'), which entails the second part of Corollary

4.5.9. L]
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4.6 Tables

In this section, we gather some important results which are spread in Chapters 4
and 2.

TABLE 1: SEMICONTINUITY THEOREM

o W-stably

pt ——— p> = ps

S-stably oo
—

Sufficient condition Proof

T is Suslin metrizable Theorem 2.1.3 (Part G) page 25

(1) is strictly tight

and MIPYT) = MTYT) (e.g. T is
Radon or hereditarily Lindel6f) and T
is completely regular and the compact
subsets of T are metrizable

Theorem 4.3.8 page 94

or

(1%)q is flexibly tight
and T is Suslin regular

(1Y) is a sequence and T is sequen-
tially Prohorov such that M; (T) = | Theorem 4.5.1 page 104
MH(T) = MH(T) (e.g. T is a metric
space or a submetrizable k,—space)
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TABLE 2: RELATIVE SEQUENTIAL COMPACTNESS CRITERIA

AcCYlis Ty1—sequentially relatively compact

Sufficient condition

Proof

R is strictly tight
and the compact subsets of T are
metrizable

or

R is flexibly tight
and T is Suslin submetrizable

Theorem 4.3.5 (Prohorov Criterion)
page 92

R is flexibly tight
and T is Suslin and /C(T) is Radon (e.g.
T has a cofinal sequence of metrizable
compact subsets)

Theorem 4.3.5 (Prohorov Criterion)
page 92 and
Theorem 4.3.13 page 97 (see also The-
orem 4.3.14)

Ris Tjs)rsequentially relatively compact=- R is Tjsifrelatively compact

Sufficient condition

Proof

T is Suslin metrizable and S is essen-
tially countably generated (thus 73, is

metrizable)

Remark 4.5.3 page 105

T is a Polish space or a sequentially Pro-
horov space with a cofinal sequence of
compact metrizable subsets (e.g. T is a
submetrizable k,—space)

Proposition 4.5.2 page 105

£ is 73, -relatively compact = K is

Ty1-sequentially relatively compact

Sufficient condition

Proof

T is Suslin submetrizable

Lemma 4.1.1 page 84




Chapter 5

Strong tightness

5.1 Equivalent definitions

The following definition is a generalization to Young measures of the definition of
strong tightness given by Kruk and Zieba (see [KZ94, KZ95, KZ96]) for random
elements of a Polish space. We denote by P, the inner probability associated with
P.

Let 9 C YVi.. We say that 9 is strongly tight if 9 admits a disintegration
(tw) pep, wea such that Condition (i) below is satisfied.

(i) For each € > 0, there exists a tight subset K. of MTY(T) such that

Plwe Ve p,€R}>1—c

Thus, for disintegrable Young measures, strong tightness is a stronger property
than strict tightness (compare with (¢) of Theorem 4.3.2). In the case when
there is no Q (that is, S = {0,Q}), these three notions of tightness (including
flexible tightness) coincide with the usual tightness notion in M™1(T). We give
in Theorem 5.1.1 below the main features of strong tightness.

Theorem 5.1.1 (Equivalence theorem for strong tightness) Let 9 C V...
Condition (i) is equivalent to each of the following conditions:

(ii) There exists a sequence (K,)nen of compact subsets of T and, for every
e >0, there exists Q. € S, with P(Q:) > 1 — ¢, such that

V6>0 dneN YweQ, YueY u.(K,) >1-24.

(iii) For each € > 0, there exists a compact subset K. of T such that

Polwe Ve po(K)>1—ep>1—e.

115
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(iv) There ezists a sequence (K, )nen of compact subsets of T and a measurable
subset Q* of Q, with P(Q*) =1, such that

YweQ* ¥0>0 IneN VYVued po(K,) >1-4.

(v) There exists an inf-compact function h: T — [0,400] such that

[ (s [ 00 o) < o

Furthermore, if T is Suslin, then ) C V1., is strongly tight if and only if one of
the following conditions is satisfied:

(iii)" For each € > 0, there exists a compact random set K. such that
PlweVped) po(Ko(w))>1—ep>1—c.
(iii)"* For each € > 0, there exists a compact random set K. such that

P AwedVued pu(K.(w)>1-¢}=1

Remark and Definition 5.1.2 Let (K, ),en be a sequence of compact subsets
of T. Let & C MTL(T). Recall that (K, ),en tightens 8 if, for each ¢ > 0, there
exists an n € N such that sup,cq u(K5) < . In particular, if (K, )nen tightens
R, then £ is tight and all p € & satisfy u(To) = 1, where Ty is the K, subspace
UpnenKy, but this information tells nothing about the “rate” of tightness, that is,
the way the sequence (sup,,cq p(K7;))nen converges to 0.

Let 9 C Vi.. We say that (K,)nen strongly tightens ) if (K, )nen satisfies
(ii). This implies that, for each € > 0, there exists a subset &. of M™1(T) which
is tightened by (K, )nen, such that

P AweVue pw€Rel>1—c.

Thus we can take all K. in Condition (i) in such a way that they be tightened by
the same sequence (K, )nen, but not necessarily with the same “rate” of tightness.
In the non—Suslin case, this is probably the main difference between strong tight-
ness and Condition (iii)*, where the choice of a sequence (K, ),en which tightens
{thw; 1+ € YD} depends a priori on w.

We could have called the strong tighness property expressed by (i) “strong
strict tightness”, whereas (iii)" would express “strong flezible tightness”.

Proof of Theorem 5.1.1.
First, let us note that (1)< (j), where (j) is the following condition:

(j) For each ¢ > 0, there exists Q. € S such that P(€2:) > 1 — ¢ and such that,
for each § > 0, there exists a compact subset K of M*1(T) satisfying

VweQ, Yued pu(K%)>1-46.



5.1. EQUIVALENT DEFINITIONS 117

We shall prove the implicati(?kns (j)é(g)é(i),**(j)@(iji), (iii)=(iv), (iv)=-(iii),
(ifi)= (v), (v)=>(iii), (iii)<> (iii)* and (iii)* < (i)™

(i)=(ii)
If (j) holds true, let (n,)nen be any decreasing sequence of positive numbers
with limit 0, and set K, = K" for any n € N. This gives Condition (ii).

(ii)= (i)
Assume (ii). For each ¢ > 0 and each 0 > 0, let n(¢,d) € N be such that
P (K (e,5)) > 1 =6 for each w € Q. and each € . To prove (i), we only need
to set
Re={ve MPNT); V6 >0 v(Kyes) >1-6}.

(i)« (iii)

Condition (j) can be written in the form

(jj) For each ¢ > 0 and each § > 0, there exists a compact subset K7 of
MT(T) such that

PlweQ V>0 YueD pu(K)>1-6}>1-c.

Now, (jj) clearly implies (iii). Conversely, assume (iii), and let £ > 0. For each
n €N, let K™ € K(T) and QF € S such that P(Q") > 1 —27"¢ and

QL c{weBVueY pu(K") >1-2""c}.

and set
Q. = ﬁnZQQ?.

We then have Q. € S and P(2.) > 1—¢/2 > 1 —¢e. Let 6 > 0. There exists
n > 2 such that 6 > 27"e. We thus have, for any w € €. and for any p € %),
pw(K™) > 1—2""¢ >1— ¢, which proves (jj).

(iii)=(iv)

Assume (iii). Changing notations, let us denote by K, the compact subset
Uj<nK1/(j+1)- The sequence (Kp)nen is increasing and there exists for each n € N
a measurable subset €, of Q, with P(£2,,) > 1 — 1/(n + 1) such that, for each
w e Q, and each p € Y, p,(K,) > 1—-1/(n+1). Let Q* = Nppen Uns>m Q.
Then Q* is measurable and P(Q*) = limy, 00 P(Un>m ) > limy, oo P(Qy,) = 1.
Furthermore, let § > 0 and let w € Q*. For each m € N, there exists an n > m
such that w € Q,, in particular one can choose n such that 1/(n +1) < §. We
then have p,(K,) >1—1/(n+1)>1—4 for each p € 9.
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(iv)=> (iii)

Let € > 0. For each n € N, set
M o={weUVued pu(Ky) >1-¢}

and let 2, . be a measurable subset of Q;, _ such that P(Q,, ) > P.(Q;, ) —1/(n+
1). We assume w.l.g. that (£, c)nen is increasing. For each w € Q*, there exists an
n € N such that w € ), .. Thus P (Upenfy ) = 1, and, as the sequence (€2, - )nen
is increasing, there exists an n € N such that P(€,, .) > 1 —e. Then, we only need
to take K. = K,,.

(ii)= (v)

For each integer n > 1, let K/ = K3-». We may (and shall) assume that the
sequence (K), is increasing. For each n > 1, let Q! be a measurable subset of
Q such that P(€2),) > 1 — 37" and, for every w € Q), and every u € 9, u,(K}) >
1 — 37", Furthermore, we choose the sets Q, such that the sequence (£2/,),>1 is
increasing. Define the inf-compact function h by h(t) = 2™ on K], \ K/ _; (with
the convention K = @) and h(t) = +oo on T \ U,>1 K/,. We have

/Q* Sup /T h(t) dp, (t) d P(w)

HEY
->/ o [ o dunte) avee)

n>0 n+1\Q{n /‘EED

S [ s 2 (1 \ K) dP)

n>0 1 \S2, HED m>0

S O M O UNC A

1>0" 1\ HED \ o< <

+3 ) (g)m+1> dP(w)

m>n

(because, for w € €\, and m > n + 1, we have w € €, thus
proo (B0 \ ) < 37)

9 m—+1
< ZS—n Z 2m+1 +3 Z (3)

n>0 0<m<n m>n
—n n+2 —n—1 2 m
<Y 3T+ ) 37 (3
n>0 n>0 m>0

< +o00.
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(v)=(iii)

For each € > 0, there exists a real number M. > 0 such that

pP* {sup /Th(t) dpo(t) > Mg} <e.

HED

For each € > 0 and each w € (), let
K. = {t € T; h(t) < M. /z}.

From inf-compactness of h, the set K. is compact. Moreover,

P oD pulK)21-e) =P o e swp [ IO du() <o)
neY JT

> P*{w € Q; sup / h(t) du,, (t) <eM/e}
neY JT

>1—c.

Assume now that T is Suslin. Clearly, (iii) implies (iii)*. To prove the converse
implication, we use the same method as in Theorem 4.3.13. Assume that (iii)" is
satisfied. Lete > 0and K € Ksuchthat P, {w € Q; Vu €Y pw(K(w)) >1—¢/2}
> 1—¢/2. Define the compact subset H of T and ' € S as in the proof of Theorem
4.3.13: We have P(QY') > 1 —¢/2 and K(w) C H for every w € Q. This yields

PAweVued po(H)>1-—c}
>P{we Ve po(K(w))
>P{w e[ VR EY po(K(w))
>1—¢/2—¢/2=1—¢.

(iii )" & (iii)"*

The implication (iii)**=>(iii)" is clear. For the converse, assume (iii)". Let
€ > 0. For each integer n > 1, let K™ be a random compact set and €2, € S such
that P(Q,) > 1 —1/n and, for each w € Q,, and each u € 9, p, (K" (w)) > 1 —e¢.
Set Q¢ = 0 and, for each n > 1, K. (w) = K"(w) for w € Q, \ Q1 (we define
arbitrarily K. on the negligible set Q\ U,Q,,). ]

It is worth writing down Theorem 5.1.1 in the case of random elements of T.
Note that the adaptation of Conditions (i), (ii) and (iii) gives the single Condition
(i) below: This comes from the fact that, for Dirac measures, there is only one
possible “rate” of tightness (see Remark and Definition 5.1.2). This Condition (i’)
is in fact the condition originally given in [KZ94] by Kruk and Zigba to define strong
tightness. Moreover, Condition (iii’)" (adapted in (iii’)"") has lost its parameter &
and simply expresses the fact that all elements of ) are selections of some random
compact set.
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Corollary 5.1.3 Let Q) C X. The following conditions are equivalent:

(i’) For each € > 0, there exists a compact subset K. of T such that

PAweVXed Xw) eK}>1—ce.

(iv’) There exists a sequence (K, )nen of compact subsets of T and a measurable
subset Q* of Q, with P(Y*) = 1, such that, for each w € Q*, there exists an
n € N such that

vX e Xw)eK,.

(v’) There exists an inf-compact function h : T — [0,400] such that

/ (sup hoX) dP < 4o0.
Q \Xe€9

If T is Suslin, these conditions are equivalent to any one of the following two
conditions:

(iii’)* For each € > 0, there exists a random compact set K. such that

PAlwe VX e X(w)e K (w)}>1—e.

(iii’)"* There exists a random compact set K such that, for almost every w € Q and
for every X €9, X(w) € K(w).

5.2 Strong tightness of almost everywhere con-
vergent sequences

We start with some results for random elements, which generalize by new methods
a result of Kruk and Zieba [KZ95] (see also [KZ96]).

The idea of the proof of the following theorem is the same as in the proof of
Theorem 4.3.13.

Theorem 5.2.1 Assume that the space of countable compact subsets of T (with
the Vietoris topology) is Radon (e.g. T is a regular Suslin Prohorov space, or a
Lusin space with a cofinal sequence of compact subsets, see Theorem 4.3.14). Let
(X)) nen be a sequence of random elements of T which almost everywhere converges
to a random element Xo. Then (X)), is strongly tight.

Proof. For each w € Q, let K(w) = {X,,(w); n € NU{oo}}. Let G € G. We have

{weQ K(w) CG} = Npenufoo} w €Y Xp(w) €GeS
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and

{fwe K(w)NG # 0} = Upenufoo) {w € & X (w) € G} € 8.

Thus the mapping K : Q — K is measurable. Let € > 0. As the space of countable
compact subsets of T is Radon, there exists a compact subset & € I such that

P{lwe; K(w)e R} >1—c¢.
Let H = UpegL. We thus have
Ploe K(w)CH}>1—e¢.

but, from a result of Michael ([Mic51], Theorem 2.5.2), the set H is compact.

L]

Corollary 5.2.2 Assume that T is Suslin regular Prohorov and let (u™)nen be
a sequence of elements of yjis which almost everywhere converges to a Young
measure pu>°. Then (u™), is strongly tight.

Proof. The space M !(T) is Suslin regular and, from Wéjcicka’s result [W6j87],
it is Prohorov. Thus, from Theorem 5.2.1, (™), ey is a strongly tight sequence in
X (M™*(T)), that is, for each € > 0, there exists a compact subset &. of M*(T)
such that

PloeVneN ulieR}>1—c

But, as T is Prohorov, each K. is tight, thus (u"),en is a strongly tight sequence
in V- L]

Corollary 5.2.3 With the hypothesis and notations of Theorem 4.5.8, Conditions
1 to 6 are equivalent to

4'. For each sequence (u™), of elements of ), there exists a strongly tight se-
quence (V™) in Y1 such that, for every n € N, v™ € co {m; m > n}.

Proof. From Corollary 5.2.2, we have 4 = 4’. But 4’ = 5 is obvious, and 4 and 5
are equivalent to 1, 2, 3 and 6. ]

Remark 5.2.4 The Radon property is not necessary for results of the type of
Theorem 5.2.1. For example, there exists a compact space which is not Radon
(see [Sch73, page 45], for an example of Dieudonné). For such a space T, K(T)
cannot be Radon. But any sequence of random elements of T is obviously strongly
tight.

Let us give another example. Assume that T is a (non—necessarily submetriz-
able) k,—space and let (X,),en be a sequence of random elements of T which
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almost everywhere converges to a random element X.,. Then (X,), is strongly
tight.

Indeed, let (K,,)men be an increasing sequence of compact subsets of T which
determines the topology of T. Let 1 € S be an almost sure set on which (X, (w))n
converges to Xoo(w). Let N = N U {oo}. For every w € €, the set Y(w) =
{X,(w); n € NU{o0}} is compact, thus it is contained in some K,,. Set

M(w)=if{meN,; Y(w) C K}

The function M has finite values on w € ;. Furthermore, we have, for every
m €N,

M7 (m)={weVneN X,(w) € Kn}\Us<mM ' (k),

Thus M is measurable. Let ¢ > 0. We have Q; C Unen{w € Q; M(w) < N},
thus there exists N € N such that P{w € Q; M(w) < N} >1—e.



Chapter 6

Young measures on Banach
spaces. Applications

6.1 Preliminaries, Biting Lemma and some basic

results

In this chapter, the probability space (2, S, P) is assumed to be complete. We use

the following notations:

e [E is a separable Banach space, E* is its dual, E, is the vector space E
equipped with the o(E,E*) topology, EX is the vector space E* equipped

with the o(E*,E) topology.

e For each z € E and each r > 0, the closed ball with center = and radius r is
the closure of the open ball Bg (0,7), so we shall denote it by Bg(0,7). The

closed unit ball of E is simply denoted by Bg.

e Recall that the convex hull of a subset A of E is denoted by co A. We shall

denote by ¢o A the closed convex hull of A.

e Recall that L]% = L[1E(Q,S ,P) is the space of Bochner integrable mappings
defined on (€2, S, P) with values in E. The vector space X (E) will be denoted

by L3.

e cK(E) is the collection of nonempty convex compact subsets of E,

cw/C(E) is the collection of nonempty convex weakly compact subsets of E,

LewC(E) is the collection of nonempty closed convex locally weakly compact
subsets of E containing no line [CV77, Theorem 1.14] (some authors say:

linefree subsets),

123
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Rewk(E) (resp. RewlC(E)) is the collection of closed (resp. closed convex)
convex subsets of E such that their intersection with any closed ball in E is
weakly compact.

If (x,,)n is a sequence which converges in E, to an element x of E, we write
r = w-limz,,.

If (Cy)n is a sequence of nonempty closed convex subsets of E, the weak
sequential upper limit w-ls C,, of (Cy), is the set of elements = of E such
that there exist a subsequence (C,); of (Cp), and, for each j, an element
Ty, of Cp; such that x = w-lim; z,,,.

A sequence (u,) in LY(Q,S,P) is norm tight (resp. weakly strictly tight) if
there is an inf-compact (resp. inf-weakly compact) function i : E — [0, +00]
such that

sup/h(un(w)) dP(w) < +o0.

n

If (u,) is norm tight (resp. weakly tight), then the sequence (J,, ) of Young
measures associated with (u,,) is strictly tight (cf. Theorem 4.3.5) in the space
VI, S, P;E) (resp. Y1(Q,S,P;E,)) of Young measures corresponding to E
and E, respectively. We will consider also the space of Young measures

VIR, S, PE).

A sequence (u,) in Lg(P) is said weakly flezibly tight if (3, ) is flexibly
tight in Y*(Q,P;E,). This is equivalent to: For any € > 0, there exists a
measurable multifunction I'; : Q@ — cwK(E) such that

sup PH{w;up(w) ¢ Te(w}) <e.

A sequence (uy,) in Lg(P) is RewkC(E)-flexibly tight if the foregoing condition
holds with I'; valued in Rew/K(E). Note that if furthermore (uy,) is bounded
in L, then it is weakly-flexibly tight. Indeed set Q. := {w;u,(w) ¢ Te(w)}
and Q7 := {w; lu,(w)|| > &} where M := sup,, ||u,||:. Then by Markov’s
inequality P((Q. U Q7)¢) < 2e and since I'.(w) N B(0,M/e) belongs to
cwK(E), we have proved that [RewkC(E)-flexibly tight and bounded in Lj]
imply weakly-flexibly tight.

One can wonder if weakly flexibly tight implies weakly strictly tight. By
(#4) of Theorem 4.3.14 this holds when E is reflexive but for E not reflexive
neither part (i) of the same theorem nor parts A.2 and B of Theorem 4.3.5
apply since E, is not Prohorov (see reference to Fernique [Fer94] above page
90).

Taking up the definition of Section 4.5, we say that a sequence (u,) in
Li(P) is weakly (vesp. strongly) Mazur—compact if there is a sequence (v,,)
with v, (w) € co{um(w); m > n} such that (v,(w)) converges weakly (resp.
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strongly) a.e. to u(w) where u is a function in L (P). More generally, the
sequence (uy,) is cw/C(E)-Mazur—tight (resp. RewlC(E)-Mazur—tight) if there
is a sequence (v, ) with v, (w) € co{um,(w); m > n} such that (v,,) is cw/C(E)-
tight (resp. Rew/C(E)-tight). These notions are useful in the study of weak
compactness in Li(P). We refer to [BC97, CG99] for a complete study of
the Mazur-tightness properties in L (P). In particular, if E is reflexive, then
any bounded sequence in LIIE(P) is strongly Mazur—compact. These tightness
notions have been extended in [CS00, page 51] to the space of convex weakly
compact valued integrably bounded multifunctions.

It is worth to compare some aspects of the preceding tightness notions with
the ones developed for Young measures in the foregoing chapters. The two
following results will precise these differences.

Lemma 6.1.1 Let S be a topological Suslin space. Let R be a class of Borel subsets
of S such that ) € R; A,B€ R = AUB € R. Let H be a subset of L2(Q, S, P).
Then the following are equivalent:

(a) For any e > 0, there exists an R-valued measurable multifunction L. on
such that
VueH Plweuw)dL.(w)}] <e.

(b) There exists an S ® Bs-measurable integrand ¢ : Q@ X S — [0, +00] such that
for allw € Q and all v € [0,+0[, {z €S; p(w,z) <r} € R and such that

sup /Q (w, u(w)) dP(w) < +o0;

(¢) There exists an S ® Bs-measurable integrand ¢ : Q@ x S — [0, +00] such that
for allw € Q and all r € [0,+0[, {z € S; p(w,z) <r} € R and such that

lim sup P[{w € O; p(w,u(w)) > A}] =0.
A—+00 yeH

Proof. (a) = (b). Let ¢, = 377 (p € N). By (a) there exists a R-valued
measurable multifunction L, :  — S such that

VueH Pl{we Quw) g Ly(w)}] <ep.

Let us consider the Bs-valued multifunctions K, : @ — S (n € NU {oo0}) given
by
Ywe Yn>1 Ko(w)= Lo(w), Kp(w) = Lp(w) \ Kn-1(w)

and

Koo(w) =S\ |J Kn(w) =8\ | Ln(w).

neN neN
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Then it is obvious that each K,, (n € NU {oco}) is measurable and the sequence
(gph (Kpn))nenu{oo} 18 an S ® Bs-measurable partition of €2 x S. Set

2n if (w,z) € gph (K,), n €N,
p(w, ) = .
+oo  if (w,z) € gph (K) -

We claim that ¢ is an S ® Bs-measurable integrand which satisfies condition (b).
Indeed, let r > 0. If r < 1, {z € S; p(w,x) < r} is empty; if r > 1, let m be the
unique integer such that m <logr/log2 < m + 1. Then

{(w,2) € A x S; p(w,z) <r} = U gph (K,,) € S ® Bs.
n=0

Similarly for all w € 2, we have
m m
{z€S; plw,z) <r}= U K,(w) = U L,(w)eR.

It remains to check that sup,cs [ ¢(w, u(w)) dP(w) < +o0.
For each u € H and each n € NU {oo}, set
={we W u(w) € Kp(w)}.

Then (£2)penu{oo} is an S-measurable partition of 2 with P(Q}:) < e,,—1 for every
n > 1 and P(%) = 0. Consequently we have

/(p(w,u Z/ (w, u(w)) dP(w 22” P(QY)
Q
2n

S 1+ 371—1

n=1

< 400

thus proving the implication (a) = (b).

(b) = (c) follows immediately from Markov’s inequality.

Let us prove the implication (¢) = (a). For every ¢ > 0, there exists A\, > 0
such that sup,cy P[{w € ; p(w,u(w)) > A:}] < e. Since ¢ is S ® Bs-measurable,
the multifunction L.(w) := {z € S; p(w,z) < A}, Yw € ), is measurable and
takes its values in R by (c). As

VueH ,PweQ;uw) € L(w)}] =Pl{w € Q; p(w,u(w)) > A} <e
(¢) = (a) follows. ]

References: [ACV92, Théoreéme E page 175], [Jaw84, Proposition 2.2 page 13.17],
[BC97, Lemma 2.5]. The above proof is borrowed from [BC97].
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Let (u,) be a sequence in L (Q, S, P). Tt turns out that the following condition:

There exists a measurable integrand ¢ : Q x E — [0, +00] satisfying
(6.1.1)

{Vw €Q Vrel0,+o00] {z€E; pw,x)<r}eccwk(E) (resp. Rewk(E)),
sup,, [ ¢(w, un(w)) dP(w) < +o0,

implies the weak flexible tightness (resp. Rcw/C(E)-flexible tightness) condition,
whereas the last tightness condition implies Condition (6.1.1) provided some ad-
ditional assumption.

The following result focuses the difference between tightness condition for
Young measures and the one given for sequences in L%E. Indeed it is known that the
parametric Prohorov tightness condition for a sequence (A™) of Young measures
on €2 x S, S being a completely regular Suslin space: For every € > 0 there exists
a compact-valued measurable multifunction I'; : Q — K(S) such that

sgp[)AZ(S\FE(w))dP(w) <:

is equivalent to the existence of a nonnegative measurable integrand h defined on
Q x S which is inf-compact in s € S such that

SITle/QI:/S h(w,z) dA}(s)] dP(w) < +o0.

Set @(w,v) = [;h(w,s)dv(s) for (w,v) € @ x MT(S), then the preceding condi-
tion is written as
sup/ o(w, \}) dP(w) < +o0.
n Jo

Since p(w,v) is convex (even affine) in the second variable, one could think that
the cwk (E)-tightness for a sequence (u,) in Lg(P) is equivalent to:

There is a measurable integrand ¢ : @ x E — [0, +o00] which is convex and inf-
weakly compact in x such that

sup/ o(w, up(w)) dP(w) < +o0.
n Jo
An example [Saa98, Proposition p.115] due to the third author shows that this
equivalence fails. In the following lemma P = dt is the Lebesgue measure on [0, 1].
Recall the James (or James—Pryce) Theorem: If E is a Banach space and C' is a
o(E,E*)—closed subset of E, then E is o(E, E*)-compact if and only if, for every
x' € E*, the exists € C such that (2/,2) = maxyec (z,y). This result was
proved by James [Jam64] and extended by Pryce [Pry66] to locally convex spaces
with a simpler proof.
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Lemma 6.1.2 Let E be a non reflexive Banach space. Then there exists a bounded
set H C Lg ([0, 1], dt) which is norm-tight and such that there exists no measurable
integrand ¢ : [0,1] x E — [0, 400] which is convex and inf-weakly compact in x
and which satisfies

sup / o(t,u(t)) dt < +oo.
ue€H J[0,1]

Proof. Firstly by James’ theorem, E contains a bounded sequence (e,) which
does not admit any weakly convergent subsequence. Indeed there exists =’ € E*
which does not achieve its supremum on Bg. Let (e,) be a maximizing sequence.
It has not any weakly convergent subsequence. We may suppose without loss of
generality that Vn, |le,|| = 1, hence m # n = me,, # ne,, # 0.

Let us consider H := {ney, 14; n € N*,P(A) = 1/n}U{0}. Then H is bounded
in L. Let hgy be defined by ho(0) = 0, ho(ne,) = n for n > 1 and hg(z) = 400
elsewhere. Thus hg is inf-strongly compact and satisfies

sup / (hopou)(t)dt <1,
uer J10,1]

hence H is norm-tight.
Now suppose that there exists some convex inf-weakly compact integrand A :
[0,1] x E — [0, +o00] satisfying

(6.1.2) sup / h(t,u(t))dt < 4o0.
uer J[0,1)

Then h(t,e,) — 400 because otherwise there would exist M < +o0o0 and a subse-
quence (e, )i such that sup,, h(w, e,, ) < M and the sequence (e, ) would admit
a weakly convergent further subsequence. For w,, := ne, 14, € H, we have

/ h(t,u,(t))dt 2/ h(t,ney,) dt.

[0,1] An

It is possible to choose A, such that f[OJ] h(t,un(t)) dt — +oo. Indeed, since
0 € H, one has h(t,0) < 400 a.e. By convexity h(t,ne,) > nl[h(t,e,) — (1 —
1/n)h(t,0)] > n[h(t,e,) — h(t,0)]. Then by Egorov’s theorem, there exists a Borel
subset B of [0,1] such that P(B) > 1/2 and such that the sequence (h(.,e,) —
h(.,0)), converges uniformly to +oco on B. It remains to choose, for n > 2, A,
contained in B, to obtain a contradiction with (6.1.2). ]

Recall that a sequence (u,,) in Lg(Q, S, P) Komlds converges tous, € Lg(Q,S,P),
if, for any subsequence (v,,) of (u,), one has

1y
7}1_{1;0 - Zlvj (W) = uso(w) ace.
j=
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The space L%E(Q, S, P) has the strong Komlds property if, for any bounded sequence
(un) in Lg(Q,S,P), there is us € Li(2,S,P), such that some subsequence of
(un,) Komlds converges to ue.. Recall that the Komlés Theorem [Kom67] states
that L]ﬁ(Q,S,P) has the strong Komlés property. This theorem also holds for
Ly (9, S, P) when E is super-reflexive, or more generally when E is B—convex reflex-
ive, see ([Gar79, Bou79]). An elementary proof of Komlés theorem in Lg(Q, S, P)
where E is a Hilbert space is given by [Gue97].

We recall the Biting Lemma. Here we follow the proof given by Staby [Sta85]
reproduced in [Egg84, VIIL.1.17 pp.303-305] and [Val90b, Theorem 23 pp.173-
174]1. For further reference, see Kadec—Pelzynski [KP62], Gaposkin [Gap72]. See
also the proof given by H.P. Rosenthal [Ros79] reproduced in [CM97, Lemma 2.1.3
pp.54-56].

The modulus of uniform integrability of H.P. Rosenthal, n((u.,,)), of the sequence
(tn)n in L(9, S, P), is

n((uy)) == gli% [sup{/ [un(w)]| dP(w); n € N, P(A) <e}].
e>0 A

The sequence (uy,),, is uniformly integrable iff n((u,)) = 0.

Lemma 6.1.3 Let (uy,), be a bounded sequence in Li(Q,S,P). Then

t—-+o0 neN

() = lim [sup /{ P R )

Proof. The two limits are nonincreasing limits, hence infima. Let us denote 7; the
modulus of the statement and M := sup,, [|un||r1. Here |[u,|| denotes the scalar
function |lu,(.)||. By definition of 7, for all § > 0 one has

¥t n / lunll AP > 71 — 6.
{lun () I>t}

M
Let € > 0. There exists ¢ large enough such that — is < e. Then if n corresponds
to such a t, A := {||lu,(.)|| > t} satisfies P(A) < e and [, ||un||dP > n — 0. Hence
7((un)) > m — J, and this holds for all § > 0, so n((u,)) > 1.

Let us prove the converse inequality. Let ¢ > 0 and é > 0 be given. Take ¢ > 0
small enough such that te < §. By definition of n((u,)) there exist A and n such

IThe statements and proofs of Lemma 6.1.3 and Theorem 6.1.4 reproduce corresponding parts
of [SV95¢].
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that P(A4) <& and [, [lun| dP > n((uy)) — 6. Then

/ ||un||dP=/ ||un||dP—/ Hunudm/ | AP
{llunl>t} A AN{|lun || <t} {llun||>t}\A

z/ ||un||dP—/ Jun | AP
A An{|Jun || <t}

> (n((un)) - 6) —te
> 77((“n)) —20.

So one has 1 > n((un)) — 246 for all § > 0, hence 171 > n((uy)). ]

The expression of n((uy,)) given in Lemma 6.1.3 is used in Staby’s proof of the
Biting Lemma. We reproduce this proof here in order to introduce its notations.

In the sequel, UI abbreviates “uniformly integrable”.

Theorem 6.1.4 (Biting Lemma) Let E be a separable Banach space and let
(tUn)nen be a bounded sequence in Ly (Q, S, P). There exist a subsequence (un, )ren

and a sequence (By)pen in S decreasing to O such that the sequence ( Ige un, ) ren
is UL

Proof. Denote, for i € N,

gi(t) = sup / ()| dP(w).
{llun()l>t}

n>i
The functions g; are nonincreasing with values in [0, +o0o[. Hence, lim;_, 1o g;(t)
exists. By Lemma 6.1.3, n((un)) = lim;— 400 go(t). There exists a sequence in-
creasing to +00, (tq)q>1 such that for every ¢, go(tq) < n((un))+ %. Since for each
i, {ug,...,ui—1} is UL, it is easy to check that lim; 1 g;(t) = n((u,)). Hence
for every i and for every ¢, g;(t) > n((uy,)), so there exists an increasing sequence
(mq)q such that

1
6.1.3 U, (W) || dP(w) > n((u,)) — -
( ) /{Ilumq(.)|>tq}| L(W[dP(w) > n((un)) p

Let Ay = {||wm,(.)|| > tp}. Then t, P(A,) < sup,ey ||tnl|r: implies P(A,) — 0.
Now we show that (]1,43 Um, )qen is UL Let

g(t) == sup [t ()] dP(w).

qeN /Agm{|umq(.)l>t}
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We have to prove that g(¢t) — 0 when ¢ — +o00. One has

olt;) =sup [ Jtm, ()] 4 P(w)
{t<llumg (NI<tq}

q>j

—sup| [ Jtm, (| dP() ~ [ s, ()| d P(e)]
9>3 = {llumg (1>t} {lwmg (OlI>tq}

<ol = [, @)llaP)

q>j

< supl(n((u)) + ) = (0(() = 2]
2

<-.
J

This proves: t — 400 = ¢(t) — 0. It remains to replace (A4,), by a sequence
decreasing to @) (or to a negligible set). There exists an increasing sequence (Ix)x
such that P(A4;,) < 27%. Then B, := U>,A,, decreases to a negligible set. The
subsequence uy, = U, (or um“k)) has the required properties. The uniform
integrability of (1p¢ un, )ken follows from the inclusion B C A7 . []

Remark. It is worth to mention that the sequence (1p, ||un,(.)||) converges to 0
a.e.

Taking the Biting Lemma into account, we say that a bounded sequence
(n)nen in Ly (Q, S, P) has a subsequence which weakly biting converges to a func-
tion u € L§(Q,S,P) if there exist an increasing sequence (A,)qen in S with
lim, P(4,) = 1 and a subsequence (uy) of (u,) such that (14, u;) weakly con-
verges to u.

Remark 6.1.5 If E is reflexive, then any bounded sequence in L§ (€2, S, P) weakly
biting converges because any uniformly integrable sequence in Li (2, S, P) is rela-
tively sequentially weakly compact.

In this vein the following lemma can be considered as a substitute of the Bit-
ing Lemma. These two results are useful in the study of bounded sequences in
Li(,S,P). If (f,) is a sequence in Li(Q,S,P), if N € N, we denote by (fN),
the truncated sequence associated with (f,,) and N, where fY := Ly pa<ny fn-

Lemma 6.1.6 Let (f,) be a bounded sequence in Lg(Q,S,P). Then there eists
a subsequence (g,) of (fn) such that for each subsequence (hy) of (gn)

(a) the sequence (Lgjn,||<n}hn) is uniformly integrable;
(b) the sequence (hy — L{n, ||<n}hn) converges strongly a.e. to 0 in .

Proof. Put M = sup,, ||f»|/1. For each integer k£ > 1 the real valued sequence

(PHE =1 < full <E})n
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is bounded. Then there exist subsequences (f!), (f2),...,(f¥),... of (f.), where
(fE+1) is a subsequence of (fF), and a sequence (pg)x in [0, 1] such that

(6.1.4) VE>1 EmP{k—1<|f¥ <k}) =ps
and

1
(6.1.5) VE>1 Vn>1 PHUE—-1<|f¥ <k}) <pr+ —=

k3

Indeed we can extract from (fy)n a subsequence (fg ,)n satisfying (6.1.4) for k = 1.
Since P({0 < || fg.,|l < 1}) — p1, there exists ng such that

v >no PO < |fonll <1}) <pi+1.

So it suffices to set f = f§ 1,1 in order to have (6.1.5) for all n. Suppose that
(f%=1) has been obtained, then using the similar arguments we can construct from
(fF=1) a subsequence (f¥) with the required properties.

Put g, = f}f and let (h,) be a subsequence of (g,,). Then

(6.1.6) k> 1 limP({k— 1< |[hal| < k}) = ps,
and

1
(6.1.7) VneN Vke[l,n?] P{k—1<|ha] <k}) <pr+ —

k3

We only need to check (6.1.7). Since (h,,) is extracted from (gn)n = (f7 )n, each
h,, is of the form h, = f}]f with m > n. Let k € N be fixed. Let us notice
that (f™), is a subsequence of (f¥), when m2 > k. So let us suppose that
n > Vk. Then m? > k, and so f;ﬁf is a term fF of (fk), with I > m, hence
by (6.1.5) and what has been said we deduce (6.1.7). In this part of proof the
symbol (f*),, has been used for notational convenience and there was no risk of
confusion with the truncated sequences (f2), (N € N) above mentioned. We
have 330 pr = lim, Y00, P({k — 1 < [|ha|l < k}) < P(Q), and 330, (k —
Dpr = lim, Zszl(k —1D)P({k—1 < ||hn]] < k}) < M. Then Z;fipk <1 and

F25 (k= Dpy < M.

We are now ready to obtain (a) and (b).

1

(a) Let € > 0. As Y05 kpy converges, so is S/ k(py, + 3

exists an integer N €> 1 such that

), hence there

1
Z k(pk+k—3) <e.

k>N
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If n € {1,..,N}, then (now the superscript n means truncation) ||hl’|| < n < N,
so {||h*]| > N} =0. If n > N, then

{lpll=NY=" |J {k-1<npl <k},
N+1<k<n

and by (6.1.7)

1
[hnlldP < k(pp + =) < ¢
/{nhmzN} 2 k3

N+1<k<n
so (h?) is uniformly integrable.
(b) We have by (6.1.7)

n2

P({l[hul = n}) = > P{k =1 < hnll <k}) +P({[|hall = n*})

k=n+1

2
=z 1 1
< Z (px: + ﬁ) t3 hnlly

k=n-+1

S et o+
Pkt o2 T2

k>n+1

Hence by summing we get

(NSRS S S s

n>1 n>1 k>n+1
2M -‘r l
SRS Sk
k>2 n>1
Then (b) follows from Borel-Cantelli Lemma. ]

Reference: [CG99, Lemma 4.1].

We recall now a famous result due to Talagrand [Tal84].

Theorem 6.1.7 (Talagrand) Let (u,) be a bounded sequence in Li(P). Then
there exists a sequence (liy,) with iy, € co{umy; m > n} and two sets A and B in S
with P(AU B) = 1 such that

(a) for each w in A, the sequence (U, (w)) is weakly Cauchy,

(b) for each w in B, there exists some integer k such that the sequence (tpn(w))n>k
is equivalent to the vector unit basis of 1.
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Analogous results in L(2, S, P) are in [BC97]. See also [BCO1] dealing with
the space L. [E](2, S, P).

Here we present some structure-type theorems for two classes of bounded se-
quences in Lj(Q,S,P).

The following theorem gives a characterization of the Mazur-tightness property
for bounded subsets in Lg(Q, S, P).

Theorem 6.1.8 Let H a bounded subset of Ly(Q,S,P). Then the following are
equivalent:

(1) Given any sequence (f,) inH, there exists a sequence (g,) with g, € cof{ fr; k >
n} such that (gn) strongly converges a.e. in E, shortly (f,) is strongly Mazur—
compact.

(2) Given any sequence (fy,) in 'H, there exists a sequence (g,,) with g, € co{ fr; k >
n} such that (g,) weakly converges a.e. in E, shortly (f) is weakly Mazur—
compact.

(3) Given any sequence (fr) in H, there exists a subsequence (gn) of (fn) such
that (Lgjn, |<nyhn) is o(L', L) relatively compact for each subsequence (h,)
of (gn)-

(4) Given any sequence (fy) in H, there exists a subsequence (gn) of (fn) such
that (g4, | <n}n) 18 o (L', L) relatively compact.

(5) Given any sequence (f,) in H, there exists a subsequence (fn,) of (fn) such
that (1)1, |<n} fni) converges o(LY, L>°). Consequently the sequence (fF ) =

Nk

(]l{||fnk||<k}f"k) converges o (L' L>) too.

(6) Given any sequence (f,) in H, there exists a subsequence (fn,) of (fn) such
that frn, = Un, + Un,, where (uy,) converges o(L*,L°°) and (v,,) converges
a.e. to 0.

Proof.

(1)=(2) is clear.

(2)=(3). Let (fn) be a sequence in H. By Lemma 6.1.6 (a) there is a
subsequence (gy,) of (f,) such that (1gn, <n}fn) is uniformly integrable, for each
subsequence (hn) of (gn). If (Lgyn, |<n,}hn,) is a subsequence of (1n, j<n}hn)
there is, by (2), a sequence (up) with u, € co{hy,,; k > p} such that (u,) weakly
converges a.e. in E. We have

kp kp kp
Up = Z A, = Z AL Y in,, <nithns + Z AL (P = L, <niy Pons)
i=p i=p i=p
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w1th0<)\p<1andzp A? = 1. By Lemma 6.1.6 (b), we have

i=p i
P
D Ny = Y, <niy ) = 0

a.e. as p — oo. Hence ZZ 2o ]1{”;1"1 | <ni}fn; Weakly converges a.e. as p — oo.
By the Ulger Diestel Ruess-Schachermayer theorem [Ulg91, DRS93], we conclude
that (1gjn,|<nyhn) is o (L', L) relatively compact.

(3) = (4) is obvious.

Let us prove that (4)==(5). By the Eberlein-Smulian theorem there is a
subsequence (fn, )x of (fn) such that (f;F)x converges o(L',L>) and so is the
sequence (f¥ ). Indeed we have

k
o ]l{kil\fnk||<nk}fnk = ]l{kg”f;?g”}fﬁﬁ

Since (f}/*)x is uniformly integrable, fk — 0 strongly in LE(P) as k — oc.
It follows that (f¥ )j, converges (L', L°°).

(5)=(6). Let (f.) be a sequence in H. By (5) there exists a subsequence
(fny) of (fn) such that (f}*)x converges o(L',L®) in L (P). Put u,, = fnk and

o = fn, — Un,. Then (5)==(6) follows immediately.

(6):>(1). Let us apply the notations in (5). Since (u,,) converges o(L*, L>)
in Lg(P), there is a sequence (Ty,) of the form w,, = > 7" Au,, with A" >
0, SV X" = 1 such that (,,) converges strongly in Lg(P). There is a subse-

quence (y,,) which strongly converges a.e. in E and so is (Zj:ﬁlp NP fi)p -

Reference: [CG99, Theorem 6.1].

In particular, if E is reflexive, any bounded sequence in L (€2, S, P) is strongly
Mazur—compact. See [BCG99a, Proposition 6.7] for details. To finish this section
we give another structure theorem for bounded norm tight (flexibly and strictly
are equivalent, cf. Theorem 4.3.14 (7)) sequences in L (92, S, P).

We use the following definitions?:

Let u, (n € NU {+o0}) be functions in Lg(2, S, P). One says that u,, converges
purely weakly to us on W € S if the restrictions u,|w converge weakly to oo |w
and, for any non negligible measurable subset A of W, not any subsequence of
(un|a)n converges strongly to uo|a.

Remark It is equivalent to say: No subsequence of (uy,|4), converges in measure
(to any function). For more about convergence in measure, see [SV95a, SVI5b]

2The next Theorems 6.1.9 and 6.1.11 are straightforward extensions to Banach space of cor-
responding theorems of [SV95¢c|. Example 6.1.13 also comes from this paper.
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where compactness in measure with applications to L%E is characterized in the line
of an old criterion of Fréchet.

For clarity we give first the simplified version of the general result (Theo-
rem 6.1.11) in the case when the sequence is Ul All assertions are consequences
of the Prohorov theorem (Theorem 4.3.5), of the fact that convergence in mea-
sure coincide with the topology induced by the stable one (cf. Theorem 3.1.2) and
of the ”characterizing continuity property” extended to Carathéodory integrands
with linear growth.

Theorem 6.1.9 Let (uy,), be a sequence in Li(Q, S, P) which is uniformly inte-
grable and tight relatively to the norm of E (again note that flexibly and strictly
are equivalent). There exist a subsequence (u',),, a function us, € Lg(9, S, P) and
M € S satisfying® :

1) 1b) wul, converges weakly to o,
1c) The restrictions ul|pr converge strongly and in measure to oo |ps-

1d) The restrictions ul,|pre converge purely weakly to ueo|pse.

2) There exists a Young measure T, such that

M= {we 9;/Eug—uoo<w>|| drs(€) > 0}

and such that for w € M, 1, = d,__ () and, for any Carathéodory integrand v
with, linear growth (i.e. |Y(w, )| < a(w) + K |€|, where o € L)

(6.1.5) | @)arw — [ var

QxE

In particular for any u € Ly(Q, S, P), |[ul, — ul|r1 converges to
| le=u@ldr, ) + s (ame = )
MexE

Remark 6.1.10 1) We will not give the proof since the statement, except (6.1.8),
is a particular case of Theorem 6.1.11. First versions of this statement appear
in [Val90b, Theorem 19 page 169] and [Val94, Theorem 9]. The novelty is the
introduction of the partition (M, M¢).

2) The norm ||u), — ul[;1 equals [, % dd,, , where 1 is the integrand ¥ (w, &) :=
I€ — u(w)]|. This is a Carathéodory integrand with linear growth (for some appli-
cations of these integrands see [PV95]).

3 Here 1a) of Theorem 6.1.11 is useless.
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Theorem 6.1.11 Let (uy,), be a sequence in L(%, S, P) which is bounded and
tight relatively to the norm of E (again note that flexibly and strictly are equiva-
lent). There exist a subsequence (ul))n, a function us € Li(Q,S,P), a sequence
(Bp)p in S which decreases to O (if (un)n is UL, one may take B, = 0 for every p)
and M € S satisfying

1) 1la) (1pe ul,)n is UL
1b) for every p, the restrictions u;,|B§ converge weakly to uDO|B;- ,

1c) the restrictions ul, |y converge in measure to uso|p and for every p, the
restrictions uy,|(a\B,) converge strongly to Uso|(ar\B,)

1d) for any non negligible A € S contained in W := Q\ M, no subsequence of
(ul|a)n converges in measure to us|a (nor to any other function),

1le) for any subsequence (u!')n of (ul)n, n((w)n) = n((un)n).

2) There exists a Young measure T whose disintegration is a family of first order
probabilities on E, (1,,)ueq, such that 7, is carried by the set 1s(u,(w)) of limit
points of the sequence (u,(w))n, such that for w € W, 7, is not a Dirac mass
and bar (7,) = us(w) (where bar (1) denotes the barycenter of the measure
T) such that for w € M, 1, = 6,__(») and such that, for any u € L%(Q,S, P),
lul, — u||p1 converges to

7((tn)n) + / € — u(w)] dr(w,€)

QxE

= (tn)) + / € — u(@)] dr(w.€) + [ Las (oo — )]l

WxE

Moreover for any bounded Carathéodory integrand v

/ Y(w, up(w)) dP(w) — Ydr.
Q

QxE

Remark 6.1.12 Assertion le) means that, for the subsequence (ul,),, the con-
centration of mass (non null iff n((uy,),) is > 0) equals the maximum of mass
concentrations among all the subsequences of (uy),. As a preliminary but less
precise result in this line recall: If (uy), converges weakly (hence is UI) and does
not converge strongly, there exists a subsequence whose associated Young mea-
sures converge to a Young measure 7 which is not associated with a function
[Val94, Theorem 20 page 169], [Val94, Theorem 9.

Example 6.1.13 Here is an example where B,, necessarily bites both A and W.
Moreover this example illustrates the general situation. Let Q = [0,1]? with P as
the Lebesgue measure on 2, E =R and

’U/n(ff,y) =n ]1[0,%](‘%) + ]1[0,%](1/) Sin(nw).
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Then us = 0, W = [0,1] x [0,3] and* M = [0,1] x ]3,1]. Roughly speaking,

2
mass concentration appears around {0} x [0,1]. In any way the B, are chosen,

they meet M and W: Since (1ge un, )r is UL || Ljo,1/n.]x[0,1] 1Bg Un, [l tends to
0 when k& — +o0, hence

/ / L () [ + g 3)(y) sin(ny 2)] da dy — 0.
[0,1/ny]x[0,1]

Thus ny P(Bg N ([0,1/ng] x [0,1])) — 0 which is equivalent to

P(Br N ([0,1/nk] x [0,1]))
P([Ov 1/nk] X [07 1])

Consequently

P(B,NW) ol and P(Bx N M) .
P([0, 1/nx] x [0, 1/2]) P[0, 1/ma] ¥ 1/2,1))

Hence By, covers a big part of W N ([0,1/nx] x [0,1]) and a big part of M N
([0, 1/ng] x [0, 1]).

Note that sin(ny) in place of sin(nz) would give the same W and 7 despite
the change of directions of the “waves.” When ) is an open subset of RY, there
exist more powerful tools than Young measures: see G. Allaire [Al192], L. Tartar
[Tar90], and J.J. Alibert and G. Bouchitté [AB97].

Proof of Theorem 6.1.11. 1) Let (B,), denote the sequence of the proof of the
Biting Lemma and (u),), the subsequence denoted by (u, ) in that proof. Let
(u'), be a further subsequence. A priori n((u!))) < n((un)n). Using the notations
of the proof of Theorem 6.1.4, u;, is some u,,,. For all ¢, there exists ¢ large enough
such that ¢, > t and such that the function u,,, is some u;,. By (6.1.3) n((un)n)
is approximated with a gap less than 1/q by

/ Ju (@)l dP)
{lui O>tq}

[ (@) AP (w).

hence a fortiori by

lug 11>t}

This proves n((u2)) = n((n)n)-

2) Since (uy,),, is tight, thanks to the Prohorov theorem, one may assume that
the Young measures §,, converge to a Young measure 7. Thanks to Proposition
2.1.12,

(6.09) | lellarte.6) < suplualy

4 One can check (see [Val94, Theorem 4]) that for (x,y) € W, T(x,y) is the probability on R
with the density & — (7 /1 — &2 )71 on |—1,1].
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Thus, for P-almost every w, 7, has a barycenter bar (7,,) and, setting uq.(w) :=
bar (7,,), one gets the integrable function u.,. Moreover 7, is carried by lIs(u,(w))
(see Theorem 4.3.12 or [Val90b, Proposition 5 page 159]).

For fixed z € Lg: and p, since uj,|pe is UL, <z,u; B§> — <z,uoo|3;->. Indeed

tim [ (2(), [t 5] (@) dP(w) = / 1 () (2(w), €) (. €)

n—+ Jo QxE

= [ 1) (st [ cdr@)) ap)
_ /Q L () (2(w), oo (w)) d P(w).

For a reference see [Val90b, Theorem 19 page 169]; see also the proof of Theorem 9
in [Val94]. The set W of all w where 7, is not a Dirac mass, is

W={we® /]E|§—uoo(w)| dr,(€) > 0}.

By the Fubini theorem it is measurable. Let M := Q\ W. Note that P-almost
everywhere on M, 7, = 0,_(w). By Part 3 of Theorem 3.1.2, u],|ns — too|nms
in measure and, for any non negligible A contained in W, not any subsequence
of (u},)n converges in measure on A. Thanks to UI and to the Lebesgue—Vitali
theorem, strong convergence holds on M \ B,,.

3) Let u € Lg(Q,S,P) and € > 0. Thanks to (6.1.9), for p large enough one
has

| le—u@ldrwe < [ jeldrw+ [ fuwldr.

P BP BP
= /BmfﬂdT(wwf)Jr/Bp [u(w)[| dP(w)

€
< -.
4

On By x E the integrand ¢ defined by ¢ (w, §) := [|{ —u(w)|| is Carathéodory with
linear growth and the u;, are Ul on By, so by Theorem 2.4.1,

g (up, = u)lles = / 1€ = u(w)] dd,; (w, &)

BgxE

converges as n — +00 to
[l )l dr@.e).
BgxE

Hence, p being fixed, for n large enough,

IR

\n L 6y — )l — [ €= ) dr(,9)] <
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As for || 1p, (u;, — u)||r1, firstly, if p is large enough,

115, (uy, =l = 15, upller| < 115, ullis < 3
It remains to show that, for n large enough, one has

1115, w) [l = n((un)a)| <

=] m

Recall (see the notations of the proof of Theorem 6.1.4) that B, = A;,UA; , U...
and that, from (6.1.3),

[ M, @1dP@) = ni(wn)a) - 1
hence .
vk > p /B it @A) 2 i) =

If p has been chosen such that I, > 4/¢, then, for n large enough, || 1p, u;, || >
N((un)n) — Z . Finally, setting

(i) = sup{ [ ()| dP@):n €N, u(a) < 6},

one has, as soon as P(B,) <4,

sup [t dis < (i)

n P

Consequently, if one has chosen § small enough such that 7((u,)n;0) < 9((un)n)+
Z and then p large enough such that p(B,) < ¢, one has

3
oo [ bl < ntun)a) + 5.

p

Finally, for a given €, a good choice of p is possible and one gets, for n large
enough,

el — wllus — [((utn)) + / € — u(w)]| dr(w,€)]| <.

QX F

L]



6.2. WEAK CONVERGENCE IN L]lE 141

6.2 Weak convergence in L;(f,S,P) using Young
measures

We will show in this section some applications of Young measures and truncations
techniques to weak compactness in L (Q, S, P) and the space P§ (€, S, P) of Pettis-
integrable E-valued functions. In the sequel, C Ifhb(Q7 E) denotes the set of bounded
Carathéodory integrands on Q x E and Cth*(Q, E) denotes the set of Carathéodory
integrands on  x E such that there exists some C' € [0, oo| satistying |h(w,z)| <
C(1+ ||z||) for all (w,z) € Q x E. The elements of Cth' (2, E) are called Carathéo-
dory integrands of first order. Here is a useful lemma.

Lemma 6.2.1 Suppose that (u,,) is a uniformly integrable sequence in Lg(Q, S, P)
such that the sequence (0, ) of Young measures associated with (u,) stably con-

verges to X\ € YY(Q, S,P;E), then for any Carathéodory integrand of first-order
h € Cth*(Q,E), we have

lim [ h(w,u,(w))dP(w) = /

[/IE h(w, z) d)\w(x)] dP(w).

Remark 6.2.2 Lemma 6.2.1 is a particular case of the implication 3 = 1 in
Proposition 2.4.1, but replacing the topology 7, p by 7, p. This result was an-
nouced in Remark 2.4.2. Note that, in the metrizable case considered here, 7'35,1
coincides with T;Vl.

Proof of Lemma 6.2.1. We follow the arguments in [PV95]. Thanks to a lower
semicontinuity theorem (cf. Portmanteau Theorem 2.1.3) for Young measures, A
is of first order, more precisely

/ lall d\(w, ) < M = Sup/ ()] d P(w).
QxE n Q

Denote C' := sup{|h(w, z)|/(1+ ||z]]); (w,x) € 2 x E} and, for K € [0, +o0],
5 (w, z) = max {~C(1 + K), min(C(1 + K), h(w,z))}.

Then h% € Cth*(Q,S;E) and ||z| < K implies h(w,z) = h¥(w,z). Fix ¢ > 0.
One has

[ eatonare - [ [ ne.ojar@)] ape)
[ e are) - [ hK(w,unde(w)\

<

+

| @) aPe) = [ [ 160 drofa)] aP)
L[/IEhK(w,x)dAw(z)}dP(w)—/Q[/Eh(w,x) d/\w(sc)]dP(w)‘.

+
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The first term of the second member is bounded from above by

/Q (0, tn () — 15 (@, 1)) | AP ()

- / (@, (@) — B (@, n ()] dP(w)
{w; h(w,un (w)ZhE (w,up(w))}

</ 20(1 + fun (@)]]) d P(w).
{w; lun (W) ||> K}

Since (uy,) is uniformly integrable this expression is, for K large enough, < /3,
this uniformly in n. As X is of first order, by Lebesgue Theorem the third term of
the second member is also < /3, for K large enough. Indeed, it is less than

/ 20(1 + ||]]) dA(w, 2).
Qx{||z||>K}

Finally, after K has been fixed, the second term is < ¢/3 for n large enough.

L]

Proposition 6.2.3 (Compactness of the set of integrable selections) Let
I':Q — cK(E) be a measurable and integrably bounded multifunction (i.e. there
exists g € L+ (Q, S, P) such that T(w) C g(w)Bg for allw € Q). Then the set St
of all integrable selections of T is convex and o(Lg, LgY)-compact. Moreover the
multivalued integral

/ I'(w)dP(w) = {/ f@)dPW); f € Sk}
Q Q
is convexr and norm compact in E.

First proof. It is obvious that St is bounded convex in Lg(Q, S, P). It is closed
in the norm topology of L%E because, if (f,), is a sequence in SIL which converges
to a limit f in the norm topology of L]lE, there is a subsequence of (f,), which
converges almost everywhere to f, thus f still belongs to Sll". To prove the first
part of Proposition 6.2.3, in view of James’ theorem, it is enough to show that,
for every g € L2 (R, S, P), there is f € St such that

5(9,S%) = (g, ) = /Q (9(w). F()) dP(),

where, for any A C E, 6*(., A) is the support function of A, that is, for every
x' € E*, 6*(a', A) := sup,c4 (¢/,x). By a measurable selection theorem [CV77,
Theorem II1.22], there is a measurable and integrable selection f of T" such that

5" (9(w), T'(w)) = {g(w), f(w)),
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for all w € Q. By Strassen’s theorem [CV77, Theorem V.14] this entails

5(0:50) = [ 5"(6@).T@)dPw) = [ (gw). f) dP(w).

Now the norm compactness of [, I'(w)dP(w) is equivalent to the continuity
of its support function on E* with respect to the compact convergence topology
(continuity at 0 is sufficient): This is a consequence of a general result of duality
about the bipolar of a set (for a more general result see [CV77, Corollary 1.15
pages 16-17]. Then thanks to Banach-Dieudonné’s theorem we only have to check
that this support function is continuous on the unit ball Bg- of the dual E* for
the compact convergence. Since Bg- is compact metrizable for both the weak*-
topology and the topology of compact convergence, it remains to show that this
function is sequentially continuous for the topologies under consideration. Let
2!, — 2’ in Bg- for the compact convergence. Then

5 (27,, T'(w)) — 0" (a, T(w))
for each w € Q. Using Lebesgue’s theorem and Strassen’s theorem, we easily get
3" (0, /Q [(w)dP(w)) = /95*(1?’”, ['(w)) dP(w)
— / (2, T(w))dP(w) = 5*(17’,/ I'(w)dP(w)).
Q Q
]
Second proof. By Eberlein-Smulian’s theorem, it is enough to show that S% is
sequentially compact for the topology o (L, L32). Let (u,,) be a sequence in Si.. By
the hypothesis of integrable boundedness, the sequence of Young measures (¢, ) is
tight in Y'(Q, S, P;E). Hence there is a subsequence (d,, ) which stably converges
to A € Y, S,P;E), that is, (d, ) converges o(V*(€2,S, P;E),Cth’(Q,E)) to
A, As (vy,) is uniformly integrable, Lemma 6.2.1 entails that (J, ) converges
o(Y'(Q,S,P;E),Cth' (L, E)) to \. Let g € Lg: (€, S,P). Then the integrand

h defined by
h(w,z) = (g(w), ), (w,z) € XE

belongs to Cth' (9, E). Tt follows that

lim (9(w), v, (w)) dP(w) = /

[ 66).9) drof)) P o).

In view of the Portmanteau Theorem 2.1.3, it is easily seen that A\, (I'(w)) =1
a.e. and the mapping w — u(w) := bar (\,) where the barycenter bar (A,) of A,
is integrable and belongs to I'(w) a.e., thus proving the weak compactness of Si.
in Li(Q,S,P). The norm compactness of the multivalued integral JoT(w)dP(w)
can be proved by applying Banach—Dieudonné’s theorem as in the end of the first

proof. ]
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Remark 6.2.4 The o(Lg, L32) compactness property of St holds true if we sup-
pose that I' is convex weakly compact valued. Indeed the first proof is the same
using James’ Theorem while the second proof needs a careful look if we want to
use again the compactness of Young measures in the S—stable topology. Note that
E, is a completely regular Lusin space, and that the sequence (J,, ) associated
with (uy,) is flexibly tight in Y1(Q, S, P;E,), hence, from Theorem 4.3.5, there is
a subsequence (8, _(,)) Which S—stably converges to A € VH(Q,S,P;E,). Repeat-
ing the truncation techniques given in Lemma 6.2.1 shows that (équ(n)) converges
o(VH(Q,S,P;E,),Cth* (Q,E,)) to A, where Cth' (2, E,) denotes the set of all first
order Carathéodory integrand defined on on 2 x E,. So we can finish the proof
in the same way as in the second proof of Proposition 6.2.3 by observing that
the integrand h : Q x E, — (g(w), ) belongs to Cth*(Q, E,). In this example it
turns out that the second proof using Young measures is rather long and less di-
rect than the first one. In this context other proofs not involving Young measures
are available, essentially when we deal with weak sequential compactness in Pettis
integration in the next paragraph.

The following result is stated in [ACV92, Théoréme 6 pp.174-175]. We provide
the proof since it can be applied to other situations.

Theorem 6.2.5 If (u,) is a bounded uniformly integrable cwiC(E)-tight sequence
in Ly (Q, S, P), then (uy) is relatively weakly compact in Li(Q, S, P).

Proof. We will follow [ACV92, Lemme 5 and Théoréme 6]. Let ¢ > 0. There exist
o > 0 and 1 > 0 such that

DO ™

sup / (@) dP(w) <
{llun ()| >}

and
VAeS PA)<n= sup/ lten (W)]| dP(w) < % .
n JA
By hypothesis there exists a cwkK(E)-valued measurable multifunction L, such
that

sup P({w € Q; un(w) ¢ Ly(w)}) <.
We have

Un(W) = Lu, (@) €Ly @) {llun (@) <0 Un (W) T Lu, ()2 Ly (@)} lun (@) ]| <o} tn (W)
+ L un @) >3 Un (@)-

So u, = v, + w, with

Un (W) = L, (@) €Ly (@)} {lun (@) <a}tin(W),
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and
Sup/ lwn ()] dP(w) < <.
n Q

As

vp(w) € T'(w) :=o[B (0, ) N Ly (w) U{0}]
and the multifunction I' is measurable cw/C(E)-valued and integrably bounded, by
Proposition 6.2.3, (v,) is relatively weakly compact. Since [, [|[w,||dP(w) < e for
all n, by Grothendieck’s lemma [Gro64, Chapitre 5 page 296] we deduce that (u.,)
is relatively weakly compact in L (Q, S, P). ]

The following is an easy consequence of the preceding theorem and the Biting
Lemma.

Theorem 6.2.6 If (u,) is a bounded cwK(E)-tight sequence in Li(Q,S,P), then
there is a sequence (Un) with W, € co{um; m > n} and us € L(%, S, P) such
that (,(w)) strongly converges a.e. to us. Consequently, we have

Uoo (W) € ﬂ@{um(w); m>n} ae.

Proof. Applying the Biting Lemma to the bounded sequence (||u,(.)||) provides
a subsequence still denoted by (||u,(.)||) and an increasing sequence (A,) with
P(A,) 1 P(2) such that (14, [[u,(.)]) is uniformly integrable and ( 1ac [lun(.)|]) —
0 a.e. As the sequence (v,) = (14, uy) is uniformly integrable and cwK(EE)-tight,
(v,) is relatively weakly compact in Lg(Q2,S,P) in view of Theorem 6.2.5. By
extracting a subsequence we can suppose that this sequence converges weakly to
Uso € Li(9, S, P). Hence there exists a sequence (%,,) with @, € co{v,,(w); m > n}
which converges strongly a.e. to us. It follows that us (w) € Ny, To{um (w); m >

n} a.e. ]

There are some useful consequences of the preceding theorem that we summa-
rize as follows.

Proposition 6.2.7 If H is a bounded convex cwikC(E)-tight subset in Lg(Q, S, P)
and closed for the convergence in measure, and if J : H — [0, 00] is a convex lower
semicontinuous on H for the convergence in measure, then J reaches its mimimum
on H.

In particular, if E is a reflexive separable Banach space, H is bounded convex in
L]lE, closed in measure, then any positive convex lower semicontinuous on H for the
convergence in measure reaches its mimimum on . Theorem 6.2.6 shows that
any bounded cw/(E)-tight sequence in L (Q, S, P) is strongly Mazur-compact.

Proposition 6.2.8 Let H be a bounded uniformly integrable set in Lg(Q,S,P)
which satisfies the following condition: For any sequence (uy) in H, there is a
cwkK (E)-tight sequence (vy,) such that v, € co{um; m > n} for each n, shortly
(un) is Mazur cwiC()-tight, then H is relatively weakly compact in Ly (9, S, P).
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The proof is straightforward since it follows easily from the above weak compact-
ness theorem. A multivalued version of the preceding result is available [CS00,
Theorem 3.4].

We end this section with a useful lemma.

Lemma 6.2.9 Let E be a separable Banach space and (un)nen a sequence of
scalarly integrable E-valued functions satisfying

(i) {(2',un); ¥’ € Bg~, n € N} is uniformly integrable,

(ii) for every A € S, the set Ha := {[,undP;n € N} is relatively weakly
compact.

Then there is a subsequence (un, )ren Such that

VAeS V' e E* lim [ (2/,u,,)dP

k—oo A
exists in R.

Proof. We may suppose that for every A € S, there exists a convex weakly com-
pact subset K4 such that H4 C K4. Let D* be a countable dense sequence in E*
for the Mackey topology (see [CV77, Lemma II1.32]) and let A = o(A;,i € N)
be the o-algebra generated by (u,)nen. Then by (i7) and by extracting di-
agonal subsequences, we find a subsequence (up,)geny such that for any fixed
i € N, ([, un, dP) weakly converges to an element ¢; € K4,. It follows that

klirrgo<m’,/i Up, dP)) = khiilo N (' up, ) dP = (2, ¢;)
for all ' € D* and for all i € N. Now since D* is dense for the Mackey topology,
the preceding equalities are valid for every ' € E*. Let A € A and ¢ > 0.
Since the set {(z’, up, ); ' € Bg~, k € N} is uniformly integrable by (¢), there is a
measurable set A; such that

/ 2! up, )| dP < e
A;AA

for all 2/ € Bg- and for all k£ € N so that

\/A<m’,unk>dP—/A ('t ) AP | s/ (& )| AP < &

A;AA
for all 2/ € Bg- and for all k € N. It follows that limj_.cc [, (2, un, ) dP exists in
R. Consequently, for any ' € E* and for any positive A-measurable and bounded
function h

lim h{z' uy,)dP
k—oo Jq
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exists in R. Now let h be any positive S-measurable and bounded function and
let E4h the conditional expectation of h, then we have

lm [ h(2 up)dP = lim [ E*h(z' u,)dP.
k—o00 Q k—oo Q

[]

6.3 Weak compactness and convergences in Pettis
integration

Most results in this section section are borrowed from [AC97].
We first give the following basic result. See also [Gei81, Huf86, Mus91].

Theorem 6.3.1 Let E be a Fréchet space, (fn)nen a sequence of E-valued Pettis
integrable functions and f : Q — E a scalarly integrable function such that

(7) for every convex weakly compact subset B C E*, the set {{z, f); 2’ € B} is
uniformly integrable,

(ii) for every x' € B*, (2, fn) converges o(L', L) to (', f).
Then f is Pettis-integrable.

Proof. By hypothesis, for every 2’ € E* and for every A € S, we have

lim <x’,/ fndP)= lim [ (2, f,)dP = / (o', fYdP.
So, in order to prove the theorem, it is sufficient to show that for every A € S,
the sequence ([, fn dP)nen is relatively weakly compact in E. By the Eberlein-
Smulian-Grothendieck Theorem [Gro52, Corollaire 1 of Théoreme 7] it is equiva-
lent to prove: For every convex weakly compact subset B C E*, for every sequence
(x},)ken in B and for every subsequence (fy,, )men Of (fn)nen, we have

(6.3.1)  «:= lim lim <x§w/ frm dP)=pB:= lim lim <x§€,/ frm dP)
A A

k— 00 m—00 m—o0 k— o0

provided these limits exist. First, by (iz), we have

(6.3.2) lim <m;€,/ frn dP)=lim
A

m—00 m—00 A

$L7fnm>dP=/<m§wf>dP-

A

By Komlés Theorem [Kom67] applied to the sequence ((z},, f))ren, there exist a
sequence (Y, )nen with y;, = 1/n 3 ", 2} and a real valued integrable function h
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such that (y/,, f) converges to h almost everywhere. So, by (6.3.1), (6.3.2) and (%),
we have

(6.3.3) a= lim [ (z},f)dP = lim /(y%,f)dP:/ hdP.

k—oo J 5

Let y(, be a weak* cluster point of (y/,)nen, then for every m € N, we have
Jm (e [ fo, dP) = i (oh, [ 1, 0P)
= <y(l)’/ fnm,dP>
A
(6:3.4) ~ [ ot ap.

Taking the limit when m — oo in the last integral in (6.3.4) and using (6.3.1) and
(6.3.2), we obtain

(6.3.5) 6:n}gnoo/A<y6,fnm>dP=/A<y67f>dP-

Since (y.,, f) converges to h almost everywhere and yj, is a weak* cluster point of
(Yl )nen, h = (Y}, f) almost everywhere. Returning to (6.3.1) and using (6.3.3),
(6.3.4) and (6.3.5), we get a = 3. ]

Theorem 6.3.2 Let E be a separable Banach space and H a subset of PIIE(Q, S,P)
satisfying:

(1) {(', f); 2’ € Bg~, f € H} is uniformly integrable.

(2) Given any sequence (f,) in H, there are a sequence (fn) with ]?n € co{fr; k>
n} and fv € PE(Q,S,P) such that, Va' € B*, (2, f,,) converges o(L',L>) to
<$/? fOO> M

Then H is relatively sequentially compact for the topology of pointwise convergence
on Ly @ E*.

Proof. Step 1. Let (fn)nen in H. For every measurable set A € A, let H4 :=
{J4 fndP;n e N}. By (1) Hy is bounded for every A € A. Now we claim that,
VA € A, H 4 is relatively weakly compact or equivalently K4 := ¢oH 4 is weakly
compact. By James’ theorem it is enough to prove that for every z’ € E*, there
exists ¢ € K4 such that

(@',¢) = sup (a',2) = 0"(a', Ka) = 0" (2, Ha).
TeEK 4



6.3. WEAK COMPACTNESS AND CONVERGENCES IN PllE 149
Let (fn, )ken be a subsequence of (fy,)nen such that
hm / frp dP) = 6%(2', Ha).

Let (fn)neN and fo € PllE(Q S, P) associated with (fn, )ken by (2). Since each fn
has the form f, = Y77 A® f,. with 0 < A\? < 1and >.)" A" =1, then we have

=N ’L =N K3

8 (2, Ka) = hm / fn, dP)

Vn

= lim (x Z)\"/fmdP

= /foodP

<& 1‘ ,Ka).

So the claim is true. Note that in this step, it is not necessary to suppose that E
is separable.

Step 2. Since ([, fn dP)nen is relatively weakly compact, we may apply Lemma
6.2.9 which provides a subsequence still denoted by (f,, )ken, such that for every

measurable set A and every z’ € E*, klim / (@, fn,) dP exists in R. Let (fn)neN

and fo € PL(€, S, P) associated with (fn, )xen by (2). Then we have

lim [ (2, fn,)dP = lim <x’,ﬁ>dP:/<x’, foo)dP
A A

k—oo [ 4 n— o0

so that by standard arguments we get

k—o0

lim h(x',fnk>dP:/h<m’,foo>dP

for all h € Ly® and 2’ € E*. ]

If T is a multifunction defined on a measurable space, with values in the
nonempty subsets of a measurable space E, we denote by Sr the set of its measur-
able selections. If furthermore E is a Banach space, we denote by SE® the set of
Pettis integrable elements of Sr.

Corollary 6.3.3 Let E be a separable Banach space. Let T : Q — cwK(E)
be a cwK(E)-valued scalarly integrable multifunction, that is, for any ' € E*,
5*(2',T(.)) is integrable. If {{z', f); 2’ € Bg-,f € Sr} is uniformly integrable,
then the set SIEe is nonempty and sequentially compact for the topology of pointwise
convergence on Lg® ® E*.
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Proof. By hypothesis and [Gei81, Huf86] St-° is nonempty. Now let (fy)nen C SEC
and let (e;)peN be a dense sequence in Bg- for the Mackey topology. Since for each
p € N, the sequence ({e,, fn))nen is uniformly integrable, using Komlés theorem
[Kom67] and an appropriate diagonal process, we find a subsequence (f,, )ken and
a sequence (¢,)pen in L (Q, S, P) such that

lim 1 Z (€ fr (W) = pp(w) ace.

1
Since - Y peq fre(w) € T(w) for all n € N and for all w € ©, and I'(w) is convex

1
weakly compact, (— >.7_; fn, (w))nen weakly converges a.e. So by Theorem 6.3.2
k=1Jnk
n

and, using the fact that I' is scalarly integrable with convex weakly compact val-
ues, we conclude that S?e is sequentially compact for the topology of pointwise
convergence on Lp° ® E*. ]

The following result is a Pettis analog of Proposition 6.2.3 and the arguments
developed therein.

Proposition 6.3.4 Suppose that E is a separable Banach space and T' : Q@ —
cK(E) is a Pettis integrable multifunction, that is, {6*(«’,T'(.)); ||l2'|| < 1} is uni-
formly integrable, then the set S?e is nonempty and sequentially compact for the
topology of pointwise convergence on Ly° @ B* and, the multivalued integral

/ Ldp := {/ fdP; fe st}
Q Q
is conver and compact in E.

Proof. Sequential compactness of Sllie is an immediate consequence of Corollary
6.3.3. The norm compactness of the multivalued integral [, I'(w)dP(w) can be
proved by applying Strassen’s theorem and Banach—Dieudonné’s theorem as in the
end of the first proof of Proposition 6.2.3. ]

Now we want to show that Proposition 6.3.4 can be deduced from a general
convergence result for Young measures.

Theorem 6.3.5 Suppose that S is a Lusin topological space and let (u,) be a
sequence of measurable mappings from (Q, S, P) into S such that the sequence (4,, )
of Young measures associated with (u,) stably converges to a Young measure o> €
VI, 8,P;S). And suppose h is a Carathéodory integrand defined on Q x S such
that the sequence (h(uy)) == (h(.,un(.))) is uniformly integrable in Ly (Q,S,P).
Then

(a) lim [ h(u,)dP = /Q[/S h(w, s) do’(s)] dP(w).

n— o0 Q
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Suppose further that (S, d) is Polish space and H is a set of continuous functions
defined on'S such that |g(x)—g(y)| < d(z,y) for all g € H and for all (x,y) € SXS,
then the following holds:

/Q 9lun(w)) dP(w) — /Q [ /S 9(s) do (5)] dP(w)| — 0

(b) sup
geEH

as n — oQ.

Proof. (a) Suppose that h is a Carathéodory integrand on © x S such that h(u,,)
is uniformly integrable. Since h = h* — h~ and both A™(u,) and h~(u,) are
uniformly integrable, we may suppose that h > 0. For every k € N, let us define a
continuous function ay, : RT — RT as follows: ay(z) <z for all z > 0, ap(x) = =
ifx <k, ar(z)=0 if x > k+ 1. We claim that

//hwsda 5)] dP(w) < +oc.

Note that if h is bounded, the result follows by hypothesis. By Beppo Levi’s
theorem we have

k

A= sup /Q [ /S (b, ) do (5)] dP() = suplim /Q ap(h(w, 1 (@))) dP(w)

< lim sup sup/ ag(h(w, uy(w))) dP(w) < limsup [ h(w,u,(w)) dP(w) < 400,
n ok Jo n o Ja

because (h(uy)) is uniformly integrable. Let € > 0. We need to prove that there
is an integer N such that

/hwun ))dP(w //hwsda 5)] dP(w)

for all n > N. Notice that

< 3e

[ Herun@)aP@) = [ [ [ 1o, doz ()] ap)|.

S

is < Ly(k,n) + La(k,n) + L3(k) where, for every k € N,

Ly(k,n) = /Qh(w,un(w)) — ag(h(w,up(w))) dP(w)|,

Lalhom) = | [ onthe.un(@)) dP(w) = [ [ [ outhio.s) do ()] aP)
L) = | [ [ [ onlhto, ) do()] dP) = [ [ [ (o) oz ()] dP<w>\ .

S
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Pick K € N such that

- / h(w, tn () dP(w) <
{h(un)>K+1}

n

because (h(uy)) is uniformly integrable, and L3(K) < e, using Beppo Levi’s the-
orem. Since (&,,) converges to o> in Y1(,S,P;S) and ax o h is a bounded
Carathéodory integrand, we have that Lo(K,n) — 0 when n — oco. Hence there
is some integer N such that n > N implies Lo(K,n) < . Notice that

Li(K,n) < sup/ h(w, un(w)) dP(w)
{h(un)>K+1}

n

for all n € N. So, for n > N, we have

/Qh(w,un(w))dP(w) - /Q[/S h(w, s) doX(s)] dP(w)‘
< Li(K,n) + Ly(K,n) + L3(K) < 3e.

(b) Let us set
iy, i= / Sup(w)dP(w) and o:= / oo’ dP(w).
Q Q

Since (4,,, ) stably converges to o> in V1,8, P;S), the sequence (u,) narrowly
converges to o in MT1(S). According to Skorokhod’s theorem, there exist a
probability space (€', S’, Q) and random elements X,,, X, : ' — S such that the
law of X, (resp. Xoo) is p, (resp. o) with X,, — X Q-a.e. First we claim that
{9(X,); n € N, g € H} is uniformly integrable in Ly (Q,S8",Q). As (g(un)) is
uniformly integrable in L]ﬁ(ﬂ, S,P), by de La Vallée Poussin’s theorem, there is a
continuous convex even function ¢ : R — Rt with o(t)/[t| — oo when [t| — +o00
such that

sup sup/ ©(g(up))dP < +oo,
geEHNENJQ

so that

e / o(9(X)) dQ < +o0,
geEH NENJQ

thus proving the claim.

Secondly, we claim that H is uniformly integrable with respect to o € M™1(S).
For each z € R, let Bi(z) := z—ag(x) (k € N). Let g € H. We have the estimate

T Lyert;y>rt13 () < Br(@) < @ Lyer+, y>h) (2),
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for all z € R*™. So, for every k € N, we have the estimate

/{9(-)>k+1} g(s) do(s) < /Sﬂk(g) do

= lim Br(g(un))dP
Q

n—oo

(6.3.6) < sup sup/ g (uy)dP.
gert n g (un)>k)

Let € > 0. As {¢'(un); ¢' € H, n € N} is uniformly integrable by hypothesis, there
is an integer K > 0 such that sup, <4 sup,, f{g >k} Y "(un) dP < e. Returning

to the estimate (6.3.6) we get

/ g(s)do(s) <,
{g()>K+1}

thus proving the claim.
Now we can finish the proof as follows. For every A € §’, we have

[ stuntnare) - [ [ [ ofs)doz <>}dP<w>\
‘/gdun - [ gdo
\ [ st aaw) - [ o) daw)

/cg( A dQE) + [ g(Xel) d QW)

Let € > 0. Since (h(X,,)) is uniformly integrable in Lg(€,S’,Q), and H is uni-
formly integrable with respect to o € M™L(S), equivalently {h(Xoo); h € H}
is uniformly integrable in L (Q,S’, Q), there exists 7 > 0 such that Q(B) < 7
implies

supsup [ g(X, (@) dQW) < =

geHneENJB

and

sup [ g(Xeu(w)) dQU) < 2
geEH JB

As X,, — X4 Q-a.e., by Egorov’s theorem there exists a Q-measurable set A with

Q(A°) < n such that X,, — X uniformly on A. Taking account of the above

estimate and the choice of 7, we get

sup sup/c 9(X, (W) dQw) < e

gEH neEN
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and

sup/c I( X)) dQ(W) < e.

geEHJ A

So it remains to check that

sup / 19(Xn(@)) — 9(Xoo(&))] dQ) < e
A

geEH

There exists N € N such that n > N implies
d(Xn (@), Xoo(w)) <,
for all w’ € A. Tt follows that
19(Xn (W) = 9(Xoo(w')] < d(Xn(w), Xoo(w)) <,

for all w’ € A so that

sup / 19(Xa () — g(Xoo (@) dQ) < .
A

geEH
The proof is therefore complete. ]

There is a direct application of the preceding theorem to Pettis integration.

Proposition 6.3.6 Suppose that E is a separable Banach space, (u,) is a Pettis
integrable sequence in the space P%E(Q, S,P) of Pettis integrable E-valued functions
such that (uy) is norm-tight and that {{z’,u,); ||z’]] < 1,n € N} is uniformly
integrable in L (Q, S, P), then there exist a subsequence (vy,) of (un) and a Young
measure o> in Y1(Q,S,P;E) such that

sup
ll'][<1

@ ontenap) - [ [ [ @' o) doz @] apee) =0

when m — +oo.

Proof. Applying Theorem 6.3.5 by taking S = E and H = {«’ € E*; ||2/| < 1}
gives the result. In particular, if T' is Pettis integrable convex compact-valued
multifunction from Q into E, that is, {6*(2/,T'(.)); ||2’|]] < 1} is uniformly integrable
in Ly(€,S,P), then the set-valued integral

/Q I(w) dP(w) = { /Q u(w)dPw); u e SE°)

is compact in E, Sllfe being the set of all Pettis integrable selections of I'. Remem-
bering that Sk® is nonempty, and any sequence (u,) in SE® is norm tight, we can
extract a subsequence (v,,) which converges stably to o> in Y*(£2, S, P; E) whose
barycenter bar (¢2°) belongs to I'(w) and satisfies the required property in the
theorem, thus proving the norm-compactness of [, I'(w)dP(w). ]
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Remark 6.3.7 In the present context, Theorem 6.3.5 provides a subtitute of
Banach-Dieudonné’s theorem (cf. Proposition 6.2.3).

Let us mention a useful fact.

Lemma 6.3.8 Suppose that L : Q — LcwK(E) is a measurable multifunction,
(un)nen 18 a sequence of scalarly integrable E-valued selections of L and u : @ — E
s a scalarly integrable function such that

lim (a:’,un>dP:/ (', u) dP
A

n—oo A
for every A € S and every &' € E*, then u(w) € L(w)-a.e

Proof. Suppose that the conclusion is not true. Then by [CV77, Lemma III.34]
there exist 2’ € E*, A € § with P(A) > 0 such that

(6.3.7) (2" u(w)) > 6*(2', L(w)) := sup{{z’, z); = € L(w)}

for all w € A. By integrating we get
(6.3.8) / 5*(2/, L) dP < / (2 u) dP .
A A

Since (2’,u,) converges o(L',L>) to (z’,u) and the u,, are integrable Pettis se-
lections of L, we deduce that

(6.3.9) /5* /,L)dP > lim (x’,un>dP:/ (2/,u) dP
A

n—oo A

which contradicts (6.3.7). ]

6.4 Narrow compactness of Young measures via
the Dudley embedding theorem

This special section is a continuation of the two preceding ones. It is concerned
with stable convergence in Young measures and applications to weak compactness
in Bochner integration. Here sophisticated techniques are used. Firstly, thanks to
a theorem of Dudley, the set of probability measures on a Polish space embeds in a
dual Banach space: There the James (or James—Pryce) Theorem can be used and
the Eberlein-Smulian theorem allows the use of ordinary sequences (with index set
N). Secondly Young measures sometimes give a rather weak limit object which can
be connected to some other more classical limit objects. Thirdly, some sequences
are weakly Cauchy and the foregoing techniques give a candidate to be the limit.
A condition in the line of Ulger [Ulg91 DRS93] is often used — as in Propositions
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6.4.4-6.4.5 where it takes the form “there exists a subsequence (v, ), satisfying
Vp € co{0y,; m > n} for every n, which is stably convergent”.

Let (S,d) be a complete separable metric space. We could assume that S
is a Polish space, but then we would have to precise that d is a complete metric.
Recall that M*:1(S) is set of probability measures on S. We endow it with the nar-
row topology o(M™*:1(S), Cy (S)) where C, (S) is the set of all real-valued bounded
continuous functions defined on S. This topology is metrizable: see [Bou69, Propo-
sition 10 page 62], [Par67, Theorem 6.2 page 43]. Recall also that BL(S, d) denotes
the vector space of real-valued bounded Lipschitz functions defined on S. It is a
Banach space with the norm

lons = e+ sup{ LT 243,

Let BL(S, d)* denote its topological dual. The space BL(S, d) has been introduced
and studied by Dudley [Dud66, Dud89]. It is a (usually strict) subspace of Cy (S).
For strict inclusion think of S = R. Moreover the ||.|| -closure of BL(S,d) in
Cyp (S) is the set of all bounded uniformly continuous functions: [Dud66, Lemma 8
page 255], on S. There is a natural embedding M™(S) — BL(S, d)* defined by
v [f — [gfdv]. We will consider M*1(S) as a subset of BL(S,d)*. The
narrow topology on M™1(S) coincides with the topology defined by the dual
norm on BL(S, d)*: see [Dud66, Theorem 6 page 258 and Theorem 8 page 259,
[Dud89, Theorem 11.3.3 page 310]. This is mainly due to the fact that bounded
sets in BL(S, d) are equi-continuous sets (of functions). Moreover one can easily
check that M™*1(S) is a convex subset of BL(S,d)* contained in the unit sphere
(i.e. elements of norm 1) of BL(S, d)*. But there is more:

1) MTL(S) is a closed subset in the Banach space BL(S,d)*. This relies on
the fact that any sequence in M™-!(S) which is Cauchy in the ||.||L(s,q)-norm is
narrowly convergent (see [Dud66, Theorem 9 page 260], the main point is that the
sequence is tight; see also the proof in [Bou83, pages 191-192]).

2) We have v,, — v in the weak* topology of BL(S, d)*, that is, [Vf € BL(S, d),
Js fdvn — [¢ f dvso], iff vy, — v narrowly. This is a particular case of Corollary
2.1.11 (see also Lemma 6.4.2 given below) and rather classical: see [Bou83, pages
189-190] and, for related results, [Par67, Theorem 6.6 page 47].

Besides these properties, R.D. Bourgin [Bou83, Theorem 6.3.8 page 193] proves
that the subset M*1(S) of the Banach dual space (BL(S,d)*, ||.||sL(s,q)+) has the
Radon—Nikodym property, which means that any BL(S, d)*-valued measure m
defined on S which is absolutely continuous with respect to P and whose average
range

AR(m) :={m(A)/P(A); A€ S, P(A) >0}

is contained in M™1(S) and admits a density f which belongs to the space of
Bochner P-integrable functions L' (2, S, P; BL(S, d)*). Necessarily f(w) € MH1(S)
P-a.e.
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Compactness in the space of Young measures

Proposition 6.4.1 Let (A\"),, be a sequence in Y*(Q, S, P;S) such that for any
AeS, [LA\LdP(w) is narrowly convergent in MT(S). Then there exists \>° €
VY, S,P;S) such that, for each A € S, [, X" dP narrowly converges to [, A d P

as n — Q.

Proof. Let m(A) € P(A) M™1(S) € BL(T, d)* defined as

m(A) = lim [ A\"dP.
n—oo A
The set function m is o-additive on S and absolutely continuous with respect to
P. Recall that the subset M™1(S) of BL(S, d)* has the RNP. The average range
of m being contained in MT1(S), there exists a denbity [w — A belonging to
L'(Q,S,P; BL(S,d)*). This means, for each A € S, m(A4) = [, A\X dP(w
D

Remark. It is worth to mention that the conclusion of Proposition 6.4.1 says:
(A\") pointwise converges on L'(Q,S,P) ® Cy (S). Indeed it is enough to check
that, for any (u, h) € L*(,S,P) x Cy (S), the following holds:

lim (u ® h, \") = (u® h, \*°).

It is obvious that the preceding equality is true if u is a simple S-measurable
function. Let (u,) be a sequence of simple S-measurable functions which pointwise
converges to u on § such that |u,(w)| < |u(w)| for all p and for all w € Q. Set
Up(w) := (A%, h) and veo (w) := (A%, h) for all w € Q. Then |v,(w)| < ||kl for all
n € NU {oco} and for all w € Q. As, for all p and for all n,

[(u® h, \" = AZ)| = |[{u, v, — voo)|
<Mool — upllr + [{u = up, voo)| + [(Up, v — Voo,
it follows that (u ® h, A\™) — (u ® h, A>). ]

The idea of the following Lemma is in [Cas85, page 344] (specially Lipschitz
approximation). It is contained in Portmanteau Theorem 2.1.3, but it is a very
useful result, so we give a quick proof here.

Lemma 6.4.2 Let \" (n € N U {+00}) be elements of Y'(Q,P;S). Suppose
N — X for the weak topology on Y*(Q,P;S) defined by L'(Q,S,P) @ BL(S, d).
Then A™ — > for the weak topology defined by L'(Q,S,P) @ Cy (S).

Remark 6.4.3 When Q is an open subset of RV and S = R¢, the weak topol-
ogy defined by C.(Q2) ® C.(R?) coincides with the narrow topology defined by
Cp (2 x R?) ([Val94, page 362]: see the proof of Part 2 of Theorem 3) and also
with the stable topology defined by bounded Carathéodory integrands. This re-
sult extends to the case when 2 and S are separable metric spaces: see Theorem
2.1.13-D.
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Proof. 1) Let Zle @i ® f; belong to LY(Q,8,P) @ Cy (S). Since ¢; = o — o5,
one may assume that all the ¢; are > 0. Now we will forget ¢ and show

V(p, f) €LY x Cy (S) (o ® f,A") = (0 & f,A™).

2) Define, for k > 1, gi by gx(z) = inf{f(y) + kd(x,y); y € S}. Tt is well-known
that gi is a bounded Lipschitz function on S and that g; " f. By the monotone
convergence theorem, (¢ ® gg, A®) " (v ® f,A%°). Thanks to the convergence
hypothesis, using g, it is easy to prove liminf, ...{p ® f,A") > (@ & f,A\*°).
Similarly limsup,, . (¢ ® f,A\") < (¢ ® f, A>°). ]

We now prove a result which was used in the proof of Lemma 4.5.7.

Proposition 6.4.4 Let K C M™Y(S). The following are equivalent:
(1) K is relatively narrowly compact in MTL(S).

(2) For any sequence (0,,)y in K, there exists a subsequence (vy,)y satisfying, for
all n, vy, € co{Bm; m > n}, which is narrowly convergent in M*1(S).

Proof. Let us repeat that the narrow topology on M*+1(S) is metrizable. If ,, € K
and the subsequence (64(n))r is convergent, obviously 04,y € co{fp; m > n}; this
proves the implication (1) = (2). For the implication (2) = (1) we proceed as in
Theorem 6.3.2.

1) Let E denote the Banach space BL(S,d)*. We are going to prove, using
James’ theorem, that ¢6 K is o(E, E*) compact. We have to check that any ¢ € E*
attains its supremum on c6 K. Let (0,), be a maximizing sequence in K, that
is, ((,0,) /" 6*(¢,c0K)). From the hypothesis there exists v, € co{0,; m >
n} which converges narrowly in M™(S) to vs. Each v, has the form: v, =
S ol Oy with o >0, Y2, af = 1. So,

kn
(6.4.1) (¢, o) = lim_ Sl (€, Onri) = 6°(C,TOK).

=0

2) Tt is sufficient to show that any sequence (6,), in K admits a convergent
subsequence. Using the relative compactness of K proved above and Eberlein—
Smulian’s theorem there are a subsequence (0a(n))n and an element 6 € E such
that, for every ¢ € E*, ((,04(n)) — (¢,0). Asin 1) let (v,,)n be a sequence with
Un € co{0n(m); m > n} such that (), converges narrowly to vo. Then neces-
sarily (cf. (6.4.1)) (¢,0) = (¢, Vo) and 6 = vo. Finally, the convergence 6, — v
for o(BL(S, d)*, BL(S, d)**) implies the o(BL(S, d)*, BL(S, d)) convergence, hence
as already noticed (see for example Lemma 6.4.2), the narrow convergence.

L]

The following extends in some sense the implication (2) = (1) of Proposition 6.4.4
to Young measures.
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Proposition 6.4.5 Let H be a Mazur—compact subset of Y1(Q,S,P;S), that is,
for any sequence (A™),, in H, there exists a sequence (V™),, with v™ € co{\"™; m >
n} such that, for P-almost every w, (v7),, converges narrowly in M*1(S). Then
H is sequentially relatively o(Y1(Q, S, P;S),L=(Q, S, P)@BL(S, d)**)-compact i.e.
for any sequence (\"),, in H, there exists a subsequence (A*™), and \® €
VH(Q,S,P;S) such that

(6.4.2)  VheL>(,S,P)®BL(S,d)*™ /(h,)\o‘(")>dP—>/<h,)\"°>dP.
Q Q

Proof. We proceed as in Theorem 6.3.2. Let E denote the Banach space BL(S, d)*.

1) For A € S, let us define Hy := {[, Ao dP(w); A € H} C E. We are going
to prove, using James’ theorem, that co(H ) is o(E,E*) compact. We have to
check that any ¢ € E* attains its supremum on ¢o(H4). Let (A™), be a sequence
in ‘H such that (0"), with 6" := [, \"dP is a maximizing sequence, that is,
(¢, 0™y /" 6*(¢,c0(H4)). From the hypothesis there exists v™ € co{\™; m > n}
which P-a.e. converges narrowly in M™1(S). The limit A>° is scalarly measurable
(i.e for every f € Cp (S), w — (f, A2°) is measurable), hence is a Young measure.
Each v™ has the form: v = Zfﬁo al A" with o >0, >, a = 1. Since (¢, )
converges a.e. to (¢, \>°), by Lebesgue’s theorem

(6.4.3) /X’odP lim <<,/ V" dP) = lim Za //\”“dP>
n—oo A n—oo

and (¢, [, A dP) = §*(¢,0(H ).

2) Let (A™),, be a sequence in H. Let S be the sub-o-algebra generated by the
maps w — A, and A a countable algebra which generates S;. Using the relative
compactness of H 4 proved above, the Eberlein-Smulian theorem and the diagonal
process, we can prove the existence of a subsequence ()\“(”))n and of elements
04 € E such that, for all A € A and for all ¢ € E*, (¢, [, NN AP — (¢, 04).
As in 1) let (v™), be a sequence with v™ € co{\*(™); m > n} such that, for P-
almost every w, (1), converges narrowly to AS°. Then necessarily (see (6.4.3))

(¢, 04) = [,(¢, )\°° ) dP(w). By equi-continuity the convergence [, (¢, A%™)dP —
J4(¢, A®) dP remains valid for A € S;. Thus (6.4.2) holds in the case when
h(w,z) = 14(w)¢. By linear combinations and taking limits, we get (6.4.3) for ¢ €
L*°(9, 81, P). The extension to the case when 1) € L*=(Q, S, P) is straightforward
(use the conditional expectation operator ES1). ]

The following is an application of Proposition 6.4.1.
Proposition 6.4.6 Suppose that (A\") is a sequence in Y*(Q,S,P;S) satisfying:

For any subsequence (vy,) of (\") there is a sequence U™ with v™ € co{v™; m > n}
such that, for every A € S, the sequence (fA v™dP) is narrowly convergent in

MT(S), then there are a subsequence (A" ) and X € Y'(, S, P;S) such that
lim(u @ h, A" ) = (u® h, A°)
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for all (u,h) € Ly’ (Q,S,P) x Cy (S).

Proof. Step 1. Let (p,) be a sequence in Cy (S) which separates the points of
MTL(S). Tt is obvious that for each p the sequence ((p,, \")) defined by

<<ppv )‘n>(w) = <(Pp7 )‘Z>7

for all w € €, is bounded in Lg®(2,S,P). So ({¢p, A™)) is relatively (L, L")
compact. As the injection i : L® — L! is weak*-weak continuous, ({(pp, A™)) is
relatively weakly compact in Li(Q,S8,P). So ({¢p, A™)) is relatively sequentially
weakly compact in Lg (€2, S, P) in view of the Eberlein-Smulian theorem. Using an
appropriate diagonal procedure provides a sequence (r,) of real-valued bounded
measurable functions and a subsequence (A"') of (A\") such that

(6.4.4) Vp YueLi(2,8,P)  lim (u® @y, \V) = (u, 7).

Step 2. Let u € L2 (Q,S8,P) and h € Cy (S) be fixed. Choose a subsequence (1)
of (A™) such that

(6.4.5) limsup(u ® h, A" ) = lim (u® h, ™).

n— oo n—00

By our assumption, there is a sequence U™ " with 7" € CO{l/m,; m > n} such that,
for each A € S, ([, 7 AV dP ) narrowly converges. By Proposition 6.4.1, there is

v € Y1(Q, S, P;S) such that, for each A € S, (4 7" dP) narrowly converges to
Ja v dP. By (6.4.5) and the remark of Proposition 6.4.1, it follows that

(6.4.6) limsup(u ® b, A" ) = lim (u® h,v") = (u® h, ™).

n—oo n—oo

Coming back to (6.4.4) we get

’

(6.4.7) lim (0@ 9y, A") = (0,7) = (0® 9y, v™)

for all v € Ly (2, S, P) and for all p. Similarly, we find p e VH(Q,S,P;S) such
that

(6.4.8) liminf(u ® h, A") = (u® h, p>')
and
(6.4.9) lim (v ® <pp,)\”/> =(v,1p) = (V® gpp,u‘x’/)

n—oo
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for all v € Ly’ (2, S, P) and for all p. By (6.4.7) and (6.4.9) we get

’

(0 ® @p, V™) = (V® pp, u™)

for all v € Lg’(Q, S, P) and for all p. So we can conclude that v = ae.

Step 3. Finally applying the results obtained in the preceding steps to any (u’, h') €
LY (2,8,P) x Cp (S) provides > € Y1(Q2, S, P;S) such that

lim (v ® K, \") = (/' @ k', u>")

and
VAeS Wp / (0,0 (w)) dP(w) = / rpdP.
A A
So 0" = 1> a.e., thus completing the proof. ]

Comments Propositions 6.4.5-6.4.6 are the analogs for Young measures of the
UlgerfDiestelfRuessfSchachermayer characterization of weak compactness in L;lg
where X is a Banach space [I“JIgQI7 DRS93]. Namely these authors proved that a
bounded uniformly integrable subset H of L;lg is relatively compact iff

(%) given any sequence (uy), in H, there are v, € co{unm,; m > n} such that the
sequence (v, (w)), is weakly convergent in X for almost all w € €.

In this spirit, combining Propositions 6.4.5-6.4.6 and the techniques developed
above leads to new compactness results in the space L]Ilz (where E is a separable
Banach space) that we present in the next paragraph.

Before going further let us mention some significant applications of the preced-
ing results.

Proposition 6.4.7 Suppose that E is a Banach space with strongly separable dual
andS is a closed convex bounded subset of E. Let T : MT1(S) — E denote the map
p +— bar (p) and T its natural extension T : Y1(, P;S) — Li(Q, S, P). Let (A\"),

be a sequence in Y1 (Q,P;S) such that for each A € S, / A dP(w) is narrowly
A

convergent in M™T(S). Then T transforms (A™),, into a weakly convergent sequence
in Lg(Q,S,P).

Remarks The existence of bar (1) (u € M™1(S)) is ensured by [Bou83, Lemma
6.2.2 page 178] because S is a closed convex bounded subset of E. Obviously T
operates as [T'(A(.))](w) = T'(A,) = bar (Ay).

Proof. 1) By Proposition 6.4.1 there exists A> € Y1(2, S, P;S) such that for each
AeS, [, A" dP narrowly converges to [, A> dP.
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2) Let A € S with P(A) > 0 and 2’ € E*. Then

(o, [ T aPw)) = (o, [ bar(12) dP()

_ / (2/, bar (A")) d P(w)
A

- /A[/ xgsdxg} dP(w)

and, since z|_ belongs to C; (S) (even to BL(S, d)), we have got

(6.4.10) (6, TO") — (0, T(X))
in the case when ¢ € L2 (€, S, P) has the form ¢ (w) = 14(w)a’.

3) By linearity (6.4.10) extends to step functions ¢. Then if ¢ € Lgs (2, S,P)
is countably valued with ¢ (w) = z}, on disjoint sets Ay,

(1, T(A™)) Z/A ()., bar (A)) d P(w)

and the convergence (6.4.10) still holds. Since E* is separable, any element 1)
of Lgz (22, S, P) can be uniformly approximated by countably valued 9, and the
preceding equality holds for any ¢ € Lz (2, S, P). The proof is therefore complete.

L]

Now is a variant of the preceding result. Let T : BL(S, d)* — E be a bounded
linear operator from the Banach space BL(S,d)* into a Banach space E. We

denote by T : LEL(S@)*(Q,S,P) — Lg(Q,S,P) the natural linear extension of T
to a bounded linear operator from LEL(S’d)* to L.

Proposition 6.4.8 Suppose that E is a Banach space with strongly separable dual,
(A™),, is a sequence in Y1 (Q, P;S) such that VA € S, / A dP(w) is narrowly con-
A

vergent in M (S). Then the mapping T transforms (A"),, into a weakly convergent
sequence in Ly(Q, S, P).

Proof. By Proposition 6.4.1 and Dudley’s homeomorphism theorem there is A>° €
VH(Q,S,P;S) such that

VAeS /)\”dP—>/)\°°dP
A A
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in the Banach space BL(S,d)*. It follows that [, TA"dP — [, TA>dP in the
Banach E for every A € S. The conclusion that (TA"),, converges o(Li, Le2) to
T'A\°° is obtained as in the proof of Proposition 6.4.7. ]

The following is an application of the preceding result to best approximation

in L. Let B be a complete sub-o-algebra of S and let Y'(Q, B, P;S) be the set of
Young measures defined over the complete probability space (Q, B, P).

Proposition 6.4.9 Suppose that E is a Banach space with strongly separable dual,
H is a o(H,L>(,B,P) ® BL(S,d)) closed subset of Y1(Q, B, P;S) such that for
every sequence (A"), in H there exists a sequence (v™), in Y1 (Q,B,P;S) with

v € co{\"; m > n} such that for P-almost every w, (v1)n narrowly converges in

MHBYS). Let f € LE(Q,S,P). Then there exists X € H such that
inf —TA|dP = —TA|dP.
it [1r=Tajap = [ -7
Proof. Let (A\"),, be a minimizing sequence in H, that is,
li —TA"||dP = inf —TA|dP.
Jm [ =Taap = [ 1f =Tl

Using Proposition 6.4.5 and the arguments of Proposition 6.4.8 provides a sub-
sequence still denoted by (A™),, such that (T)\") converges o(L', L) to TX in
L]E(Q7 B,P) with A\ € H by hypothesis. Then it is easily proved (using the opera-
tor EB) that (TA™) converges weakly to TA in L}(€2, S, P). It follows that

liminf/ Hf—’f/\"Hsz/ If — TN dP

and the proof is complete. ]

To end this section let us mention an application of Propositions 6.4.5-6.4.6 to
Komlés convergence (see also Balder [Bal91]).

Proposition 6.4.10 With the notations and hypotheses of Proposition 6.4.5 (resp.
6.4.6) there are a subsequence (A\*™),, of (A\"),, and \* € Y1 (Q,P;S) such that
for each further subsequence (A\°(™),, , the following holds:

Z )\@(]) stably )\30

for almost every w € Q (the negligible set depends on the subsequence).

Proof. 1) By Proposition 6.4.5 there exist a subsequence (A*(™),, of (A"),, and
A® € YYHQ,P;S) such that, for every h € L*(Q,S,P) ® BL(S,d), we have
limy, oo (A h) = (A, h). By Lemma 6.4.2 this implies

(6.4.11) Vh e L®(Q,8,P) @ Cy (S)  lim (A ) = (A, h).
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2) Let (¢p)p be a sequence of bounded continuous functions such that for any
sequence (0y,), in MT(S), [Vp, [gpdbn — [5 pdfs)] is equivalent to the narrow
convergence. Such a sequence (y¢,), does exist: see e.g. [Par67, Theorem 6.6
page 47].

3) Now the Komlés theorem [Kom67] and an appropriate diagonal procedure
provide a subsequence still denoted by (A*(™)),, and functions ¢p € Lg such that

n

.1 ; e.
(6.4.12) Jim =% SO0, 0p) = G (w)
j=1

for each subsequence (A(™)),,. By (6.4.11) it follows that 2 > (A*(), o) con-
verges o(L', L) to (A™,¢,). From (6.4.12) we deduce that ,(w) = (A, ¢,)
for all p.

Under the hypotheses of Proposition 6.4.6 there exist a subsequence ()\D‘("))n
of (A\"),, and A>® € Y'(Q,P;S) such that lim, . (A*™ k) = (A h) for every
h e LY(Q,S,P)® Cy (S), so the proof follows as in 2) and 3). ]

Some more weak compactness in L (P)

Lemma 6.4.11 Let E be a separable Banach space, (uyp,), a bounded sequence in
Li which satisfies:

(i) Vo' € E*, {{(«',un(.)); n € N} is uniformly integrable.
1) Forany A€ S, Ha:= u, dP; n € N} is relatively weakly compact.
A
(i4i) For any subsequence (u),)n of (un)n, there exists v, € co{u,,; m > n} such

that VA € S, the sequence (fA v, () AP)y is narrowly convergent.

Then there exists a subsequence (Un, ) and U € Ly such that

V' e E* VAeS lim (x',unk>dP:/<x’,uoo>dP.
k—o0 A A
Remark 6.4.12 1) Hypothesis (ii) appears in Diestel-Uhl [DU77, Theorem 1
page 101] and is exploited in [CC85, Theorem 4.1 page 354].
2) In the same line, [Cas96, Lemma 2.5] treats multifunctions but with a variant
of (#it), which for single-valued functions writes as

(i#i") for any subsequence (ul,)yn, of (un)n, there exists v, € co{u,,; m > n} and a
measurable function us, satisfying w, (W) — Us(w) P-a.e.

3) The measure fA dy,,. () dP is also the image of P 4 by v,,. But the expression
of (i7i) is close to the statement of Propositions 6.4.1-6.4.6 (J,, () is the Young
measure associated with v,,) which is used in the proof.
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Proof. 1) By Lemma 6.2.9 there exists a subsequence (uy, ) =: (@Ux)r such that
for any 2’ € E* and A € S, limy_, o fA<x’, Up) dP =: g 4 exists in R.

2) Let (k)i be a sequence such that 0y € co{t,; m > k} and which satisfies
(iii). Let v* be the Young measure associated with @y, that is, v¥ = 03, (w)- By
Proposition 6.4.1 there exists v € Y1(Q,S,P;S) such that VA, limy, fA vEdP =

/ 4,vdP. By a well-known lower semicontinuity result (Proposition 2.1.12 or
[Bal84a, Val90b, Val94])

c. k
/Q[/]E 2| dv(z)] dP(w) < hknilogf/g[/m ||| dvi(z)] dP(w)
= tpminf [ [5.(0)]dP()

< sup ||un|lr < +oo.
neN

Hence v, has a barycenter: bar (v,) =: uo(w) and |us(.)| is integrable. Thanks
to hypothesis (i) (see e.g. [Bal95, Val94]),

/A<I'75k>dP—>/A<17/,bar(l/w)>dP(w):/A@',Uoo)df’-

3) Now comes the conclusion: limy_o [,(2',0%)dP is the limit of convex
combinations, so necessarily it equals £,/ 4 = limy_, o fA<x’, Up,,) dP. ]

Proposition 6.4.13 Let E be a Banach space whose dual E* is strongly separable
and H a bounded subset of LIIE, A necessary and sufficient condition for H to be
relatively weakly compact is the following conditions:

(i) M is UL
(it) For any A€ S, Ha:= {fA udP; u € H} is relatively weakly compact.

(13i) For any subsequence (u,)n of (un)n, there exists v, € co{u,,; m > n} such
that VA € S, the sequence (fA du,. () dP)n s marrowly convergent.

Proof. Since E* is separable, we have (L]lE)* = Lz (cf. [DUT7, Theorem 1
page 98]).

1) The necessity of (i) is well-known [DU77, Theorem 4 page 104]. That of
(i) is easy. As to (iii), by the Eberlein-Smulian Theorem there exists a weakly
convergent subsequence (ull), with limit us. By the Mazur trick there exists
vy, € cofull s m > n} C co{ul,; m > n} such that |v, — teo|[;r — 0. This im-
plies convergence in measure, hence f 4 Ou, () AP — f 4 Ou () dP (see for example
[Val94, Proposition 1], but this is an easy consequence of the Lebesgue—Vitali
theorem).
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2) Let (un)n be a sequence in H. By Lemma 6.4.11 there exist a subsequence
(un )k and us, € Li such that Va' € E*, VA € S, limy_oo Jul@ ) dP =
Julz 4(2', uso) dP. Thus for any step-function ¢ : @ — E*, we have

lim (gp,unk>dP:/<<p,uoo>dP.
k—oo Jo Q

This extends from step-functions ¢ to h € L = (Lg)". Indeed any h € Lg2
is limit of an almost everywhere convergent sequence (hy), of step functions sat-
isfying Vp, ||hp(w)|| < ||h]|sc- Recall a general fact: On bounded subsets of Lg:
convergence in measure coincide with uniform convergence on uniformly integrable
subsets of Lg, cf. [Cas80, Proposition 1 page 5.3] and, for dimension 1, [Gro64,
Proposition 1 chapter 5 §4 page 298]. As Vk, Vp,

(= 1) < S (= I )] (B = gt} + (gt = )]

Uy, converges o(Lg, L32) t0 Ue. ]

6.5 Support theorem for Young measures

The following results have their applications in Fatou type lemmas in Mathemat-
ical Economics that we present in the next section.

Theorem 6.5.1 Let E be a separable Banach space. Let (u,) be a sequence of
(S, Bg)-measurable mappings from Q into E. Assume that (uy) is weakly flexibly
tight, and there exist L € Rew/C(E) and such that u,(w) € L for alln and w € Q.
Then there exists a subsequence (vy,) and a Young measure X € Y'(E,) such
that the sequence of Young measures &, — S—stably converges to X\ in YYOE,)
and, for a.e. w € §)

(6.5.1) /\w(ﬂ w-sequ cl {v;, (w); m > p}) =1,
P
where, for any subset A of E, w—sequ cl A denotes the sequential closure of A in

E,.

Proof. The first part of Theorem 6.5.1 is an immediate consequence of Prohorov’s
Criterion (Theorem 4.3.5). The second part needs a careful look. Let us set
I'p(w) =w-sequ cl {v,,(w); m > p}.

As L is ball-weakly compact, by repeating some arguments in [ACV92, page 178]
one can check that I', has its graph in & ® Bg. Indeed, by Banach—Steinhaus’
theorem, we have

Ip(w) = U w-sequ cl {v,,(w); m > p} N Bg(0,k) N L
k
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It follows that I', is K,-valued and its graph belongs to S ® B, because for each
k, the weakly compact valued multifunction

F’;(w) :=w-sequ cl {vy,(w); m > p} N Bg(0,k) N L

from Q into the o(E*,E) compact metrizable set Bg(0, k) N L admits a Castaing
representation on the set {w € Q; Im > p, v,,(w) € Br(0,k)}. Thus, from [CVTT,
Proposition II1.13], its graph belongs to S ® Bg. So the graph of I' = N, Uy T
belongs to S ® Bg, too. Let us consider the integrand:

op(w, x) := Ig\r, (w) (z).

Then it is obvious that ¢, is S ® Bg_-measurable and lower semicontinuous on E.
As 0,, (. 18 supported by I',(w) for m > p, and ¢, ~S-stably converges to A, by
the Portmanteau Theorem 2.1.3, we get from the definition of stable convergence,
1=X,(Tp(w)) a.e., it follows that

A (T(w)) = 1i11)n A(Tp(w)) =1 ae.

L]

Remark 6.5.2 1) Actually we have N, w—sequ ¢l {u,,(w); n > p} = w-Is u, (w).
See [BH96, page 42].

2) Theorem 6.5.1 can be applied to any bounded sequence (u,,) in Lg(Q, S, P) with
unp(w) € L for all n and for all w € Q. Even in the particular case when (u,,) is
a bounded sequence in L]%(Q,S ,P) where E is a separable reflexive Banach space
(here L = ) the required support property (6.5.1) is not trivial.

3) A similar result was given in [BH95] for a bounded sequence (u,) in Lf(P)
satisfying some tightness condition by using a different technique.

4) Let us mention that the proof of (6.5.1) given above shows that the weak
sequential closure of a sequence (x,,) in a closed convex ball-weakly compact subset
of a Banach space E is Borel, even a K5 subset in the vector space E, so that the
first member of (6.5.1) has a meaning. In establishing the support property (6.5.1)
it turns out the measurability of the Borel-valued multifunction N, w-sequ cl
{um(w); n > p} is crucial. At this point, by combining the support property
(6.5.1) and the measurability of the multifunction N, w-sequ cl {u,,(w); n > p},
it is easy to obtain a Fatou-type lemma in Mathematical Economics for unbounded
multifunctions. We refer to [BH96, Theorem 5.3, Cor. 5.3, Cor 5.4] for details.

We give some applications of the preceding theorem.

Proposition 6.5.3 Let E be a separable Banach space. Let L be closed convex
ball-weakly compact subset in E. Let (u™) be a bounded sequence in Lg(S2,S,P),
such that u™(w) € L for all n and for all w. Then the following hold:
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(a) The multifunctions

w ﬂ w—sequ cl {u"(w); n > p}
p

and
W @(ﬂ w-sequ cl {u"(w); n > p})
p

are measurable.

(b) Assume further that the sequence (u™) is scalarly uniformly integrable (that is,
the set {(x',u"(.)); ||2'|| < 1, n € N} is uniformly integrable in L(Q, S, P)).
Then there exist a subsequence (v™) and a Young measure \*° € Y1 (4 E,)
such that the sequence of Young measures (§,m) S—stably converges to A in
VY E,), and that

)\Z‘“(ﬂ w-sequ cl {v"(w); n>p})=1 and / ||| dA (z) < 400,
E

p

for almost all w € Q. Moreover the function u™ : w — bar (A’) belongs to
Li(Q,S,P) and the sequence (v™) o(Lg, L™ @ E*)-converges to u™.

Proof. (a) follows from [ACV92, Théoreme 8 page 176].

(b) By Theorem 6.5.1, there is a subsequence (v™) such that (J,m) S-stably
converges to a Young measure \*° € Y'(Q,S,P;E,), that is, (§, ) converges
o(VH % E,), Cth? (2, Ey)) where Cth®(Q,E,) is the set of all bounded Carathéo-
dory integrand on 2 x E,. Let A € S and 2’ € E* with ||2/|| < 1. Let ¢ be the
integrand ¢ : (w,z) — 14(w)(2’, x) defined on Q@ xE. As (v™) is scalarly uniformly
integrable, the sequence (¢(.,v™(.)),, is uniformly integrable. By Theorem 6.3.5
we have

iim [ @ om @) aPe) = [ [[ @' o) @] ape)

and by the Portmanteau Theorem 2.1.3

/ﬂ/}EHde/\E"(x)} dP(w) Slimﬁnf/ﬂ”um(w)HdP(w) < +oo.

¢
Hence [ ||z]| dAZX(z) < 400 a.e. And the required property for the limit mea-
sure A*° follows from Therem 6.5.1. So the barycenter bar (A\2°) exists a.e. and
the mapping u® : w — bar (A\®) belongs to Lg(2,S,P). The o(Lg, L™ @ E*)
convergence of v™ to u® follows again from Theorem 6.3.5. []

Remark 6.5.4 Proposition 6.5.3 provides a variant of a weak compactness result
in [ACV92, Theorem 8 page 176].
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Let us recall a result due to Benabdellah [Ben91, Proposition 2.2 page 4.10]
which has several applications to the “problem of norm convergence is implied by
the weak.” The notation Oext (K) or Jext K will denote the set of extreme points
of a closed convex subset K of a Banach space. Later we will also use the set of
denting points dgent (K) of K.

Proposition 6.5.5 Let K be a closed convex subset of a Banach space X. Let
v: K — RT be a convex lower semicontinuous function. Then the following three
conditions are equivalent:

(1) (0, (70)) € Oext (Epi), where Epigp := {(z,t) € X x Ry t > ¢(x)} is the
epigraph of ¢.

(i3) For any pair (x1,22) € K X K with x1 # x2 and every t € ]0,1[, one has

xo =tx1 + (1 — t)ze = ¢(x0) < tp(x1) + (1 — t)p(x2),

(#it) 64, is the unique probability Radon measure pn on K such that

[ wdute) =a0 and [ ole) dute) = (a0

K

The following is an application of Proposition 6.5.3 and Proposition 6.5.5 to a
Visintin-type convergence under extreme point condition [Bal91l, Ben91, Val89,
BCG99a, Vis84, Bal86b, Rze89, Rze92).

Theorem 6.5.6 Let E be a separable Banach space. Let L be closed convex ball-
weakly compact subset in E. Let (u™) be a bounded sequence in Li(Q, S, P), such
that u™(w) € L for all n and for all w. Let ¢ : @ X E — [0,+00] be an S ® Bg-
measurable integrand such that p(w,.) is convex lower semicontinuous on E for
every fized w € Q). Assume further that

(i) (u™) is scalarly uniformly integrable and converges o(Lg, L™ @ E*) to u™ €
Lg(Q,8,P),

(#4) limsup/ olw,u(w))dP(w) < / o(w, u*(w)) dP(w) < +o0.
n— o0 9] Q

Then there is a subsequence (3,m) which S—stably converges to a Young measure
A>* e YY(Q,S,P;E,) satisfying

(a) u®(w) = bar (A) a.e.,

(b) fﬂpw sequ cl{v™(w);n>p} @(w7l‘) dASJO("E) = @(wvuoo(w)) a.e.,

(¢) in addition, suppose that (u*(w), p(w,u>(w)) is an extremal point of Epig,
a.e., and €o(N, w-sequ cl {v™(w); n > p}) C dome, for all w € Q, where
dom g, is the domain of p,. Then A = 0yee(y) a.e. so that (§,.) S-stably
converges to 8,0 in Y(Q,S,P;E,).
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Proof. (a) Let A € S and 2’ € E*. Let ¢ the integrand ¢ : (w,z) — ]lA(w)< )
defined on QxE. As (v™) is scalarly uniformly integrable, the sequence (¢ (.,v™(.)))
is uniformly integrable. By (i) and Theorem 6.3.5 we have

[ @ndpe) =tim [ @ om @) ape) = [ [[ @z @] dpe).

By the Portmanteau Theorem 2.1.3

/ /Hx||d)\°° ]dP(w <hm1nf/ 0™ (w)]| dP(w) < 400,

so the barycenter bar (A\>°) exists a.e. and the mapping w — bar (AS°) belongs to
Li(Q,S,P). Tt follows that 4™ (w) = bar (A\>°) a.e

(b) Using (a), the Portmanteau Theorem 2.1.3 and Jensen’s inequality we get

liminf/<p(w,v (@) dP(w / / lw,2) AN (2)] dP(w)
n Q Npw—sequ cl{v™(w);n>p}
> [ o0 (@) dP().
Q
Combining this inequality with (ii) yields

/ o(w, ) AT (z) = p(w, u™ (W) a.e.
Npw-sequ cl{v™(w); n>p}

¢) By our assumption, for every fixed w € 2, the RT-valued function ¢(w,.) is
2

convex lower semicontinuous on the closed convex set K(w) := ¢o(N, w-sequ cl
{v"™(w); n > p}), moreover we have

/K( ) o(w, 1) A2 () = p(w,u™(w)) a.e.

As (u*®(w), p(w, u™(w)) is an extremal point of Epi¢,, a.e., it follows from Propo-
sition 6.5.5 that A\J” = 0,0 (,) a.e. ]

Corollary 6.5.7 Let E be a separable Banach space. Let L be closed convex ball-
weakly compact subset in E. Let (u™) be a bounded sequence in Li(Q, S, P), such
that u™(w) € L for all n and for all w. Assume further that (u™) is scalarly
uniformly integrable and converges o(Ly, L @ E*) to u>® € Li(Q,S,P) with
u™ (W) € Oext €0(Np Ww-sequ cl {v™(w); n > p}) a.e., then (3,,.) S-stably converges
to 8o in Y, S, P E,).

Proof. Apply Theorem 6.5.6 to the convex normal integrand ¢:

o(w, ) = 5(;3,@(“ w-sequ cl {v"(w); m > p}))
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where © — d(x, C) is the indicator function (in the sense of Convexr Analysis) of
the closed convex set C, that is, §(x,C) =0if z € C and §(z,C) = +oo if z ¢ C.

L]

The following example is an application of Theorem 6.5.6 to an optimization
problem.

Example 6.5.8 Let ¢ :  x R? — [0, 4+00] be a & ® Bga-measurable integrand
such that ¢(w,.) is convex lower semicontinuous on R? for every fixed w € Q. Let
(Kn)nenu{oo} be a sequence of closed convex valued measurable and integrable
multifunctions. For each n € NU {oo}, let Sk the set of all integrable selections
of K. Assume further that the following conditions are satisfied:

(i) wls Sk = {u € Lpa(%S,P); Jun, € Sk withu,, — uweakly} C
Sk .

(i4) The integral functional I, : L. (Q,S,P) — [0, +00] associated with ¢ is
proper, inf-weakly compact on L]Ed (Q,8,P) and strictly convex on S}(&.

(iii) inf{l,(u); u € Sk, } — inf{I,(u);u € Sk _} < +oo.
(iv) els K, (w) C domg, for all w € Q.

Then any optimal solution u, € S}(n converges in Lﬂlw (©,8,P) to the optimal
solution us € S}QX).

Proof. By (i), (i) and (ii%), it is straightforward to check that w, — u. weakly
in L}a (9, S, P) with

Uoo(w) € TOIs Uy (w) C Cols Ky (w) C dom g,

for almost all w € Q, using Theorem 6.5.1 or [ACV92, Théoréme 8 page 176] and
Remark 6.5.2. In view of Theorem 6.5.6 §,, — J,,  stably in VH(Q,S,P;R?). By
Part 3 of Theorem 3.1.2 u,, — s in measure. Since weak convergence implies
uniform integrability, we deduce that u,, — us in L%Qd (Q,8,P). ]

Some weak compactness and convergences results in L.[E] We present
some weak compactness result in the space Lg. [E](Q,S,P) of scalarly integrable
mappings f : Q@ — E* such that |f|: w — || f(w)|| is integrable. The following is
a support theorem for the Young measure limit in Y!(Q, S, P;E%) generated by a
bounded sequence in Lg. [E](Q, S, P).

Theorem 6.5.9 Suppose that E is a separable Banach space and (uy,) is a bounded
sequence in Li. [E](Q,S,P) and h is a Carathéodory integrand defined on Q x Ef
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such that the sequence (h(un))n = (h(., un(.))n is uniformly integrable, then there
are a subsequence (vy,) and a Young measure A\ € Y1 (0, S, P;EZ) such that

(65.2) lim | h(w,vn(w)) dPW) = /

[ w0y rz @) dpeo),
and

(6.5.3) /\w(ﬂ w*-cl[{vm(w); m > p}]) =1 ae.

Assume further that (uy,) is uniformly integrable, then (v,) o(Lg.[E], L") con-
verges to u € L. [E] with u(w) = bar (\,) a.e.

Proof. By Markov’s inequality the sequence (d,,, ) is strictly tight in YH(Q,8,PE:).
In view of Theorem 4.3.5, there is a subsequence (J,, ) that S-—stably converges to
A € VYQ,8,P;E:). Since EZ is a Lusin space, in view of Theorem 6.3.5, we
get (6.5.2). At this point we may also remark that this convergence holds for
the topology o(V'(Q;Ex),Cth' (Q,E%)) where Cth' (Q,E%) denotes the set of all
Carathéodory integrands h of first order defined on Q x E%, that is, |h(w,z’)| <
c(1+]2'|),V(w,2’) € Q x EX, by using the techniques developed in Lemma 6.2.1.
Repeating the arguments in Theorem 6.5.1, it is not difficult to see that

using the fact that E* = |, k Bg+, and Bg- is o(E*, E) compact metrizable, namely

ﬂ w*-cl[{vm(w); m > p} = ﬂ [U w*-cl[{vy, (w); m > p} N kBg«].
P Pk

Now suppose that (u,,) is uniformly integrable. Applying (6.5.2) by taking h(w,y)
= 14 (w)|{z,y)| with A € S and = € By gives

[ 1l dz @] @) = lim_ [ (o, @)dPw) < s [ o,()]dPG)

n—00 A

It follows that the barycenter bar (\,,) exists and satisfies
barO) = [ )i

where I'(w) := Ny, w*- cl[{v,, (w); m > p}]. By the Portmanteau Theorem 2.1.3 we
have

/Q[/F(w) Iyl dro(y)] dP(w) < Slip/ﬂ [ vn(w)]| dP(w) < ~+oo.
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Hence the mapping w + bar ()\,) belongs to Lg.[E](Q,S,P) with bar(\,) €
col'(w) a.e. Now let g € Lg°(Q,S,P). Then the integrand j : (w,y) — (g(w),y)
defined on Q x E* belongs to Cth' (2, E*). Applying again (6.5.2) by taking h = j,
gives

lim [ (9(w), tm (@) dP(w) = / [ / ) ] ape)

m—00 Q

= [ ta(e).bar () aP(e).
Taking u : w +— bar (\,) completes the proof. ]

Corollary 6.5.10 Let ® : Q — cwK(E¥%) be a convex o(E*,E)-compact valued
measurable and integrably bounded multifunction, that is, there exists 8 € Lﬂlw
such that ®(w) C B(w) Bg- for allw € Q. Then the set Sy of all scalarly integrable
selections of ® is sequentially o(Lg. [E],LY) compact.

The following result is a combined effort of Theorem 6.5.9 and the Biting Lemma.

Proposition 6.5.11 Suppose that (uy) is a bounded sequence in Lg.[E], then
there exist a subsequence (vy,) of (un) and s € L. [E] such that (v,) biting weakly
converges to Uso, that is, there exists an increasing sequence (A,) in S such that
limyo P(4,) = 1, and such that, for each p and for each h € Lg (A,, A, N
S,P|a,), the following holds:

lim (vn,h>dP:/ (Uoo, h) dP
n—oo Ap Ap
and
Uso (W) € @(n w*-cl{um(w); m > p}) ae.
P

Proof. By the Biting Lemma there are an increasing sequence (A,) in S with
lim,, .o P(A,) = 1 and a subsequence (uy,) of (u,) such that (uy,|a,), is uniformly
integrable. Using Theorem 6.5.9 and a diagonal procedure, it is not difficult to
produce a subsequence (v,,) of (u,) and a sequence (v,) with v, € Li. [E](4,, A, N
S,P|a,), such that

lim [ (vn(w), h(w)) dP(w) = /A (1 (@), h(w)) dP(w),

n A
forall A€ A,NS and for all h € Lg” (2, S,P). As (A,) is increasing, it is obvious
that yp+1 = 7p for a.e. in Ay, It is obvious that the function u. defined by
Uoo (W) = (W) if w € Ay and upe (w) = 0 if w ¢ U, A, belongs to Li. [E](Q, S, P)
and that it is the biting weak limit of (v,,), whereas the required inclusion follows
easily from (6.5.3). ]

As a corollary of Proposition 6.5.11 we provide a Fatou-type lemma for bounded
sequence in L. [E].
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Proposition 6.5.12 Suppose that (hy,) is a bounded sequence in Ly such that
(hn) converges in measure to hoo € LY and (uy,) is a bounded sequence in Li. [E]
such that the sequence ((hn,un)™) is uniformly integrable, then there exists U €
Li.[E] such that
liminf/<hn,un>dPZ/(hoo,uoo>dP
" Q Q
with
Uso (W) € E(ﬂ w*- cl{um(w); m > p}) ae.
P

Proof. We may suppose that
a:= lim (hp,un)dP € R.

Furthermore, by Proposition 6.5.11 we may suppose that (u,,) weakly biting con-
verges t0 Us € L. [E], that is, there exist us, € Li.[E] and a subsequence (v,,) of
(uy,) and an increasing sequence (A,) in S such that lim, .., P(A4,) = 1, and such
that, for each p and for each h € Lg"(A4,, A, NS, P 4,), the following holds:

im [ (v, h)dP :/ (tioo, B) d P
n—oo Ap Ap

with us € €o(N, w*-cl[{um(w); m > p}]) a.e. Let € > 0 be given. Pick N € N

such that

Q

/ <hoo,uoo>dP2/<hoo,uoo)des,
An

and that
limsup/ (hpyun)” dP < g,

n—oo
because ((hp, un) )y, is uniformly integrable by hypothesis. As ||hn(.)—hoo(.)|| — 0
in measure, ||h,(.) — hoo(.)|| — O uniformly on uniformly integrable subsets of
Li (Q, S, P), cf. [Cas80, Proposition 1 page 5.3] and [Gro64, Proposition 1 chapter 5
§4 page 298]. Tt follows that

lim ([ (@) = Poo (W) ]| [t (w) | d P(w) = 0.

n—oo AN

Hence

lim [/A (hn,un>dP—/A (Boo, un) dP] = 0.

n—oo

An easy computation gives

a > lim (hp,vp) — limsup/ (hp,vn)” dP > lim (hp,vn) dP — €.
O\ Ay

n—oo [, Nn—00 n—00 J A,
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Finally we get

a > lim (hn,vn)dP — e = lim (hoo, Up) dP — €

:/ <hoo,uoo>dP—62/(hoo,uoo)>dP—25.
An Q

L]

Now let us focus our attention to the particular case when E = Cg (Rd) where
Co (Rd) is the separable Banach space of all continuous mappings f : R — R
tending to 0 when ||z|] — +oo equipped with the sup norm. Then the dual
E* = Cp (R?)" is identified with the Banach space M(R?) = ca (R?) of bounded
measures on R? equipped with the norm [|v|| = [;, d|v|. We present some relation-
ships betwen convergence results stated above in the context of Young measures
on R? with those using the duality ( ca(ra) (P); LICO(W)(P)). Let us mention first
the following:

Proposition 6.5.13 Let (A™) be a bounded sequence in L}:a(Rd)[CO (R)] such that
AL € MT(R?) for alln and for allw € Q. If (A\™) converges O'(L(lja(Rd)[C() (RH)], L
® Co (R?)) to A € L, gay[Co (RY)], then

(6.5.4) AX € M (RY) ae.

Proof. Let us observe that MT(R?) is o(M(R?), Co (R?)) closed convex, locally
compact and contains no lines. Suppose by contradiction that (6.5.4) does not
holds. By [CV77, Lemma III.34] there is an element f € Co (R?) and a measurable
set A € S with P(A) > 0 such that

(f,AZ) > 8 (f, M*(RY))

for all w € A. By hypothesis, we deduce that

/A (f.A%)dP(w) = lim [ (fA%) dP(w)

n—o0 A

< / 5 (f, M*(R?)) d P (w)
A
= P(4) 6 (f, M*(R%))

which contradicts the inequality

/A (f,A) dP(w) > P(A) 6 (f, M+ (RY).
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Remark 6.5.14 1) If | \?|| < « (a being a finite number) for all n and for almost
all w € Q, then it is easy to check that ||AS°]| < « for almost all w € Q.

2) If (u,) is a tight sequence of R%valued S-measurable functions defined on €,
then it is well-known that the sequence (A") = (J,, ) (up to an extracted subse-
quence) converges stably to a Young measure v € Y1(Q, S, P;R?). Since the se-
quence (A™) (up to an extracted subsequence) converges to A € L:;a(Rd)(Q,S ,P),

for the U(Lia(Rd)7Loo ® Co (R?)) topology, we have A = > a.e. because L™ ®
Co (RY) C L* ® Cy (RY).

Best approximants in L]]lz* [E] We now consider a problem of best approx-
imation in Lg.[E](©2,S,P). This problem has been studied essentially for the
space L%E(Q, S,P) when E is a reflexive separable Banach space, and even for the
space Lewic(r) (€2, S, P) of convex weakly compact valued measurable and integrably
bounded multifunctions, see [CC85, Proposition 5.4] and the references therein.
In a recent paper [BCO1, Theorem 5.10 page 36] the authors gave a result of best
approximation in L]lE* [E] using some new structure results of this space, mainly the
characterization of weak compactness in this Banach space. This study is quite
delicate because of the lack of the characterization of the dual of Lg.[E] and is
independent of the theory of Young measures. We aim to present a new variant of
this result by exploiting the sequential o (L. [E], Lg®) compactness result in The-
orem 6.5.9 and a new characterization of the norm N; of L. [E](, S, P) given in
[BCO1, Theorem 4.1]. We consider the spaces L. [E](€, S, P) (shortly Lg. [E](S))
and L. [E](2, B, P) (shortly Lg. [E](B)) where B is a complete sub-o algebra of S.
We need first a crucial lemma.

Lemma 6.5.15 Suppose that B is a complete sub-o-algebra of S and f € L. [E](S),
then any minimizing sequence (gn)n>1 in Li. [E](B), that is,

i — =in — : L
Jm [ = gullap = int{ | I = gldPsg € i EIB)}.

is relatively sequentially o(Li. [E], L) compact in L. [E](B).
Proof. Step 1. For any sequence (B,,) in B with lim,,_.. P(B,) = 0, we have

n—oo

lim ; [f(w) = gn(w)[| dP(w) = 0.
Suppose by contradiction that there exists a sequence (B,,) in B such that

| 1) = ga)1dPw) 0.
Then there exist € > 0 and a subsequence (g, ) of (g,) and a subsequence (B, )

of (By,) such that
/B 1£(@) — gy (@) dP(w) > €

"k
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for all k. Let us consider the sequence (h,,, ) in Lg. [E](B) defined by

hn = 1o\, 9n,. + 18, 91-

n

Then we have h,, € Lg.[E](B) for all k so that

inf —g|dP; g € Li.[E — hy, || dP
in {/Q If — glldP; g € E[](B)}S/Q\If N
for all k. Hence
nf{N1(f = g): g € H} < limnf[Ni(1o\g,, (f = gn.)) + Ni(1p,, (f = 91))]-

Since limg_,o0 P(B,,) = 0 we have limy_, o Ny ( ]ank (f —¢1)) = 0. Therefore we
get

inf{Ny(f — 9); g € L& [E](B)} < lim inf Ny (o, (F = gn,)

< likmianl(f—gnk) — €.

That is a contradiction.

Step 2. Any minimizing sequence is relatively sequentially o (L. [E], Ly®) com-
pact in L. [E](B). Using the notations of Step 1 and the triangular inequality:

| laallav< [ ir-gaiavs [ grpar
B B, B

n n n

we see that
tim [ fgallaP =0
n—oo Bn

for any sequence (B,,) in B with lim,,_,., P(B,) = 0. Therefore (g,,) is uniformly
integrable in Lg. [E](B). In view of Theorem 6.5.9 we conclude that (g,,) is rel-
atively sequentially o(Lg.[E], L3°) compact in Li.[E](B). The proof is therefore
complete. ]

Now we are able to state the following best approximation result.

Theorem 6.5.16 Suppose that B is a complete sub-o-algebra of S, then for any
f € L. [E)(S), there exists g € L. [E](B) such that

1= glldp =it { [ If = bl aPi b e LL E(B)}.
Q Q

Proof. Let (g,) be a minimizing sequence in L. [E](B). By Lemma 6.5.15, (g,,) is
relatively sequentially o (L. [E], Le®) compact in L. [E](B). Hence we may suppose
that (g,) converges o(Lg. [E](B), Lg°(B)) in Lg. [E](B) to a function g € L. [E](B).
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Step 1. Claim: (g,) converges o(Lg.[E](Q,S,P), L (Q,S,P)) to g. By the
o(Lg. [E](B), L (B)) convergence of (g,) in L. [E](B) we have

Vv eLg (B)  lim <gn(w),v(w)>dP(w):/Q<Q(W),v(w)>dP(w)~

n—oo

Now let v € L(S) and let E® (v) be the conditional expectation of v w.r.t. B.
Then E® (v) € Lg(B) and

Vu € L. [E](B) /(u,EB (v))sz/(u,v)dP.
Q Q
It follows that

lim | {ga(w),v(w)) dP(w) = lim | (g,(w), B (v) ()) dP(w)

_ /Q<g(w),EB (v) () dP(w)
:/Q<g(w),v(w)>dP(w),

for all v € Lg (S).

Step 2. Claim: [, ||f — gl|dP = inf{ [, ||f — || dP; h € Li.[E](B)}. Now let
us consider the subset Step(S) of the dual L. [E](S)* defined by

Step(S) = {5 € LE.[E](S)*; s : Q — Bg is a step S-measurable function}
where

A(f) = /Q (f.s)dP,  Vf € LL.[E)S).

Then Step(S) is an absolutely convex subset of L. [E](S)* and is included in the
closed unit ball U; of (Lg-[E](S)* because ||s(w)| < 1 for all s € S and for all
w € Q. In view of the proof of [BCO1, Theorem 4.1], we have

Ni(f)= sup I(f), VfeLg[ENS).
leStep(S)

Hence we have

/ If — gull P > (5.7 — gu).
Q

for all n and for all § € Step(S). It follows that

hmmf/ If = galldP > (5, f — g) = /Q<f—g,s>dP

n—oo
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for all § € Step(S). Hence by taking the supremum over Step(S) in the preceding
inequality we get

iimint [ 1 =g, dP > [ 1f = glldP = int{ [ 17 bl P h e L [B)B)}.
0

References See Shintani-Ando [SA76], Valadier [Val84] for the case of Li spaces
and Herrndorf [Her81] for the case of Orlicz spaces of E-valued functions where
E is a separable reflexive Banach space. Note that in Castaing—Clauzure [CC85]
the authors deal with both Orlicz spaces and the space L*(Q,S,P;cw/k(E)) of
measurable and integrably bounded convex weakly compact valued multifunctions
in a separable reflexive Banach space E.

Now we focus our attention to the case when E is a separable reflexive Ba-
nach space. The following result shows the relationship between the modes of
convergence encountered along this section.

Proposition 6.5.17 Suppose that E is a separable reflexive Banach space, (uy,)
is a bounded sequence in L]%:(Q,S,P). Then the following holds:

(a) (8,,) (up to an extracted subsequence) o(VH (% Ey), Cth? (2, Ey)) converges to
a Young measure A in Y1 (Q;E,).

() (un) (up to an extracted subsequence) Mazur strongly converges a.e. to a func-
tion us € Ly(Q, S, P).

(¢) (un) (up to an extracted subsequence) biting weakly converges to a function
Voo € Lip(Q, S, P).

(d) If, in adddition, E is B—convex reflexive, (uy,,) (up to an extracted subsequence)
Komlos strongly converges to a function ws, € L%E(Q,S, P).

If we have considered the same extracted subsequence in (a), (b), (¢) and (d), then
bar (A%) (w) = Ueo (W) = Voo (W) = W (w) a.e.

The proof is straightforward since it follows directly from the above mentioned
results.

In the following two sections we treat some problems of convergence in the
spaces of scalarly integrable E-valued functions P(Q,S,P) and L. [E](, S, P)
under extreme point condition.
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6.6 Visintin-type theorem in P3(Q, S, P)

We begin with some preliminary results. Some parts of the results presented here
are borrowed from [ACV92, ACV98, BCG99b, BCO1], see also [BS03]. If f : Q@ — E
is a scalarly integrable function, the Pettis norm || f||p. of f [Gei81, Huf86, Mus91]
is defined by || fllpe = sup,.c5,. Jq [(z', f)| dP. The space P (9, S,P) of E-valued
Pettis integrable functions is endowed with the Pettis norm ||.||pe. A subset H C
Pi(Q,S,P) is Pettis uniformly integrable (PUT for short) if, for every e > 0, there
exists d > 0 such that

P(A) <0 = sup || Laullpe < e.

u€H

If f € Pg, the singleton {f} is PUI since the set {(z’, f); ||2/|| < 1} is uniformly
integrable [Gei81]. More generally, a subset H C Pg(Q, S, P) is scalarly Pettis uni-
formly integrable if the set {{z’, f); f € H,||z’|| < 1} is uniformly integrable in the
space LDE(Q,S , P) (this property, in the context of locally convex spaces, is called
G-uniform scalar integrability in [CRAF00]). If H is scalarly Pettis uniformly
integrable, then it is Pettis uniformly integrable.

Proof. Indeed, we have

lim sup sup / \<$/,f>|dP:0-
A=+ feH p1e By J {1, f)|>a}

For any 2’ € Bg~, one has

") /\<x',u>|dP:/ |<mcu>\dP+/ (&', u)|dP.
A An{[{(z’,u)|<a} An{|{z’,u)|>a}

Let a be large enough in order to ensure

Va' € Bp Yu €M (', u)| dP < g/2.
An{[{z",u)|>a}

Thus, the last term of (*) is < ¢/2. Now, if ¢ is small enough in order to ensure
ad < €/2, we obtain

/ |(z',u)| dP < aP(A) <g/2
An{[(z’,u)[<a}

as soon as P(A) < ¢. ]

Let K be a convex subset of E. Recall that a point € K is a denting point
of K if for any € > 0, = ¢ o(K \ Bg (0,¢)). The set of all denting points of K is
denoted by Ogent (K). Let T': Q — cwk(E) be a scalarly integrable multifunction.
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We denote by Sllfe the set of all Pettis integrable selections of I'. If SIEe is nonempty,
the integral of T' over a S-measurable set A is defined by

/;FdP::{/;fdP;fe Sre}

where fA f dP is the Pettis integral of f over A.

A scarlarly integrable multifunction T" : Q — ¢w/kC(EE) is Pettis-integrable if the
set
{07(2",1); [l'|| < 1}

is uniformly integrable in L (P).

A sequence (uy,) in Pi weakly converges to u € Pg if u,, — u in the topology
of pointwise convergence on Ly’ (P) ® E*.

A subset H in P} is cw/kC(E)-tight (resp. ck(E)-tight) if, for every e > 0, there
exists a cwK(E)-valued (resp. cC(E)-valued) Pettis-integrable multifunction I'.
satisfying:

Sg% P{we O u(w) ¢ T (w)}) <e.

The following is a version of the Lebesgue—Vitali theorem for scalarly Pettis
uniformly integrable functions.

Proposition 6.6.1 Suppose (un)nen s a PUI sequence of scalarly integrable E-
valued functions converging in measure to a scalarly integrable E-valued function
Uoo, then ||ty — Uso|lpe — 0.

Proof. Suppose the conclusion does not hold. There exists € > 0 such that, for a
subsequence still denoted by (wy, )n, V1, |ty — U ||pe > €. Since (uy,)y is PUI there
exists 0 > 0 such that P(A4) < ¢ implies Vn € NU {0}, || Lauy||pe < /3. There
exists a subsequence still not relabeled such that ||u, — us|| — 0 a.e. By virtue of
Egorov’s theorem, there exists B € S such that P(2\ B) < § and ||ty — tuso| — 0
uniformly on B. Let ng be such that Yn > ng, ||u,(w) — us(w)|| < &/3 on B.
Then Vn > ng, we have

llun — UOOHPe < [ 1B(un — U’OO)”Pe + | ]lQ\B(un — Uso)||Pe
S 5/3 + H ]lQ\BunHPe + || ]lQ\Buoo”Pe S .

This contradicts the initial assumption. ]

Proposition 6.6.2 Let E be a separable Banach space, (u™)nen be a scalarly Pet-
tis uniformly integrable sequence of E-valued Pettis integrable functions, that is,
the set

{2, u"()); 2"l <1, n € N}
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is uniformly integrable in Li(Q, S, P). Suppose further that the sequence (u™)nen
is norm tight, then there exists a subsequence (A", cn of the sequence (A\")nen =
(8yn)nen and X € Y1(Q, S, P;E) such that the following hold:

(a) lim, (¢, \*(M)) = (p, \°) for every bounded Carathéodory integrand 1) on Q x
E.

(b) There is a scalarly E*-integrable E**-valued mapping bys : w — by defined
by
i) = [ (0'0) X @),
E

for all z’ € E* and for all w € Q which satisfies

lim g(w)(:z’,uo‘(”)(w))dP(w):/g(w)@’,b)\ac}df’(w)

for all g € L2 (92, S, P) and for all ' € Bg-.

Proof. (a) follows from Theorem 4.3.5. We claim that

(a)
[/ (&, 2)| AP ()] dP(w) = lim [ (', 0 ()] dP(w)
A JE

n A

(6.6.1) /|x u"(w))| dP(w) < 400
Hac H<1 neN

for all A € S and for all 2’ € Bg-. Indeed since {(z’,u"(.)); ||2|| <1, n € N} is
uniformly integrable in L}, the second equality is obvious whereas the first equality
need a careful look. Let A € S and [|2’|| < 1 and let h be the positive Carathéo-
dory integrand h(w,z) := l4(w)|{z’,z)| defined on @ x E. Then the sequence
(h(upn)) = (h(.,un(.))) is uniformly integrable. Now using (a) and Theorem 6.3.5
yields

lim [ h(w, up (@) dP(w) / /h w0, 5) AN (5)] dP(w).
n—ooJa Q
Hence (6.6.1) shows that the mapping: by : w + byoc from € into E** defined by

(bre ') = / (o', ) AN (2)

for all ' € E* and for all w € €, is scalarly integrable, i.e. for every z’ € E* the
function w + (b, ) is integrable. Similarly we have

lim [ )@’ @@} aPe) = [ [ [ g’ a) arz @)] aP)
(6.6.2) - /Q 9(w){a’, bs) dP(w)

for all g € L (Q,S,P) and for all 2’ € Bg-, thus proving (b). ]



6.6. VISINTIN-TYPE THEOREM IN P]i 183

Proposition 6.6.3 Assume that E* is strongly separable and (u™) is a scalarly
Pettis uniformly integrable and norm tight sequence in Py which o(Pg, L™ @ E*)
converges to a Pettis integrable function u>® € Pg(0,S,P), then there exists a
subsequence ()\O‘("))neN of A" pen = (00 )nen and A € Y1(Q, S, P;E) such that
(A en S-stably converges to A which satisfies A° (N, cl{wy, (w); n > p}) =1
and u™(w) = [ d\Y(z) a.e.

Proof. The existence of A*° satisfying the required support property follows easily
from the norm tighness of (u™). According to the preceding proposition, the
barycenter bar (A\J’) = [, zdA(z) belongs to E** and the mapping bar (A*) :
w +— bar (A) is scalarly E*-integrable. As E* is strongly separable there is a
sequence (m;) j in Bg- which separates the points of E**. In view of the preceding
proposition and the weak convergence of (u™) to u® we get

lim [ (2, "™ () dP(w) = /A (2 oo () A P(w)

n—o0 A
= / (2, bar (AZ)) dP(w)
A

for all j and for all A € §. Hence 4> (w) = bar (AY) a.e. ]

The following is a Pettis variant of a result due to Benabdellah [Ben91, The-
orem 3.2] who treated a similar result for the space Li(Q,S,P). See also [Val89,
Theorem 9].

Theorem 6.6.4 Assume that E* is strongly separable, (u™) is a scalarly Pettis
uniformly integrable and norm tight sequence in P]lE which O‘(P%E, L Q®E*) converges
to a scalarly integrable E-valued function u®™ and ¢ : Q x E — [0, +00] is a convex
normal integrand satisfying

(i) K(w):=2o(N,cl{u™(w);n>p}) C dome,,
(#4) limsup,, [, ¢(w,u™(w))dP(w) < [, ¢(w,u>®(w)) dP(w) < 400,
(717) (u™(w), p(w,u>®(w)) is an extremal point of Epip,, a.e.,

then u>®(w) € K(w) almost everywhere, and (u™) converges to u™ for the Pettis
norm.

Proof. From (ii) and Jensen’s inequality we deduce that
| een) i@ = e u™(w) ac.
K(w)
because \?X(K(w)) = 1 and u™(w) = bar (A°) a.e., where A is the Young

measure limit given in Proposition 6.6.3. If (¢*°(w), p(w,u™(w))) is an extremal
point of Epip,, a.e., d,0 () = A a.e. by applying Proposition 6.5.5. By Part 3 of
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Theorem 3.1.2 u*(™) converges to 4> in measure. By virtue of Proposition 6.6.1,
u®(™) converges to u™ for the Pettis norm since (u™) is scalarly Pettis uniformly
integrable. The conclusion follows. ]

Corollary 6.6.5 Assume that E* is strongly separable, (u™) is a scalarly Pettis
uniformly integrable and norm tight sequence in Pl which o(PL, L QE*) converges
to a scalarly integrable E-valued function u® such that u™(w) is an extremal point
of €o(Np cl{um (w); n > p}) a.e., then (u™) converges to u~ for the Pettis norm.

Proof. Apply the preceding theorem by taking

plw,x) = 8(z, e[ ) Hum(W); n > p}))

P

where 0(., C) is the indicator function (in the sense of Convex Analysis) of C.
L]

Now we proceed to a variant of Theorem 6.6.4. A multifunction T : Q —
cwiC(E) is Pettis integrable if it is scalarly integrable, that is, if the function
5*(2’,T(.)) is integrable for every ' € E* and the set {6*(z/,T(.)); ||2’|| < 1}
is uniformly integrable in L (€, S,P). We begin with a lemma formulated for
simplicity in a special case. See [ACV98, Lemma 2.2 page 326].

Lemma 6.6.6 Let E be a separable Banach space. Let ' : Q — cKC(E) be a Pettis
integrable multifunction, and (u,) be a sequence of Pettis integrable selection of T’
which converges o(Pg, L @ B*) to a Pettis integrable selection u of T'. Suppose
u(w) is an extremal point of T'(w) for a.e. w € Q, then ||u, — ul|pe — 0.

Proof. Without lost we may suppose that u = 0 so that 0 € Jext, (I'(w)) a.e. Since
the sequence (u,) is scalarly Pettis uniformly integrable, we need only to prove
that ||u,(.)|| — 0 in measure. Suppose not. Then there exist £ > 0 and 1 > 0 such
that

P({w € & flun(w)ll = n}) = n

for infinitely many n, namely there exists an infinite subset S C N such that the
preceding inequality holds for all n € S. Let us consider the following Pettis
integrable functions

Up = ]l{u/'GQ; Un ("J)eBE(O’E)}un

and wy, := u, — v,. By virtue of Theorem 6.3.4 the sequence (v,) is relatively
sequentially a(P]lE, L @ E*) compact. By extracting an appropriate subsequence,
we may suppose that (v,) converges to v € Pg for this topology. Tt follows that
(wy) converges o(Pg, L™ @ E*) to —v. As 0 € 0oyt (I'(w)) ave. implies 0 € Doyt
(T'(w)) a.e. and u,, converges o (Pg, L®@E*) to 0, we get v = 0. Since Jexy (T'(w)) =
Odent (I'(w)) because I'(w) is convex norm compact, 0 € Ogent(I'(w)) a.e. Hence,
0 ¢ co(T'(w) \ Br (0,£)) a.e. As the multifunction T is scalarly S-measurable, its
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graph belongs S ® Bg. Hence the graph of the multifunction A :=T'(.) \ Bg (0, ¢)
from © to norm compact sets of E belongs to S ® Bg, too. Consequently the
set A ={w e Q% '(w)\ B (0,e) # 0} is S-measurable by a classical mesurable
projection theorem [CV77, Theorem I11.23] (cf. Remark 1.2.1) and it is obvious
that the multifunction ¥ : w — ¢o(I'(w) \ Bg (0,¢)) defined on A is convex norm
compact-valued and has its graph in (AN S) ® Bg. Hence the multifunction ¥
defined on A with nonempty values in the closed unit ball Bg- of E* (thanks to
Hahn—Banach’s theorem):

U (w) = {2’ € Bg-; §*(2/,%(w)) < 0}

has its graph in (AN S) ® Bg_,, where Bg- is endowed with the topology of
compact convergence on E*. Since E is separable, Bg- is compact metrisable for
this topology. Hence ¥ admits a S measurable selection ¢ : A — Bg- and there
is a sequence (o) of simple S-measurable mappings from A to Bg- such that oy,
pointwise converges to o for the compact convergence. It follows that

klggo 0" (ok(w), X(w)) = 0" (0(w), X(w)) < 0

for every w € A. In view of [ACV92, Lemma 3], there are a < 0 and k; € N such
that
Vk >k P({w € A; 6 (0k(w), D(w)) > a}) < g .

Let k > k1 be fixed and set
A ={w € A; §* (o) (w),X(w)) < a} and B, = A\ Ay.

Then we have
lim sup (o (w), vp(w)) <0

n—oo

for all w € Ay. Since oy, is a simple function with values in Bg- and v,, converges
o(PL,L® @ E*) to 0, ((ok,vn))n converges o(Li(Ar), L (Ax)) to 0. It follows
that ((ok,vn))n converges to 0 in measure on Aj. Consequently there exists N;
such that

Vn >Ny PHw € Ag; (or(w),vp(w)) <a}) < g

We have

{0 € A v(w) # 0} = {0 € A va(w) £ 0} U {w € By vn(w) £ 0}
CA{w e Ag; vp(w) #0} U By,
CA{w € Ag; (o (w),vn(w)) < a} U By.

For n > Ny, we have

P{w € 4; vy (w) £ 0}) < P{w € Ag; (o (w),vp(w)) < a}) +P(Bg)
< g + g =.
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Hence for n > Ny, n € S, we get the contradiction
P{w € Q; up(w) € Br+(0,2)}) = P({w € 4; v,(w) #0}) <.
L]

The above results lead to other variants. We mention first the following which
extends Lemma 6.6.6.

Theorem 6.6.7 Let E be a separable Banach space and I' be a measurable mul-
tifunction on Q with bounded closed convex values in E. Let (u™) be a scalarly
Pettis uniformly integrable and norm tight sequence in Py such that u™(w) € T'(w)
for alln and for all w € Q. Assume further that (u™) converges o(Pg, L @ E*) to
a scalarly integrable E-valued function u®. Let ¢ : 2 x E — [0, 4+00] be a convex
normal integrand satisfying

(1) K(w):=co(N),cllfu™(w); n = p}] C domep,,
(44) limsup,, [, ¢(w,u™(w))dP(w) < [, ¢(w,u>®(w))dP(w) < 400,
(#i1) (u™(w), p(w,u>®(w)) is an extremal point of Epip,, a.e.
Then u™®(w) € K(w) almost everywhere, and (u™) converges to u™ for the Pettis

norm.

Proof. We use some arguments given in the proof of Propositions 6.6.2, 6.6.3,
6.6.4 with appropriated modifications. Since (u™) is norm tight there exist a
subsequence (A*(™), <y of the sequence (A"),en = (dun) and A>®° € Y1(Q, S, P;E)
such that the following hold:

(*) lim,, (h, A*™) = (h, A*°) for every bounded Carathéodory integrand i on Q xE.

(**) there is a scalarly E*-integrable E**-valued mapping by : w + byo defined
by

(bre ') = / (o', ) X ()

for all 2’ € E* and for all w € Q which satisfies

) lim [ g@)(u™ (W) dP(w) = / 9(@) (2’ b ) dP(w)

n—oo 0 [e)

for all g € Lg° (2, S, P) and for all 2’ € Bg-.

Since u"(w) € I'(w) for all n and for all w € Q and by (*) A*(™ stably converges to
A%, AP (T(w)) =1 a.e. AsT'(w) is bounded closed convex subset of E, the barycen-
ter of A\ exists [Bou83, Lemma 6.2.2 page 178] and belongs to I'(w) a.e. Now
(**) and (***) follow by repeating the same arguments as in the proof of Proposi-
tion 6.6.3. Using the separability of E and (***) we get u™(w) = [, 2 dAX(z) a.e.
The proof ends as that of Theorem 6.6.4.
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Remark 6.6.8 Theorem 6.6.7 provides an alternative proof of Lemma 6.6.6 via
Young measures, because I' is convex norm compact valued and the set SIEe
of all Pettis integrable selections of I" is sequentially compact for the topology
O'(PIE, L ®E*). But the techniques of Lemma 6.6.6 can be applied to other places,
mainly when the use of Young measures is no longer available. At this point it is
worth to mention that in the results given above, the “scalarly Pettis uniformly
integrable ” assumption combined with the norm tightness of the sequence (u,,)
are crucial in the use of Young measures. In the further results, dealing with
“Pettis uniformly integrable sequences”, we need another method using an appro-
priate truncation technique. It is worthy to address the question: What happens
if one assumes in the framework of Lemma 6.6.6 that the multifunction I is convex
weakly compact valued? This leads to the following variant.

Theorem 6.6.9 Let E be a separable Banach space and I' be a measurable mul-
tifunction on Q with bounded closed convexr values in E. Let (u™) be a scalarly
Pettis uniformly integrable and weakly strictly tight sequence in P]lE such that
u™(w) € T(w) for all n and for all w € Q. Assume further that (u™) converges
o(Pg, L @ E*) to a scalarly integrable B-valued function u>®. Let ¢ : Q x E —
[0, +00] be a convex normal integrand satisfying

(1) T(w) C dom e,
(#4) lirnnsup/Q olw,u"(w))dP(w) < /Q olw,u™(w))dP(w) < +oo,

(i11) (u™(w), p(w,u>®(w)) is an extremal point of Epip,, a.e.

Then u>*°(w) € T'(w) almost everywhere, and (3,,n) M-stably converges to d,. in
the space Y1(Q,S,P;E,).

Proof. We use some arguments given in the proof of Propositions 6.6.2 and 6.6.3
and Theorem 6.6.4 with appropriated modification. Since (u™) is weakly strictly
tight in view of Theorem 4.3.5 there exist a subsequence A*(™) = (0yo(my) of the
sequence (A") = (4,,.) and A>* € Y1(Q, S, P;E) such that the following hold:

()
lim(h, A*(™)Y) = (h, A,
for every bounded Carathéodory integrand h on Q) x E,.
(**) There is a scalarly integrable E-valued mapping by : w + by= defined by

i) = [ (o',2) X a),
E
for all 2’ € E* and for all w € Q which satisfies

=) dim [ (@) (& tapn (@) dPw) = / 9(w) (&, bz ) dP(w),

n—00 0 0
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for all g € Lg° (2, S, P) and for all 2’ € Bg-.

Since u™(w) € T'(w) for all n and for all w € Q and by (*) A*(™) M-stably converges
to A%, we have that AS°(I'(w)) = 1 a.e. AsT'(w) is a bounded closed convex subset
of E, the barycenter of A\2° exists [Bou83, Lemma 6.2.2 page 178] and belongs to
I'(w) a.e. Now (**) and (***) follow by using the same arguments as in the proof
of Proposition 6.6.3. Repeating the arguments given in the end of the proof of
Theorem 6.6.4 shows that 0, (,) = A*°(w) a.e. so that by (*) d,aw M-stably

converges to §,. in Y1(, S, P;E,). ]
Now we proceed to a generalization of Lemma 6.6.6 and its applications. Let

us recall (page 181) that a subset H in Pg is ¢K(E)-tight if, for every e > 0, there
exists a ¢/C(E)-valued Pettis-integrable multifunction T'; satisfying:

sup P({we @ u(w) ¢ Me(w)}) <e.

Theorem 6.6.10 Suppose that E is a separable Banach space, ® : Q@ — Lcw/C(E)
is an LcwK(E)-valued measurable multifunction, (up)nen s a Pettis uniformly
integrable and cKC(E)-tight sequence in Py which converges o(Pg, L™ @ E*) to u €
P with u,(w) € ®(w) (n € N) and u(w) € dext (P(w)) a.e., then |Ju, — ul/p, — 0.

Proof. We may suppose that « =0 and 0 € ®(w) for all w € Q because co(P(w)U
{0}) still belongs to Lcw/C(E). So we have 0 € Jext (P(w)) for a.e. w € Q. Let
e > 0. Since (up)nen is Pettis uniformly integrable, there exists § > 0 such that

P(A) <6 = sup || Laun|lpe < €.
neN

By tightness hypothesis, we find a c/C(E)-valued Pettis integrable multifunction
I's such that

sup P({w € O up(w) ¢ T's(w)}) < 6.

For every n € N, we set

Uy = ]l{w €9; up (W)€l (w)}Un

Wy = ]l{wEQ; un(w)il‘(;(w)}un
and
Aw) == ®(w) Neo(Ts(w) U {0})

for all w € Q. Then it is clear that the multifunction A has nonempty convex
compact values and is Pettis integrable because

Vo' € B 0< 6" (2!, A) <6 (a',Ts U{0}),
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so that {0* (', A); ||l2’|| < 1} is uniformly integrable. Thus v,, € S}°. By Corollary
6.3.3, we may suppose that v,, converges o(Ps, L @E*) to v € SL°, by extracting
a subsequence if necessary. Hence we have
0= lim u, = lim [v, + w,] =v+w
n—oo n—oo
where the limits are taken for o(Pg, L™ ® E*), and w € S3° using Lemma 6.3.8.
Since 0 € Oext (P(w)) almost everywhere, it follows that v = w = 0 a.e. and

0 € Ooxt (A(w)) a.e. This allows to apply Lemma 6.6.6 to the sequence (vy)n
showing that ||v,||pe — 0. Since

[unllpe < [[vnllpe + [[wnllpe < [lvnllpe +¢

for all n € N, and ¢ is arbitrary > 0, ||un||pe — 0. ]

Remark 6.6.11 It is worthy to mention two useful properties of Pettis uniformly
integrable sequences in P%E. Namely we have the following: If (uy)nen is Pettis
uniformly integrable and cw/C(E)-tight (resp. cK(E)-tight), then, for every A € S,
the sequence ([, un dP)pen is relatively weakly compact (resp. norm compact).
It is enough to prove this fact when A = ). Let € > 0. An easy inspection of the
proof of the preceding theorem shows that u,, = v,, + w,, where ( fQ Up dP)pen 18
relatively weakly compact (resp. norm compact) and ||w,||pe < € for all n € N. Tt
follows that the sequence ( fQ tp, dP)pen is relatively weakly compact (resp. norm
compact) too. At this point, let us mention that the preceding norm compactness
results can be also deduced from Proposition 6.3.6 when one deals with the scalar
Pettis uniform integrability. Even in Bochner integration the norm compactness
of ([, un dP)nen is useful in several places. See for example [BGJ94] in which the
authors state the Pettis-norm convergence via Bocce criterion and the preceding
compactness result.

The following result shows that Pettis-norm convergence is implied by strict con-
vexity.

Theorem 6.6.12 Let ¢ : Q@ x E — |—00, +0] be a S ® Bg-measurable integrand
such that p(w,.) is convex lower semicontinuous on E for every fived w € Q. Let
(tn)nen be a Pettis uniformly integrable and ck(E)-tight sequence in Pg. Suppose
that Epi g, € LcwIC(E) for every w € Q, u,, weakly converges to u € P]lE, the func-
tions @(.,un(.)) and o(.,u(.)) are integrable, and ¢(.,u,(.)) converges o(L*, L>)
to (., u(.)) with

(u(w), p(w, u(w))) € Gext (Epip(w,.)) P-a.e.,
then ||uy, — ul|pe — 0.

Remark 6.6.13 If ¢(w,.) is strictly convex, (z,¢(w,z)) is always an extremal
point of Epi p(w,.) for all 2 € E.
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Proof. Since ¢(., u,(.)) converges o(L', L>) to (., u(.)), applying Theorem 6.6.10
to the Pettis uniformly integrable E x R-valued functions

(un, @(, un(.))) and (u, (., u(.)))

and to the multifunction ®(w, .) = Epip(w, .) yields the desired result. The details
are left to the reader. ]

6.7 Visintin-type theorem in Lj.[E](Q,S,P)

Let E be a Banach space. For the sake of completeness we will recall the following
notations and notions and summarize some useful results [BCO1] in the space
Li.[E](P) (shortly Li.[E]) before we state the main result in this section. We
denote by Li.[E] the vector space of scalarly measurable functions f : Q — E*
such that there exists a positive integrable function h (depending on f) satisfying
Vw € Q, || f(w)|| < h(w). A seminorm on L1, [E] is defined by

N (f) = /Q* IIf(w)]| dP(w) = inf{/ﬂth; h is integrable, h > || f ()| }-

Two functions f,g € Lg.[E] are equivalent (shortly f = g (w*)) if (f(.),z) =
(9(.),x) a.e. for every x € E. The equivalence class of f is denoted by f. The
quotient space L. [E] is equipped with the norm N given by

N1(f) =inf{N1(g); g € f}.

Let p be the lifting in £ [E] associated with a lifting p in £3°(P) [ITIT69, VL4].
We denote by £17[E] the vector space of all mappings f € £L.[E] such that there
exists a sequence (A,),>1 in S satisfying:

UA4n=9, ¥n>1 14, f€LE[E], and p(1a,f) = Ly, [

n>1

If f € LgP[E], ||£(.)] is measurable [BCO1, Proposition 3.1(c)] and the quotient
space L]E’f [E] is equipped with the norm

Nuo(P) =Ml = [ 1P
By [BCO01, Theorem 3.2(b)] there is a linear isometric isomorphism
p: (L [E],N1) — (Lg”[E], N1)

so that L. [E] and Ly’ [E] can be identified. In this identification f € Li- [E] is
identified with p(f) and for notational convenience, f is identified with a function
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f € LEP[E]. Let ¢KC(E*) (resp. cwk(E*)) be the set of all nonempty convex norm
compact (resp. o(E*,E**) compact) subsets of the Banach space E*. A cwK(E*)-
valued multifunction T' on 2 is scalarly measurable (resp. integrable) if, for every
x € E, the function 6*(z,T'(.)) is measurable (resp. integrable), where §*(z, K)
denotes the support function of K € cw/C(E*).

Proposition 6.7.1 Suppose that T is a cwK(E*)-valued multifunction on Q and
(fn) is a uniformly integrable sequence in Li. [E] such that f,(w) € T(w) for a.e.
w € Q and for all n, then (f,) is relatively o(Lg.[E](P), (L~ [E](P))*) (weakly)
compact in L. [E].

We only sketch the proof. The details are in [BCO1, Proposition 5.1]. By
[BCO1, Theorem 4.9] there are a sequence (g,,) with g, € co{fm; m > n} and two
measurable sets A and B in Q with P(A U B) = 1 such that

(a) Vw € A, (gn(w)) is o(E*,E**) Cauchy in E*,

(b) Vw € B, there exists k € N such that the sequence (g, (w))n>k is equivalent to
the vector unit basis of 1.

As T'(w) is o(E*, E**)-compact for all w € Q, using (b) one has P(B) = 0.
Hence there is a sequence (g,,) in Lg.[E] with g, € co{fm; m > n} such that
(gn(w)) is o(E*,E**)-convergent a.e. By [BC01, Theorem 4.5] (g,) converges for
o(Lg- [E], (Lg- [E])*) Hence (f,) is relatively o(Lg- [E], (L%E* [E])*)fcompact by a
general criterion for weak compactness in Banach spaces.

In the remainder of this section we shall suppose that [E is a separable Banach
space. By weak convergence, we mean convergence for o(Lg. [E], (Lg. [E])*). Using
Proposition 6.7.1 and the separability of E we have

Corollary 6.7.2 Suppose that I' is a scalarly measurable cle(E*)-valued multi-
function on Q and there is g € Ly such that T'(w) C g(w) Bg« for all w in Q,
then the set Sr of all scalarly integrable selections of I is convex weakly compact
in Lg. [E].

Proof. See [BCO1, Proposition 5.1]. ]

For notational convenience such a multifunction I' is said to be integrably
bounded. Unlike the space LllE(P), the preceding results are not standard and
rely on a deep result involving the Talagrand decomposition in LllE;p [E](P) [BCO1,
Theorem 4.9].

A uniformly integrable sequence (u,) in Li.[E](P) is norm-tight if for every
g > 0 there is a scalarly c/C(E*)-valued measurable and integrably bounded mul-
tifunction ®. on Q with 0 € ®.(w) for all w € Q such that

sup P({w € & up(w) € 2c(w)}) <e.
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It is easily seen that u,, can be written as u, = 14, un+ lg\ 4, un where A, € Sand
1a,un € Se. and || 1o\ 4, unl|L, g < €, so that a uniformly integrable norm-tight
sequence (u,) in Lg.[E](P) is relatively weakly compact in view of Proposition
6.7.1 and Grothendiek lemma, see [ACV92, page 183] for details.

Now we are able to present a version of Visintin’s theorem in Lg.[E](P) in
same style as in [ACV92, Lemme 10 and Théoreme 11] and [Bal91]. Since the
proof follows the same lines, we don’t want to give details so much. Yet this needs
a careful look.

Theorem 6.7.3 Suppose that (u,) is a uniformly integrable norm-tight sequence
in L. [E](P) which weakly converges to u € L. [E](P) and such that u(w) € Oext
(Mnen ©o{ur(w); k > n}) a.e. Then [, [Juy(w) — u(w)|| dP(w) — 0.

Proof. We will divide the proof in two steps.

Step 1. We will prove the theorem in the particular case when (u,) is a uni-
formly integrable sequence in L. [E](P) weakly converging to u € L. [E](P) and
satisfying:

(a) There is a convex norm compact valued multifunction I such that ., (w) €
I'(w) for all n and all w € Q.

(B) u(w) € dext (Nyery Tfup(); k > n}).

Since (||unl|)n is uniformly integrable it suffices to prove that ||u, — u|| — 0 in
measure. We may suppose u = 0. Suppose not. Then there exist € > 0 and n > 0
such that

(6.7.1) P{w e up(w) ¢ Bg-(0,6)}) >n

for infinitely many n (the measurability of {w € ; up(w) ¢ Bg~(0,¢)} will be
proved later); namely there exists an infinite subset S; C N such that the preceding
inequality holds for all n € S;. For every w € €, let

Yo (w) i=of{ur(w); k> n} and X(w):= m Yo (w).
neN

Since the function z’ — ||2/|| is lower semicontinuous on EZ ., Bg«(0,7) is a Borel

subset of E¥ .. As E¥. is a Lusin space and any scalarly integrable multifunction

from Q to the set c/C(EX.) of nonempty convex compact subsets of EZ. has its
graph in § ® Bgx . Now set

A:={w e Q; X(w)\ Bg-(0,¢) # 0},
B = {w e 0 S(w) C By (0,0)),
B, :={w e Q; T, (w) C Bg~(0,¢)}.
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As the graph of the multifunctions ¥ and ¥,, belong to S ® Bg+, and Bg- (0,7) is
a Borel subset of EZ ., by a classical mesurable projection theorem [CV77, Theo-

rem II1.23], (cf. Remark 1.2.1) we see that {w € Q; u,(w) ¢ Bg-(0,¢)}, A, By, B
are S-measurable. Furthermore we have B,, T B because if w € B we have that
Np Xn(w) \ Be:(0,¢) = 0 so that by finite intersection property of compact spaces
there is an integer m such that Ny>y, Xy (w) \ Be+(0,¢) = 0. Pick N such that

n > Ny implies P(B\ B,,) < g . Since
{w € B; up(w) ¢ Be-(0,6)} C B\ By,
we get
(6.7.2) n> N, = P({w € B; un(w) & Bs-(0,)} < Z :
Let us write u,, = v, + w,, where
Un = e un (w)¢Bes (0,0)}Un  aNd Wy := L{weq u, (w)eBgs (0,6)} Un-

Then the sequence (v,,) is relatively sequentially o(Lg. [E], (Lg.[E])*) compact in
view of Proposition 6.7.1 and Eberlein-Smulian’s theorem. There is a subsequence
(Un)nes, where Sy is an infinite subset of S7 such that (v, )nes, converges to v €
Li-[E}(ANS, P‘Ams) for this topology. It follows that (wy,)nes, weakly converges

to u — v. Using a version of Mazur’s theorem in Lg. [E] ([BCO1, Lemma 4.12] and
[ACV92, Lemme 4]), we get

v(w) € ﬂ co{vk(w); k> n,k € S3} C B(w) ae.
neSs

Similarly we have w(w) € X(w) a.e. Since 0 € Joxt (X(w)) a.e. and w,, weakly
converges to 0, we get v = w = 0. As ¥(w) is norm compact and convex in E* we
have that Jext (X(w)) = Odent(Z(w)) in view of [ACV9I2, Lemme 1 page 171]. So
we have

0¢ ¢o[X(w) \ Br-(0,¢)] a.e.

It is obvious that €0 [X(w)\ Bg+ (0, €)] is nonempty convex norm compact (a fortiori
o(E*,E) compact in E*) whenever w € A. Hence the multifunction ¥ defined
from A with nonempty values in the closed unit ball Bg of E (thanks to the
Hahn—Banach Theorem):

U(w) := {z € By: 6*(z,®0[S(w) \ Bg-(0,2)] < 0}

has its graph in (ANS) ® Bg, [CV77, Lemma I11.14]. By [CV77, Theorem III.22],
U admits an S-measurable selection o : A — Bg. Since %, (w) \ Bg-(0,¢) |
Y(w) \ Be~(0,¢) we get

(6.7.3) 8*(o(w),co[Xn(w) \ Be«(0,¢)]) — 6*(o(w), 0 [2(w) \ Bg(0,¢)]).
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y [ACV92, Lemme 3], there are a < 0 and Na such that

3

(6.7.4) n >Ny = P({w € 4; §"(0(w),c0[Z,(w) \ Be«(0,¢)]) > a}) < 1

As vy, is either = 0 or belongs to [X,, (w )\BE* (0,¢)], we have lim supn<a(w)7 vp(w)) <
0. Now since v, — 0 for o(Lg. [E], (LE.[E])*) and Lg®(P) C (L. [E}(P))* in view
of [BCOO], for every h € L' (ANS, P‘Ams) we get

(6.7.5) /A h(w)(0/(w), vn (@) dP(w) — 0.

Therefore by [ACV92, Corollaire D], {(¢(.),v,(.)) — 0 in measure. Consequently
there exist N3 such that

(6.7.6) n> N3 (ne€Sy) = P{we A (ow),v,(w) <a}) <

»-lk\d

Now observe that

{w € A; v, (w) # 0}

C {w € A5 vn(w) # 0 and {0(w), v () > a} U {w € 4 (7(), oa(w)) < a}

CH{w € A; 6" (o(w),c0[X,(w) \ Be=(0,¢6)] > a} U{w € 4; (0(w), v (w)) < a}.
From (6.7.6) we deduce that

(6.7.7) n > max(Na, N3) = P({w € A; v,(w) £ 0}) < g .

But

{L«) € Q; un(w) ¢ Bg- (075)}
= {w €A un(w) ¢ B]E*(ng)} U {w € B; Un(w) ¢ BE*(ng)}
={w € A4; v,(w) #0} U{w € B; up(w) ¢ Br~(0,¢)}.

So by (6.7.2) and (6.7.7) and for n > max(Ny, N3, N3), we get

n > max(Ny, Na, N3) = P({w € A; u,(w) ¢ Be«(0,¢)}) <

N3

That contradicts (6.7.4).

Step 2. Now we pass to the general case. We suppose that (u,) is norm-tight. Let
€ > 0. There is a scalarly cK(E*)-valued measurable and an integrably bounded
multifunction ®, with 0 € ®.(w) for all w € Q such that u, can be written as

Up = 1a, un + Iog\a,un
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where A, € § and 14, un € Se. and || Ig\a, unllr, g < €. By Corollary 6.7.2,

we may suppose that (v,) = (14, u,) weakly converges to v € ng, by extracting
a subsequence if necessary. Hence we have

0 = weak- lim wu, = weak- lim [v, + w,] =v+ w

n—oo n—oo

with w, = Ig\a,un and w € ng similarly. By Mazur’s theorem in Lg.[E]
([BCO1, Lemma 4.12] and [ACV92, Lemme 4 page 173]), we have

(6.7.8) v(w) € [ @{vk(w); k >n} C [ ©{ur(w); k>n} ae.
neN neN
Similarly
(6.7.9) w(w) € ﬂ co{uk(w); k > n}.
neN

As 0 € Ooxt (Nnen t0{ur(w); & > n}) by hypothesis, applying the arguments of
Step 1 to v, and w, gives v = w = 0. Again by [ACV92, Lemme 4 page 173] we
get

(6.7.10) 0=v(w) € Oext (ﬂ co{vk(w); k> n}) ae.
neN

By (6.7.10) we can apply the results stated in Step 1 to the sequence (v, ),, showing
that [|vn ||, g — 0. Since

lunlley, @ < lonlliy, g + lwallus, g < lloally, g +€

for all n € N and ¢ is arbitrary > 0, [[unrz, g — 0. ]



Chapter 7

Applications in Control
Theory

7.1 Measurable selection results

We aim to present in this section some problems in Control Theory governed by
an evolution equation.

Let us recall a known fact (see e.g. [Val90b]). Given an abstract measurable
space (£2,8), a Polish space S, and the set M™1(S) of (Radon) probability mea-
sures on S equipped with the narrow topology. Let v : (©2,8) — M™*1(S). Then
the following are equivalent:

(a) For every open set O in S, w — 1,(0) is S-measurable.
(b) For every Borel set B in S, w +— v,(B) is S-measurable.

(¢) For every positive Bs-measurable function f defined on S, the function w +—
Js f(s) dvy(s) is S-measurable.

Let U be a compact metric space, let C(U) = C(U,R) denote the space of real
valued functions on U equipped with the topology of uniform convergence, and let
M*L(U) be the set of all probability Radon measures on U. It is well-known that
MHH(U) is compact metrizable for the o(C(U)*, C(U))-topology. We need first a
denseness lemma which differs from Theorem 2.2.3 by some hypotheses.

Lemma 7.1.1 (Castaing—Valadier 1971, unpublished) Let (T,7,u) be a
complete probability space and let U be a compact metrizable space. Let T : T —
K(U) be a compact-valued measurable multifunction and let

S(t) = {v e MTI(U); v(I(t) =1}

197



198 CHAPTER 7. APPLICATIONS IN CONTROL THEORY

for allt € T. Let A € Sy (where Sy, is the set of all T-measurable selections
of ¥). Recall that \ = fT 0 @ A du(t). Let € > 0, (gi)ier and (hy)ier two finite
sequences in L' (T, T, 1) and C(U) respectively. If u is nonatomic, then there exists
a T -measurable selection of ', p, such that

where 8, = [0y @ 0,0y dp(t).

Remark 7.1.2 If (7,7, u) is a compact space equipped with a positive Radon
measure f, the preceding lemma provides a denseness result because C(T, C(U))
is identified with C(7 x U) and L*(T, ) ® C(U) is dense in the Banach space
LE(U)(T, 1) so that the following topologies: o (L) LE(U)), o(Leays L'®C(U)),
0 (Loay> C(T) @ C(U)), o(Lgw), C(T x U)) coincide on Sy, C Loy (T, ).

Proof of Lemma 7.1.1. Let us set M := sup;c; [, gi(t)|du(t). As U is
compact, there exists a finite Borel partition (2,7 € J) of U such that for any
pair u, v’ in ©Q;, the following holds:

(7.1.1) |hi(u) — hi(u")] < M Viel.

Let 1o, be the indicator function of Q;, (j € J). Let u; : @ — U be 7,,-mesurable
mappings satisfying: u;(t) € T'(t) N Q; if T'(t) N Q; # 0, and u;(t) € T'(t) other-
wise. The existence of u; is ensured by the Sainte Beuve-von Neumann-Aumann
Selection Theorem (see e.g. [SB74], [CV77, Theorem II1.22]). Let us set Vt € T,
Ve i= 3 iey At(§25)0u; (). Then it is obvious that ¢ — 14 is scalarly measurable
because t — A¢(£2;) is p-measurable. Then

(7.1.2) <V,gi®hi>:/Tgi(t)<Vt, ;}/At )9i (1) h(w;(t)) dp(t).
Further we have

(7.1.3) AN —v,0; @ h;) = /Tgl-(t)w — vg, hy) dp(t),

with

(7.1.4) e — vg, i) :/ ]; 1o, ( ()] dxi(u)

because \; is supported by I'(¢). But the integrand in (7.1.4) is estimated by %
Indeed if w € T'(¢), there exists jo such that u € Q;,, so that

)= 3 o, (whius (t))] = i) — hifusy ()] < —

jeJ
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because I'(t) N Q;, # 0 implies u;, (t) € €, by construction. Taking (7.1.1) and
(7.1.3) into account we have

(7.1.5) (A—v,gi@hi)| <e

for all ¢ € I. As p is nonatomic, by Liapunov’s theorem, there exists a 7—
measurable partition (T}, j € J) of T such that

1) [ M@ @) du(®) = [ aOhius 0) (o)
for all i € I and j € J. Let us set p(t) = u;(t) if t € T; (j € J) and recall

9, = /T(St ®@ dp(t) dpu(t).
Then by (7.1.2) and(7.1.6) we have
(7.1.7) (v, 9i @ hi) = (3,,9: ® hi)
for all ¢ € I. From (7.1.5) and (7.1.7) it follows that
[N gi @ hi) — (3,,9i @ hy)| < e

for all ¢ € I. ]

Remark 7.1.3 1) The preceding result shows that the set Sp of all Lebesgue-
measurable selections (alias original controls) of the Lebesgue-measurable multi-
function I" : [0,T] — K(U) is dense for the above mentioned topologies in the set

Sy, of Lebesgue-measurable selections of the Lebesgue-measurable multifunction
¥:[0,T] - MT1(U) defined by

S(t) = {v e MTI(U); v(I(t) =1}
for all t € [0,T].
2) For further references on the above denseness lemma, see [GH67] and [War67].
Let us mention an easy corollary of Lemma 7.1.1.

Corollary 7.1.4 Let (T,7,u) be a complete probability space, (L,d) be a Lusin
metrizable space and BL(L,d) the set of all bounded real-valued Lipschitz function
defined on L. LetT' : T — B(L) be a measurable multifunction and let

S(t) == {v € ML) W(T() = 1}

forallt e T. Let A€ Sy and A= [ 0; @ \ydu(t). Let € >0, (gi)ier and (hs)ier
two finite sequences in LY (T, T, u) and BL(L,d) respectively. If p is nonatomic,
then there exists a Br-measurable selection of T', p, such that

[(Agi ® hi) —(8,,9: @ hi)| <e, Viel
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Proof. We follow some arguments in [Cas85, Théoreme 2.2]. The space L can
be viewed as a Borel subset of a compact metrizable space (X, d). Let j be the
injection j : L — X. Set j(A); = j(A\¢). Then j(\) € YT, T, p;X). Let ¢ > 0,
(9i)icr and (h;);er two finite sequences in Ll(T, 7, 1) and BL(L) respectively. For

each i € I, let h; be the Lipschitz extension of h; by setting

hi(z) = inf [ln,d(s, z) + hi(s)]

for all z € X, where
|hi(s) = hi(s')] < ln, d(s,8)

for all s,s" € L, and I, is the Lipschitz modulus of the function h;. Now apply the

preceding denseness lemma to j(\) gives a 7-measurable selection of T', p, such

that R R
<]()‘)a 9i & hl> - <5p7 i ® hl)

<e Viel.

Note that
<j(A),gi®i%>:/Tgi(t)%ﬁi(x)dj@)t(x)] dp(t)
— [ 5[] huw)ax(a)] autt
T L

= <)\7gi ® h2>>

because A\¢(L) = 1 for almost every ¢ € T and h; = h;(i € I) on L. This ends the
proof. ]

7.2 Relaxed trajectories of an evolution equation
governed by a maximal monotone operator

Now let us recall and summarize the following result [CFS00, Theorem 2.5].

Theorem 7.2.1 Let H be a Hilbert space and let ¢ : [0, T] x H — [0, +00] be such
that, for each t € [0,T], ¢(t,.) is convex proper l.s.c. and inf-ball-compact, (that
is, for every t € [0,T] and for every r > 0, the set {x € H; ¢ (z) < r} is ball-
compact i.e. its intersection with any closed ball in H is compact). Assume that

there are a Lipschitz function k : H — RT and an absolutely continuous function
a:]0,T] — R with ‘fj—‘f € L2, ([0,T)), such that for all (s,t,x) € [0,T]x [0, T] xH

Pt x) — 9" (s, 7) < k(x)]e(t) — as)|

where ©*(t,.) := sup, ey ((y,.) — p(t,y)) denotes the Fenchel conjugate of ¢(t,.).
Let F :[0,T] x H— cwkK(H) be a cwkK(H)-valued multifunction such that
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(1) Yz € H, F(.,x) is Lebesque-measurable on [0,T],

(i1) Yt € [0,T], F(t,.) is upper semicontinuous on H,

114) there exists a function c € L2+ 0,T)) such that
R

F(t,z) Cec(t)(1+ ||lz|)Bu, Vte|[0,7], VzeH.

Then, for each ug € domp(0,.), there is an absolutely continuous solution wu :
[0,7] — H to the problem % € —0p,(u(t)) + F(t,u(t)) a.e. with the initial con-
dition u(0) = ug € domp(0,.). Moreover the solutions set of this equation is
compact for the topology of uniform convergence.

Example 7.2.2 In the following U is a compact metric space, ' : [0,7] — K(U)
is a Lebesgue-measurable compact valued multifunction, H is a separable Hilbert
space, and ¢ : [0, T] xH — [0, +00] is such that, for each ¢ € [0, T}, ¢(t,.) is convex
proper l.s.c. and inf-ball-compact.

Let us consider a mapping g : [0,7] x H x U — H satisfying:
(7) For every fixed t € [0,T], g(t, .,.) is continuous on H x U.
(#3) For every (z,u) € H x U, ¢(.,z, u) is Lebesgue-measurable on [0, 1.

(iii) For every n > 0, there exists [(n) > 0 such that ||g(t,2,u) — g(t,y,u)| <
I(m)|lx — y|| for all t € [0,T] and for all (x,y) € Bu(0,7) x Bu(0,n).

(iv) There exists ¢ > 0 such that g(t,z,u) C ¢(1 + ||z||)By for all (¢,z,u) €
[0,7] x H x U.

We aim to compare the solutions set of the two following evolution equations:

(PO) uP(t) € _8@t(up(t))) +g(t7up(t)7p(t)) a.e. t e [O’T]a
u,(0) = 9 € dom (0, .),

where p belongs to the set U of all original controls, i.e. p is a Lebesgue-measurable
mapping from [0,7] into U with p(t) € I'(¢) for a.e. t € [0,T7], and

(Po) {m(t) € —0pi(un(t)) + Jr 9t ua(t),u) dXi(u) ae. t € (0,7,
ux(0) =z € dom(0,.),

where A belongs to the set Sy, of all relaxed controls, i.e. A is a Lebesgue-measurable
selection of the multifunction ¥ defined by

S(t) = {v e MT(U); v(I(t) =1}

for all t € [0,T]. Note that when A(t) is a bounded linear operator and H is finite
dimensional, the problem under consideration is quite classical in the theory of
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Optimal Control (see, for instance, [GH67, War67, War72]). So we don’t want
to go into details, but only show the main facts. At this point, we use similar
arguments as in [Jaw84] exploiting the compactness of solutions set obtained in
Theorem 7.2.1. For each A € Sy, let us set

ha(t,x) := /F(t) g(t, z,u) dre(u)

for all (t,x) € [0,T] x H. Then h) is measurable on [0, 7] and satisfies:

(*) For every n > 0, there exists {(n) > 0 such that ||hx(t,z) —ha(t,y)|| < U(n)||z—
y|| for all ¢ € [0,T] and for all (z,y) € Bu(0,7n) x Bu(0,7n) thanks to (iii).

Moreover since A\ (I'(¢t)) = 1, we have

(**) ha(t,z) €co g(t,z,T(t)) Cc(1+ ||z|) B, V(t,x)€[0,T] x H.

So, in view of Theorem 7.2.1 and the mononicity of the subdifferential operator
Jyy, for each A € Sy, there is a unique solution u) for the problem

{u)\(t) € —0pe(un(t))) + fF(t) g(t,un(t), u) d\i(u) a.e.te0,T],
(Pr)
ux(0) = 29 € dom (0, .).

By (**) and Theorem 7.2.1, we see that the solutions set {ux; A € Sy} of (Pr)
is relatively compact in the space C ([0, 7], H) of continuous mappings from [0, T
to H, endowed with the topology of uniform convergence. It is obvious that the
solutions set {u,; p € U} is a nonempty subset of {ux; A € Sx}.

Proposition 7.2.3 The set {u,; p € U} is dense for the uniform norm in the
compact solutions set {ux; A € Sg}.

It is obvious that Proposition 7.2.3 follows from

Lemma 7.2.4 The mapping A — uy defined on the o(L&y- ([0, T]), Lé(U)([O, T)))
compact set Sy, has a closed graph.

Proof. Let A™ — A\* for the o %O(U)*([O,T]),Lé(U)([QT])) topology and uyn —
Uoo in C([0,T],H) where uy» (n € NU {o0}) is the unique absolutely continuous
solution of the equation

Uxn (t) € =0pe(urn (1)) + [pepy 9(t uan(t),u) dA (u) ae. t €0, T,
uan(0) =z € dom (0, .),

then us, = uy~. We have

hn (t, Upn (t)) — Upn (t) < 8<pt(u)\n (t))
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and
hoo (t, U)o (t)) — U)o (t) S agot(upc (t))
for a.e. t € [0,T]. Since d¢p, is monotone,
(uan (£) = wxoe (), han (£, urn (£)) — tan (£) — haoe (£, ures (£)) +tda== (£)) =2 0
a.e. in [0,T]. So

1d
3 gl (8) = e (D7 < (uan (£) = wr (8), han (, uan () = hae (8, r= (1))
a.e. in [0, 7). Integrating on [0, ] gives

%IIUM (1) — ur= (1)]* < /0 {urn(s) = uree (8), han (s, urn (s)) = haee (s, ur==(s))) ds.

Let us set
Ln(t) = /0 {urn (s) = ur= (), han (s, uan () — hase (s, ur=(s))) ds.

Then L, (t) = L} (t) + L2(t) + L3 (t) where
LL(t) = / (tne () — e (), B (5, e (8)) — Poye (5, wre (5)) s,
12 (1) = / (ure () — oo (£), e (5,1 (5)) — a (5, ur (s))) ds,

Li(t) = /0 (Uoo(8) — Unoe (8), Axn (8, Uuxree (8)) — hxe (s, ur=(s))) ds.

As [[ha(t,z)|| < e(1 +||z||) for all A € Sy and for all (t,z) € [0, 1] x H, using (**)
gives the estimate

L2 (8)] < 2¢(1 +n)[[uan = uoolc(o,1).m),
with sup{|luxllc(o,1i,m); A € Sz} < n < +oo. Thus L2(t) — 0 when n — oo
uniformly in [0,1]. Similarly by (iv) the integrand
F(5,0) := (oo (8) — ur= (), g(8, ur=(s),v))

is estimated by
[£(s,0)] < (1 +n)l|uce — ur=<llc(io,1,m)

for all (s,v) € [0,T] x U. Hence f € Lé(U)([O,T]). As (A™) converges in the
topology O’((L%O(U)*,LE(U)) to A%, it is immediate that for every ¢ € [0,T],

/ot [/U f(s,0) AN} (v)] ds — /0 [/U flen e
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when n — oco. So lim,,_, L3 (t) — 0. Using (*), there is [(n) > 0 such that

ILL(0)] < / 1) lur (5) — wree (5)]2 ds.

Finally we get
1 t
g lluxn (8) —ur= ()1 < Lo (1) + Li(#) + / 1) |lurn (s) = uree (s)]|* ds.
0

As the functions L2(.) and L3(.) are continuous with L2(t) — 0 and L3 (t) — 0,
by Gronwall’s lemma we conclude that

urn (t) = upe (t) = uso(t), Vte€[0,1],

and so upe(.) = Uso(.) and the set {ux; A € Sy} is compact in C ([0, 7], H).

L]

Example 7.2.5 Let V be a convex weakly compact subset of H and let A :
[0,T] — cwK(V) be a convex weakly compact valued upper semicontinuous mul-
tifunction. In view of [CV77, Theorem IV.16], the graph of the multifunction
Oext (A) 1t Oext (A(t)), is a Borel subset in [0,7] x V. Then it is easy to see
that the denseness property given in Remark 7.1.3 of Lemma 7.1.1 is still valid if
we replace I' by Oext (A) and ¥ by ¥ where

U(t) :={v e MPI(V); v(0ext (A1) =1}

for all ¢ € [0,T]. Using the continuity property stated in Lemma 7.2.4 we conclude
that the solutions set of the equation:

nay [0 € =D1(,(0) + a0, 0).p00)) et € [0.7)
Oext (A) Up(O) =29 € dom 90(0; -)’

where p belongs to the set of all Lebesgue-measurable mappings from [0,7] into
U with p(t) € Oext (A(t)) for a.e. t € [0,T7], is dense in the solutions set of

(Po) ux(t) € —0p(ux(t)) + faext(A(t))g(t, ux(t),u) dr(u) ae. te0,T],
ux(0) =z € domp(0,.),

where ) is a measurable selection of the multifunction ¥ defined above.

Comments The variations of our techniques can be applied to other problems
in Optimal Control involving Young measures. For instance, one can treat the
same problem, when d¢p; is replaced by a maximal monotone operator A(t). More
important is the study of differential inclusions governed by nonconvex sweeping
process that we develop below.
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7.3 Relaxed trajectories of a differential inclusion
in a Banach space

Let us consider a separable Banach space E and a compact metric space U. Recall
(Lemma 7.1.1) that the set St of all Lebesgue-measurable selections (alias original
controls) of the Lebesgue-measurable multifunction I' : [0,7] — K(U) is dense for
the above mentioned topologies in the set Sy, of Lebesgue-measurable selections of
Lebesgue-measurable multifunction ¥ : [0, T] — M™*1(U) defined by

S(t) = {v € MTI(U); v(I(t)) = 1}
for all t € [0, 7.
Example 7.3.1 Let us consider a mapping g : [0, 7] x E x U — E satisfying:
(i) For every fixed ¢ € [0,77, g(t,.,.) is continuous on E x U.
(#4) For every (x,u) € E x U, g(.,z,u) is Lebesgue-measurable on [0, T].

(iii) For every n > 0, there exists I, > 0 such that ||g(t,2,u) — g(t,y,u)|| <
lyllz — y|| for all t € [0,T] and for all (z,y) € Bg(0,7) x Bg(0,7).

W ere exists a convex compact valued integrable bounded multifunction @ :
;v) Th i lued i ble bounded Itif ion ®
[0,T] — cK(E) such that g(¢,z,U) C (1 + ||z|)@(t) for all (¢,z) € [0,T] x E.

We aim to compare the solutions set of the two following differential inclusions:

1) = 9(t, up(0), o) ac. t € [0,7T),
(Fo) {up(O) =x9 € E,

where p belongs to the set U of all original controls, i.e. p is a Lebesgue-measurable
mapping from [0,7] into U with p(t) € I'(¢) for a.e. t € [0,T7], and

(Pe) {a,\(t) = Jow 9t ua (1), 2) dNi(2) ae. t €0, T),
U)\(O) =29 € E,

where A\ belongs to the set Sy of all relaxed controls, i.e. A is the Lebesgue-
measurable selection of the multifunction ¥ defined by

B(t) = {v € MTI(U); v(I(t) = 1}

for all t € [0,T]. Note that the existence of absolutely continuous solutions for the
preceding equation is well-known. Namely we have

w(®) = 0+ [ glsu,(s).p(9) ds, V1 € 0.7],
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and
ux(t) =x0+/0 [/F(t)g(s,uk(s),z) A (2)]ds, Vi € 0,T].

Moreover we will see that the solutions set {ux; A € Ss} of (Pg) is compact in
C([0,T],E) It is obvious that the solutions set {u,; p € U} is a nonempty subset
of {ux; A € Sy}.

Proposition 7.3.2 The solutions set Sg of (Pr) is relatively compact in
C([0,T],E)
Proof. Set |®(t)| := sup{||z||; = € ®(¢)} for every t € [0,T]. For simplicity we

may suppose g = 0. Then we have
t
[ux(D)]] < /O |(s)[(1 + [[ux(s)]) ds, vt € [0,T].
By Gronwall’s lemma we get
t
lux(@)] +1 < 2(t) := exp(/ [@(s)|ds), Vte[0,T],
0

this entails
h(s,uxr(s),As) € (lux(s)|]| + 1)®(s) C z(s)P(s), Vs e [0,T].

Thus Sg is included in the primitive P(¥) of the multifunction ¥(.) := z(.)®(.),
namely

P(U) :={u:[0,T] - E; u(0) = /f ) ds, (s) ae.}.

Making use of Ascoli’s theorem and Banach-Dieudonné’s theorem (cf. Proposi-
tion 6.2.3 or Proposition 6.3.6) we see that P(¥) is compact in C ([0, T],E).

[]

Proposition 7.3.3 The set Sp = {u,; p € U} is dense for the uniform norm in
the compact solutions set Sg := {uy; A € Sg}.

We shall need the following Gronwall-type lemma.

Lemma 7.3.4 Let | be a positive Lebesgue-integrable function defined on [0,T],
and a and h two nonnegative continuous functions defined on [0,T] such that

t

a(t) <h(t)+ [ l(s)a(s)ds

0
for allt € [0,T). Then we have

exp(— /Otl(s)ds) /Otl(s)a(s) ds < /Otexp(— /OSZ(T) dr) i(s)h(s) ds

for allt €10,T7.
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Proof. Let us set b(t fo s)ds for all t € [0,T]. Then we have

& 1b(r) exp(~ / 1) ds)) = [1)alt) = bONO] exp(= [ 1))

< U()h(E) + b)I(E) — b)I(L)] exp(— /0 I(s) ds) = I(t)h(t) exp(— /0 I(s) ds).

Hence the result follows by integrating on [0, ¢]

exp(— /0lt I(s)ds) /Ot l(s)a(s)ds < /0lt exp(— /OS I(1)dr)l(s)h(s) ds.

L]

First proof of Proposition 7.3.3. Since Lé(U)([O,T]) is separable, Sy; is com-
pact [CV77, Theorem V.2] metrizable for the o*-topology on L&y ([0, 7). Hence
it is enough to show that A — wu} is sequentially continuous on Sy, for this topology.
Let A\ — A in Sy. For every t € [0, T], we write

Upeo (1) — upn (t) = /o [/U g(s,ur=(s),z) dA>(z)] ds
(7.3.1) —/O [/Ug(S’UAOO(S)72) dA\2(2)] ds
[ ot (9.2) = g, a0 (5), 2] N2 )] s

Let us set

an(t) = [[uxs () — uxn ()|,
by, (t) ::/0 [/Ug(s,u,\oo(s),z)d)\oo ds—/0 [/Ug S, Upe (8), 2) dAL (2 )] ds,

cn<t>:=/0t[/Ug<s7uAm<> 2) ANz ds—// s, uan (), 2) N2 ()] ds,
da(t) = [ba (1)

By Proposition 7.3.2, the solutions set of (Pg) is relatively compact, hence there
is 7 > 0 such that supycg [luallc(o,r,e) <n- By (iii) there is [;, > 0 such that

llen (@] S/O Iy[luxs(s) = uan(s)|| ds

an(t) < dn(t) —|—/0 lnan(s)ds

for all t € [0,T]. Hence
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for all ¢t € [0,1]. By Lemma 7.3.4, we have

(73.2)  exp(— /Ot 1, ds) /Ot Ly an(s) dsg/otexp(— /Ot L ds) L (£)dn () dt

for all t € [0,T] and for all n € N. We are going to check that d,,(¢) — 0 for every
t € [0,T]. Since (by,) is relatively compact in C ([0, 7], E), it is sufficient to prove
that

lim (z',b,(t)) =0

n—oo

for every o’ € E* and for every ¢ € [0,T]. Let us set
f(s) rum (@ g(s,ur(s),u)) (s €[0,7], uel).

By (iv), f € LE(U)([O,T]) and we have

(' b (1)) = / (F(), A — A" ds.

Thus the second member tends to 0 because A" — A°° stably. So

t t

lim lydy(s)ds = / lim [, dy(s)ds = 0.
0

n— oo 0 n—00

By (7.3.2) this implies that

¢
lim Iy, an(s)ds = 0.

n—oo 0

Finally making use of (7.3.1) we get

lim a,(t) < lim [d,(t) + /t lnan(s)ds] = 0.

n—oo n—oo

[

The preceding proof is somewhat traditional. We will present below a short
and different proof using the fiber product of Young measures (Theorem 3.3.1).
This fact will be used in other places.

Second proof of Proposition 7.3.3. We are going to prove that the graph
of the mapping A — uy from Sy into the Banach space C ([0,7],E) is compact.
Recall that the set Sk is relatively compact in C([0,7T],E), Hence the set K :=
{ux(t); (A\,t) € Sy x[0,T]} is bounded (even relatively compact) in E, so that, with
the notations of the proof of Proposition 7.3.2, ||g(t, z, 2)|| < (1+|K|)|®(t)] for all
(t,z,2) € [0,T] x K x U. Let (A\") be a sequence in Sy. By compactness we may
assume that A" stably converges to A and wuy» converges to us € C([0,T],E).
Let 2/ € E* and ¢t € [0,7]. Then we have (2',uc(t)) = lim,(x’, ux~(t)) and
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duyn @ A" stably converges to §,,  ® A> by the Fiber Product Lemma (Theorem

Zuzn
3.3.1). As the integrand (s, z, z) — (z', g(s,z, 2)) is L'-bounded on [0, T] x K x U,
it follows that

lim / [ @ a5 (5), )2 (01 = /[/ (&, g5, oo (5), DA (d2))ds

So we deduce that e (t) = [i; g(s, too(s), 2)A°(dz) a.e. By uniqueness, we have
necessarily oo = Uy ]

7.4 Integral representation theorem
via Young measures

When dealing with relaxed trajectories of the above differential inclusions we are
concerned with trajectories of the evolution equation of the form

{ux(t)eA(t) £+ frep 9(tua(t), w) di(u) ae. t € (0,7,
(Pr) ()
U)\(O) =g € domA( ),

where A(t) is a maximal monotone operator and A belongs to the set Sy of all
relaxed controls, i.e. A is the Lebesgue-measurable selection of the multifunction
Y. defined by

S(t) = {v € MTI(U); v(T(t)) = 1}

for all t € [0,T]. As
/F 900, 0 (w) € T g(1us(0). ()

for almost all ¢ € [0, 7], uy is an absolutely continuous solution of the differential
inclusion

™) u(t) € A(t)ux(t) +co F(t, u(t))

where
F(t,x) = g(t,z,[(t)) :={g(t,z,u); u e T'(¢)}.

In the present context the relaxed trajectories for (Pr) coincides with the trajec-
tories of the differential inclusion (*). This consideration leads to some integral
representation theorem involving Young measures. In the following the control
space U is a Polish space and E is a separable Banach space.

Proposition 7.4.1 Suppose that T : [0,T] — K(U) is a compact valued measur-
able multifunction and g : [0,T) x U — E is a Carathéodory mapping such that
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t — sup{||g(t,w)||; w € T'(t)} is integrable on [0,T], and v : [0,T] — E is an inte-
grable function such that v(t) € €6 g(t,I'(t)) for a.e. t € [0,T], then there exists a
Young measure A € Y*(Q, S, P; U) such that

u(t) :/ g(t,u) dXi(u) a.e.
r'(t)
Proof. We only sketch the proof. Let
h(t,v) ::/ g(t,u) dv(u).
r(t)

Then h is a Carathéodory mapping from [0, 7] x M*1(U) to E,. By our assump-
tion we have
v(t) € h(t,X(t)) a.e.

where

2(t) = {v € MTH(U); v(D(1) = 1}

for all t € [0,7]. As ¥ is measurable, applying a measurable selection theorem
[CVT7, Theorem III.22], we get the required result. ]

Proposition 7.4.1 is a parametric version of Choquet’s theorem. In the same
spirit, using Young measures, we provide a characterization of measurable selec-
tions of a measurable multifunction of the form @o(T"), where T is a given mea-
surable multifunction, below an epigraph valued one. See also [Ben91, Proposi-
tion 2.1].

Let R™ denote the set of real sequences with finite support, and for k € N

Ay = {(7’1;)120 e RM™; 7 >0, Zm =landr =0ifi < k}
>0

Let (uy)n be a sequence in L. [E]([0,T]) and u € L. [E]([0,T]). One says that u,,
Mazur converges a.e. to u if there exist sequences (t¥); with (tF); € Ay such that
Hu(t) =250 thui(t)|| — 0 a.e. as k — oo.

Proposition 7.4.2 Let E be separable Banach space and let f : [0,T] x Ef —
[0,400] be a normal integrand. Let (uy,) (resp. (1)) be a bounded sequence in
Li-[E]([0,T]) (resp. L([0,T])) which satisfy:

(1) flt,un(t)) < n(t) for allt € [0,T] and for all n.

(i1) (un) Mazur converges a.e. to u € L. [E]([0,T]) and () Mazur converges
a.e. top € Ly([0,T)) with the same coefficients, that is, there exist sequences
(tF); € Ay satisfying both

|u(t) — thuz(t)n — 0 ae.

i>0
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and

- th%(t” — 0 ae.

i>0

Then there exists a Young measure A € Y*(Q, S, P; E*) such that
u(t) = bar (\;) and /f(t,x) dM\i(z) <Y(t) ae
E

Proof. We will follow some arguments in [Ben91, Proposition 2.1]. We can con-
sider as R™ as a topological subspace of the separable Banach space ¢*. For
every positive integer k let us consider the multifunction Xy, from [0, T] to subsets
of RN defined by

E(t) = {(Ti)izo € Ag; ||U(t)*z7'¢ ui(t)|| < 1/k and |¢(t)*zri ei(t)] < 1/k}

i>0 i>0

Then X (t) is nonempty for all ¢ € [0,T]. Further the multifunction ¥y is graph-
measurable because setting, for n > k, A} = {(r)i>0 € Ag; r; = 0if ¢ > n},
gph (Xx) equals

U{(t0iz0) € 0,71 x A

n>k
[Ju(t) - Zri ui(t)|] < 1/k and |¢(t) — Zri'l/)i(t)‘ < 1/k}
i>0 i>0
and (¢, (73)i>0) — Hu(t) — Zizo T ui(t)H and (¢, (13)i>0) |1/) l>0 T 1/Ji(t)|

are measurable on [0,7] x A?. Pick a measurable selection t* : t — (tf(t))izo of

Y, and let us set
)\f = Z tf (t)éui(t)
i>0

for every t € [0,T]. Tt is obvious that (A¥); is tight in Y'(Q,S,P;E%). By
Theorem 4.3.5 we may suppose that (A\¥); stably converges to a Young measure A €
VI, 8,P;E%). Let A be a fixed measurable subset in [0, 7]. By the Portmanteau
Theorem 2.1.3, we have

/A[/Ef(t,a:)dAt(x dt<hm1nf/ /ft:z: ) dNk(z)] dt

:liminf/ Ztk f(t,u(t))] dt

k—oo
>0

< lim inf R
<ty [ [0

>0
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In view of the Biting Lemma, there is a nondecreasing sequence (T},) of measurable
subsets of [0,T] such that U,T,, = [0,7] and a subsequence (¢},) of (¢,) and a
subsequence (uj,) of (uy,) such that (17,1,) (resp. (11, u;,)) is uniformly integrable
in Li(T},) (vesp. L. [E](T})). Tt follows that

[ stmanla < im [ 1S dow) = [ v

A >0

for every measurable set A contained in 7},. So we conclude that

/Ef(tvx) dM\i(z) < Y(t) a.e.

on each T),, thus the preceding inequality is true a.e. on [0,T]. Now consider the
integrand h := 14(z,.) where A is a measurable set subset of T}, and « € E. Then
h is a Carathéodory integrand such that h(ul,) is uniformly integrable in L (T},).
From Theorem 6.3.5 and the stable convergence of (A¥); to A, it follows that

/A<z,bar()\t)>dt: lim [ (2, > () ui(t f/lél(:c,u(t))dt,

k—o0
>0

for every measurable set A C T}, and for every x € E. So we can conclude that

u(t) = bar (\;) a.e. ]

7.5 Relaxed trajectories of a differential inclusion
governed by a nonconvex sweeping process

The material in this section is borrowed from [CST01]. Let us consider a compact
metric space U. Recall that the set Sr of all Lebesgue-measurable selections (alias
original controls) of the Lebesgue-measurable multifunction I' : [0,7] — K(U) is
dense for the above mentioned topologies in the set Sy of Lebesgue-measurable
selections of Lebesgue-measurable multifunction ¥ : [0, 7] — M™1(U) defined by

B(t) = {v e MPHU); v(D (1) = 1}
for all t € [0, T7.

For each t € [0, 7], let C(t) be a nonempty closed subset in R?. We will asssume
that

(Hy) For each t € [0,T], C(t) is a nonempty closed subset in R? and the sets C/(t)
are p-proximal-regular (in the sense of Poliquin-Rockafellar—Thibault [PRT00])
for some fixed p € [0, +0o0],
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(Hz) C(t) varies in an absolute way, that is, there exists an absolutely continuous
function v : [0,T] — R such that

|d(z, C(t)) = d(y, C(s))] < [lz =yl + [v(t) — v(s)|
for all z,y € R% and s,t € [0, T].

Recall (see [PRT00]) that, when a closed set S C R is p-proximal regular, the
Clarke normal cone Ng(.) is p-hypomonotone, that is, for all z; € S, 7 = 1,2 and
for all v; € Ng(u;) N Bra(0, p), one has

(v1 —v2,u1 —ug) > —[Jus — U2||2 .

Here, {.,.) denotes the usual inner product un R? and ||.|| is the Euclidean norm.
The following is a uniqueness result.

Proposition 7.5.1 Let g :[0,1] x R — R? be such that

(t) for every m > O there exists a nonnegative Lebesgue-integrable function [,
defined on [0, 1] such that ||g(t,x) — g(t,y)|| < 1,(@)||z —y|| for all t € [0,1]
and for all (z,y) € B(0,n) x B(0,n),

(#0) there exists a nonnegative Lebesque-integrable function ¢ on [0,1] such that
lg(t, )|l < c(t)(1 + ||z]|) for all (t,z) € [0,1] x R™.

Let ug € C(0). If uy and uz are absolutely continuous solutions to

u(t) € =Ne (u(t)) +g(t, u(t)), ae. tel0,1],
u(0) = uo,
then u1 = us.

Proof. Let uy,us be two absolutely continuous solutions to the problem under
consideration whose existence is ensured by [CST01, Theorem 1.5 page 225]. Then
we have

(7.5.1) g(t,ur(t)) — a1 (t) € Nog (ui(t))
and
(7.5.2) g(t,uz(t)) — u2(t) € Nog(uz(t))

a.e. Let m(t) = ||g(t, w1 (¢)) ||+ |lg(t, u2(t))||. Then by (7.5.1)—(7.5.2) and repeating
the arguments given the proof of Proposition 1.2 in [CSTO01] via the hypomono-
tonicity of the normal cone, one has

(gt ur(t)) =i () — (g(t, ua(t)) — u2(t)), ua (t) — ua(t))
0(t) +m(t)

(7.5.3) > lus(t) — us (B ace.
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Consequently

(1 () = ta(t), us (t) — ua(t)) < (g(t,ur(t)) — g(t, ua(t)), ua (t) — ua(t))

(7.5.4) n m*pm(” s (8) — s ()]

Pick n > 0 such that n > |jui || + ||uzl||,,. The Lipschitz property (i) allows us to
derive from the inequality above that

. . o(t) + m(t) 5
() — t2(t), ur(t) — ua(t)) < (ln(t) + p) [ur (t) — u2(t)]|
and hence
d o(t) +m(t)

Sl ) Ol <2 (1,0 + ) a0 = w1

p

So we obtain for all ¢ € [0,7]

slun® el < [ (10 + 0 fus6) — uate) ?as.

By applying Gronwall’s lemma we conclude that uy = us. ]
Let us consider a mapping g : [0, 1] x R? x U — R? satisfying:
(i) For every fixed t € [0,1], g(t,.,.) is continuous on R¢ x U.
(i) For every (z,u) € R x U, g(.,z,u) is Lebesgue-measurable on [0, 1].

(#i1) For every 11 > 0, there exists I, € L ([0, 1]) such that ||g(¢, z,u)—g(t, y,u)| <
Ly (t)||x —y|| for all t € [0,1] and for all (x,y) € Bra(0,n) X BRd(O n).

(iv) There exists ¢ € Ly ([0,1]) such that g(t,z,U) C ¢(t)(1 4 ||z||)Bra for all
(t,z) € [0,1] x R™

We aim to compare the solutions set of the following two differential inclusions:

uc(t) € =Ny (ue(t)) + g(t,uc(t),C(t)) ae. t€0,1],
(Fo) {u<<0> — z9 € C(0),

where ¢ belongs to the set U of all original controls, i.e. { is a Lebesgue-measurable
mapping from [0,1] into U with {(¢) € I'(¢) for a.e. t € [0, 1], and

(Po) {m(t) € —New () + frg 9t ua(t),u) dri(u) ae. t € [0,1],
UA(O) =9 € C( ),
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where A belongs to the set Sy, of all relaxed controls, i.e. A is a Lebesgue-measurable
selection of the multifunction ¥ defined by

() = {v € MH(U); w(D(1)) = 1}

for all t € [0,1]. A nice example was given in [Jaw84] in which the author studies a
similar problem in the case of an evolution equation governed by a convex sweeping
process, namely when C(.) is a closed convex absolutely continuous multifunction.
For each A € Sy, let us set

ha(t,z) == /F(t)g(t,w,u) dXi(u),

for all (t,z) € [0,1] x R%. Then h), is Lebesgue-measurable on [0, 1] and satisfies:
(*) For every n > 0, there exists I, € Lg+ such that [[hy(¢,x) — ha(t, )| <

l,(t)||lz — y| for all t € [0,1] and for all (z,y) € Bga(0,n) x Bgra(0,n) thanks to
(i)

Moreover since A\ (I'(t)) = 1, we have

() ha(t, ) € g(t,z,T(t)) C c(t)(1 + ||z[|) Bga,

for all (¢t,z) € [0,1] x R4,

So, in view of Proposition 7.5.1 and for each A € Sy, there is a unique solution
u) for the problem

(PR) 771)\(75) € NC(t)(uA(t)) + f[‘(t) g(ta U)\(t), u) d)‘t(u) a.e. t € [07 1]7
U,\(O) =9 € C(O)
By (**) and Theorem 1.5 in [CSTO01], we see that the solutions set {ux; A € Ss}

of (Pr) is relatively compact in C ([0, 1],R?). It is obvious that the solutions set
{u,; p € U} is a nonempty subset of {uy; A € Sy}

Theorem 7.5.2 The set {u,; p € U} is dense for the uniform norm in the com-
pact solutions set {ux; A € Sy}.

The above denseness result is well-known in Optimal Control when (Pg) and (Po)
are reduced to clasical ordinary differential equations. Theorem 7.5.2 follows from

Lemma 7.5.3 The mapping A — uy defined on the o(L& )« ([0, 1],Lé(U)([O, 1]))
compact set Sy, has a closed graph.
First proof. More precisely, let A" — A* for the o (L¢y- ([0, 1]),Lé(m)([07 1))

topology and uxn — us in C ([0,1],R?), where uy» (n € NU {oo}) is the unique
absolutely continuous solution (cf. Proposition 7.5.1) of the equation

Upn (t) € 7NC(t) (u,\n (t)) + fF(t) g(t, Uxn (t),u) d/\?(u) a.e. t € [0, 1],
uAn(O) =9 € C(O),
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then us = up~. Put n := sup,¢ g, |urllc(o,1),re), then we have n < +oc0 re-
membering that the solutions set {ux; A € Sy} of (Pr) is relatively compact in
C ([0,1],R%). We have

hoxn (t, unn (1)) = wan (t) € Negry (uan(t)),

and
e (E, unee (t)) = tire (t) € Nor (uas= (1)),

for a.e. t € [0,1]. Notice that
(7.5.5) [[Foxn (8, uxn ()] < e() (L + [Juxe ()]]) < m(t) := () (1 +n)
for all n € NU {oco} and for all ¢ € [0,1]. Using the hypomonotonicity of the
normal cone and arguing as in the proof of [CST01, Proposition 1.2 page 222], one
has

(hon (t, uan (t)) — tan () — (Baee (£, uree (1)) — tree (), urn (t) — ue (t))

> —y(t)|[un (t) — ure< (1)]|?
| ()
a.e. in [0, 1], where v(t) := 0(t) + ——=. So
p

1d

5 gltan () = wre O < {unn (8) = wase (£), han (& uan (1)) + 1(H)urn ()

= (uan () = uree (1), hoe (t, ure () + v (t)ur= (1)),

a.e. in [0,1]. Integrating on [0, ] gives
1 t
3 luxe () = ux= ®)? < / (uan (8) — ure (8), han (s, uxn (s)) + y(s)urn(s)) ds
0

- / (re (5) — wree (8), hixe (5, uree (5)) + 7 (8)uree (5)) ds.

Let us set
L,(t) = /0 (upn (8) — uree (8), han (s, urn(s)) + y(s)urn(s)) ds

- / (re (5) — roe (5), By (5, uree (3)) + 7 (8)urce (5)) ds.

Then L, (t) = L} (t) + L2(t) + L3 (t) where
LL(t) = / (i (5) — 1t (), e (5, e (8)) -+ 7(5)uan (5)) dis

- / (1rn () — wrce (5), Pian (5, 1 () + () (s)) ds,
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2 (1) = / (13 (5) — t1oo (5), Foxe (8, ree (5)) — P (5, e (5)) ds,

Li(t) = /0 (Uoo (8) — Upoo (8), han (8, uree (8)) — hoo (8, ure(8))) ds.

By (7.5.5), we have

L2 ()] < (2 /01 m(s) ds) |lurn — tos llc(jo,11,r4)-
Thus L2(t) — 0 when n — oo uniformly in [0, 1]. Similarly by (iv) the integrand
F(5,0) = (oo(5) — tre (), (5, 1r (5), )
is estimated by
(s, 0)] < e(®)(1 +n)lluce = urellego,1re),

for all (s,v) € [0,1]xU. Hence f € LIC(U)([O,l ). As (A™) converges J(L%O(U)*,LE(U))
to A%, it is immediate that for every ¢ € [0, 1],

/Ot[/Uf(s,v)dA?(v)] dS*/Ot[/HJf(S,v)d/\jo(v)] ds

when n — 0o. So lim,,_ L3 () — 0. Using (*), there is I,, € L+ ([0, 1]) such that

|y (1)] S/O (L (s) + () lunn (5) = uxe ()] ds.

Finally we get

s (1) — uxe (B < L2(1) + LA (1) + /0 (U (s) + () uan (5) — uxe= (s)]|* ds.

(t) — 0 and L3 (t) — 0, by Gronwall’s inequality we obtain
Unn (t) — U)o (t) = uoo(t),

for all t € [0,1] and so {ux; A € Sy} is compact in C ([0, 1], R%). ]

Here is an alternative proof of the preceding lemma using the fiber product of
Young measures.
Second proof. We are going to prove that the graph of the mapping A — wu) from
Sy, into the Banach space C ([0, 7], R?) is compact. Let (A") be a sequence in Sy.
By compactness we may assume that A" stably converges to A°°, uy» converges
to use € C ([0,7],R?) and (i1, ) weakly converges to %> in La([0,1]). Let w €
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Lga([0,1]). Then it is easy to see that the integrand (¢,z,z) — (w(t),g(t,x, 2))
defined on [0, 7] x K x U is L*-bounded, using the growth condition (iv) and the
boundedness of K := {u)(t); (\,t) € Sg x[0,T]}. Let us put, for all ¢ € [0, 1],

(1) = / ot (1), 2) AN (=),
(1) = / ot u (1), 2) AN (2)].

By Theorem 3.3.1, éu'; ® A" stably converges to 9, ® A, hence

1

Jim <w(t),v”(t)>dt:/0 (w(t), v (1) dt.

n—oo 0

Using the weak convergence in La ([0, 1]) of (i, ) to 4> and the preceding limit,
we conclude that the sequence (1, —v™) weakly converges in Lga([0,1]) to 1> —
v>°. As uy,, is the solution of the corresponding evolution inclusion, we have

Uy, — V" (t) € =N(C(t);ux, (t)) a.e. t € [0,1],
with uy, (0) = z¢. In view of [Thi99], this inclusion is equivalent to
(7.5.6) uy, —v"(t) € =Y(t) Olde ] (ur, (t)) ae. t €[0,1],

where 9(t) = 2¢(t) + 0(t) for all t € [0,1], and O[d¢(4)] denotes the subdifferential
of the distance function d¢ ) : @ +— d(x, C(t)). Since uxn converges uniformly to
u™(.), by (7.5.6) and by virtue of a closure-type lemma [CV77, Theorem VI-4] we
get

i(0) € () dlde (0 (0) + [ gltu(0),2) (),

U
with u*(0) = xg, and u>®(t) € C(t) for all ¢t € [0, 1].
So, we have necessarily u>(.) = upe(.). ]



Chapter 8

Semicontinuity of integral
functionals using Young
measures

In this chapter, E is a separable Banach space and, as usual, (Q2,S,P) is a proba-
bility space.

8.1 Weak-strong lower semicontinuity of integral
functionals

Recall that we have already proved a fiber product result (Theorem 3.3.1). Now
we begin with a different proof of a particular case of this result.

Theorem 8.1.1 Let Ty and To be metrizable Suslin spaces, v™ and ™ (n €
NU {+o00}) be Young measures in Y*(Q,S,P;T1) and Y*(Q,S,P; T2) respectively
which are tight sequences and which satisfy v™ — v and 7" — 7. Let us
define, forn € NU {400}, 0™ € Y1(Q, u; Ty x T3) by

n __ n n
0, =v,T..

If v>° = §,, where u: Q — Ty is a measurable function, then 0™ converges stably
to 0°° (with 0 = 0wy ® 7°).

Remark 8.1.2 In Theorem 8.1.6 the result will be applied with, for n < +oo,
v' =4, and 7" =4, thatis 0" =4, ,. ). Without the hypothesis “v>° is

associated with a function”, the result is false: see Counterexample 3.3.3 page 72.

219
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Proof. 1) If p: O x Ty — R is an integrand which is either > 0 or bounded and
Carathéodory, the following holds

/wa P a0 = [ [ el d0s ® TE O] 4P
:/[/ p(w, &) dv2(€)] dP(w)
Q JTy

:/ pdv™.
QXTl

Similarly if ¢’ is an integrand on Q x T,

/ o (w,0) d0™(w,€,0) = / o dr.
QOxTyxTo

QxTo

2-a) The sequence (0™)nen is tight because, for i = 1, 2, there exists an inte-
grand h; > 0 inf-compact in the second variable, such that

sup/ hidv™ =: M < +oo and sup/ hodt™ =: My < +o0.
neNJQxT, neNJOxTy

Then h(w, &, ) := hi(w, &) + ha(w, () defines an inf-compact integrand (details of
this exercise are in [Val94, page 381]). By Part 1 it satisfies Vn € N, fngl wr, hdo"
< My + M.

2-b) Let us process by contradiction. Suppose there exists a bounded Cara-
théodory integrand 1y on 2 x Ty x Ty satisfying

/wode)" A /wodaw,

that is, such that, for some ¢ > 0 and for infinitely many n,

(8.1.1) \/zpo dom™ 7/1/10 do>| > e.

Extracting a subsequence one may suppose that 6™ converges to o in the space
VHQ,S,P; Ty x Ts) and that (8.1.1) holds for all §7*.

3) Let us prove that P-a.e. g, is carried by {u(w)} x T3. Let us set

w(wvga C) = @(wvé.) = min[l’ d(é.?u(w)]

They are bounded Carathéodory integrands. Then

/ Y di™ = / pdv™ — pdd, =0.
QOxTyxTo QxTy QxTy
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Hence

/ Ydo =0.
QxTyxTy
So ¢ is carried by {(w, £, (); ¥(w,&,() = 0} and P-a.e. o, is carried by

{(& Q) ¥(2,6,¢) =0} = {(£,0); (2, &) = 0} = {u(w)} x Ta.
Consequently
Ow = 5u(w) ® 0w,

where G, is a probability on Ty. Clearly w — &, is measurable (for any Borel
subset B of Ty, 6,,(B) = 0, ({u(w)}xB) = 0,(T1xB) ), and so is the disintegrated
version of some & € Y1(Q, S, P; Ty).

4) Now we prove g, = 75°. This will end the proof since o, = 0% implies
o =0 and 0™ — 6°°, hence the contradiction to (8.1.1):

/% g — /zpo o>,

Let ¢’ a bounded Carathéodory integrand on € x T5. On one side

/ o (0, C) O™ (w, €, ¢) — o (0, ) do(w, €, C)
QxTyxTo

QxTyxTo

= [ .0 dn0)] duo

= / o do.
QXTQ
On the other side, by Part 1,
| wowrweg= [ warme [
QXTyxTs QxTo QxTs
Thus the expected equality ¢ = 7°° holds. ]

Let us recall the following definition. Let M be a subset of Lg (€2, S,P). One
says that H is Rwk(E)-tight if, for any € > 0, there exists an RwiK(E)-valued
measurable multifunction, L., such that

VueH PHweQuw)d¢Le(w)}) <e.
Remarks 1) The set {w € Q; u(w) ¢ Le(w)} belongs to S since it is the projection
on £ of gph (u) \ gph (L:).

2) If E is a reflexive separable Banach space, H is necessarily Rw/C(E)-tight because
L.(w) = E is a possible choice.

3) If H is RwK-tight and bounded in Lg, it is weakly flexibly tight (see page 124).

We need here the following result. Compare with Lemma 6.1.1.
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Lemma 8.1.3 Let E be a separable Banach space and let ' H be a bounded and
RwK (E)-tight subset of Li(Q,S,P). Then H is o(E,E*)-tight, i.e. for any e > 0,
there exists a measurable multifunction with weakly compact values, ®, such that

VueH PHweQuw) ¢ P(w)}) <e.

There exists a measurable > 0 integrand h on Q xE which is o(E, E*)-inf-compact,
such that sup{ [, h(w, u(w)) dP(w); u € H} is finite.

Proof. Let
K :=sup{||lul|L1; v € H}.

Let £ >0, a := 2& and Q" := {w € Q; u(w) € L. j2(w)}. We set
®(w) :=Lejo(w) N B(0,0).

The multifunction ® is measurable with weakly compact values. Then, Yu € H,
w € Q“N{||ul)|| < a} implies u(w) € P(w). As

us € €
P\ 0% < S and P({[u()] > a}) < &,
P{w € ; u(w) ¢ ®(w)}) < e, hence H is tight. The existence of h was proved in
[Jaw84, Proposition 2.2 page 13.17] or [Bal89a, Remark 2.4 page 9.5]. [ ]

We will need also the following result which extends to infinite dimension known
results about the connection between weak convergence of functions and Young
measures.

Theorem 8.1.4 Let E be a separable Banach space and (vp)nen a bounded uni-
formly integrable sequence in L(Q,S,P) which is RwiC(E)-tight. There exists a
metric d on E whose topology is weaker than o(E,E*) satisfying the following: The
sequence (7" )nen, where T = 4§, , is tight in YYD, S,P; (E,d)) and for any stably
convergent subsequence (T™ )ken, its limit, 7°°, is of first order in the sense that

Jaxe 1€ dm>*(w, ¢) < +o0. Moreover if the function v is defined by

P-ae., vy(w)= /]EQdTﬁo(C) =: bar (7.7),

then vse € Li(Q,S,P) and the sequence (un, )ren weakly converges (that is, with
respect to o(Li, L32)) 0 V.

Proof. 1) Let (z],)nen be a sequence in E* which separates the points of E. Let

. I ]
d<<,<>—%2 T+ (=, =N
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The topology defined by d is the coarsest on E making continuous the maps ¢ —
(2!, ¢). Recall that the Borel o-algebra of the norm topology and the Borel o-
algebra of any Hausdorff coarser topology coincide. In particular this applies to

o(E,E*) and to the d-topology.

2) Let € > 0. By Lemma 8.1.3, there exists a weakly compact valued multi-
function ®, such that

VneN PHwe R v,(w) ¢ Pw)}) <e.

The sets ®(w) are also d-compact. So (v )nen is d-flexibly tight. Consequently
there exists a subsequence (7% )y stably convergent (relatively to d) to 7°°. Let
h be a d-inf-compact integrand (whose existence is ensured by Lemma 8.1.3) and

M := sup{/ﬂh(w,vn(w))dP(w); n € N}.

3) Let ¢ : Q x E — [0, +00] be measurable and o(E,E*)-l.s.c. in the second
variable. Following Balder ([Bal89a, formula (3.5) page 9.7], see also ([Bal86a,
page 113]), we will prove the inequality

(8.1.2) ¥ d7r* < liminf Y dr™n.
QxE k QXE
Let
Y = {1 € Y(Q,P;(E,d)); / hdr < M}.
QxE
Then, on YV,
(8.1.3) wdT:sup[/ (¢ +eh)dr — eM].
QxE e>0 JOXE

As Y(w,.) + eh(w,.) is o(E,E*)-inf-compact, hence d-inf-compact, hence d-l.s.c,

T = (v +eh)dr
QxE

is 1.s.c. for the stable topology of d. By (8.1.3), 7 — fo]E 1 dt is also Ls.c. for the
same topology on Yy, hence (8.1.2).
Applying the foregoing lower semicontinuity result to the integrand

(w; €)= <l

gives [, 5 €[ d7>°(w, ) < sup{||vn|l1,1; n € N} < +oo, that is, 7°° is of first order
as said in the statement. Classically for P-almost every w, 7° is of first order in
the sense of Probability Theory and has a barycenter bar (75°).
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4) Consider now an integrand ¢ such that ¢(w,.) is o(E,E*)-ls.c. and the
sequence of negative parts (¢(., vn(.)) ™ )nen is uniformly integrable. Using an idea
of Toffe [Tof77, bottom of page 530 and top of page 531], one can, introducing
sup(—r, @) +r (r € [0, +0o0]), prove

(8.1.4) / @ dr® < liminf pdr".
QxE k QxE

Indeed let ¢, := sup(—r, ). Since ¥, := ¢, + 7 is > 0, Part 3 implies

1[)7, dTOO S hmlnf/ ’lpr(wavnk (w)) dP(w) ’
QxE k Q2

hence subtracting r,

/ o dr™> < lim inf/ or(w, vy, (W) dP(w).
QxE k Q

But thanks to the uniform integrability of negative parts, Ve > 0, 3r such that

vn € N /ng(w,vn(w)) dP(w) > /Qcpr(w, Up(w)) dP(w) —e.

Hence for any € > 0

limkinf/ﬂw(w,vnk (w))dP(w) > 1imkinf/9<pT(w,vnk (w))dP(w) —¢

2/ gOTdTOO—€Z/ pdr™ —e.
QxE OQOxXE

5) Let z € Lg: and ¢(w, () := (z(w), (). The sequence ({z(.),vn(.)))nen being
uniformly integrable, inequality (8.1.4) applies to ¢ and to —p, and we get

/ (@), O dr(w, Q) =lim [ (2(w).¢) dr™ (w,0).
QOxE

k Jaxe
hence
), [ carz0) aPw) =tim [ (20).vm, ) dP).
which proves the weak convergence v, — Voo. ]

We shall use the following semicontinuity lemma for the fiber product, which
we give in a more general form than necessary.

Lemma 8.1.5 Let S and T be two completely regular spaces, let f be a normal
integrand on Qx (Sx T) with values in [0, +00], let (uy,) be a sequence of measurable
mappings from € to S which converges in measure to some uo, € X(S) and let (A™)
be a sequence in Y(T) which W-stably converges to some A\ € Y*(T). Assume
furthermore that one of the following conditions is satisfied:
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(i) MPYS X T) = MTLS xT) (e.g. S x T is Radon or hereditarily Lindeldf)
and (u,) and (A") are both flexibly tight, or

(#) S and T are sequentially Prohorov and their compact subsets are metrizable.

Then
(8.15) liminf /Q[ /T Flw, un(w), 2) dA™ ()] dP(w)
/Q/fw o (), 2) AN ()] d P(w).

Proof. From Theorem 3.3.1, (4, ® A") W-stably converges to d,  ® A*°. But,
in case (i), from Theorem 4.3.8, as (J,, ® A") is flexibly tight, it also S-stably
converges to §,,  ® A>°. The same conclusion follows from Theorem 4.5.1 in case

(7i). Then Theorem 2.1.12-(d) immediately yields (8.1.5). ]

Now the weak-strong lower semicontinuity theorem which is fundamental in
the Calculus of Variations follows easily.

Theorem 8.1.6 Let E be a separable Banach space and S a regular cosmic space
(e.g. S is separable metrizable or'S is Suslin reqular). Let f be a normal integrand
on QX (SXE). Let (uy) be a sequence of measurable mappings from € to S which
converges in measure to some uso € X(S) and let (v,) be a RwiK—~tight sequence
in Ly(Q,S,P) which o(Lg, Lg2)-converges to some voo € L. Assume that the
sequence of negative parts (f(w, un(w), vn(w)) ™ )n s uniformly integrable and that
fw,uoo(w),.) is conver on E. Then

(8.1.6) hmlnf/fw Un (W), vp(w)) dP(w /fw Uoo (W), Voo (w)) dP(w).

Proof. The sequence (v,) is UI and bounded in L} because it is o(Lg, L52 )~
convergent (see e.g. [DU77, Theorem 4 page 104]). Thus, as (v,) is RwK-tight,
it is weakly flexibly tight. From Theorem 8.1.4, each subsequence of (v,) has a
further subsequence (again denoted by (v,)) such that (d, ). S-stably converges
in Y}(E,) to some Young measure v*>° € Y!(E,) (depending on the subsequence)
with bar (¥°) = veo(w) a.e. Now, S x E,, is cosmic regular (because S and E, are
both cosmic regular), thus it is hereditarily Lindel6f.

Assume that f is bounded from below, that is, there exists M € R such that
f > M. Then Lemma 8.1.5-(¢) gives

limninf/ﬂf(w,un(w),vn(w))dP(w)

> /Q [ [E F (0 toow), 2) dv (2)] AP ().
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As f(w, ux(w),.) is convex, we then get (8.1.6) by Jensen inequality.
To prove (8.1.6) in the general case, we can apply the same method as in Part
4) of the proof of Theorem 8.1.4. ]

Remarks 8.1.7 1) We can assume in Theorem 8.1.6 that S is simply a metric
space (non—necessarily separable), because then the measurability of the functions
vy, implies that they take their values in a separable part of S.

2) Even if all ¢(w, &, .) are convex, the topology on E with respect to which the
functions ¥ (w, .,.) are Ls.c. is fundamental because of the parameter £ € T. The
lower semicontinuity on T x (E, ||.||) does not imply the lower semicontinuity on
T x (E,o(E,E*)): see Example 8.1.8 below.

3) Actually we have

Voo (w) € TO( n w—sequ cl {v,, (w); m > p}) ae.
peN

This property can be proved by applying the Biting Lemma and [ACV92, Theo-
rem 8]. We refer to [ACV92, Theorem 9] for details. See also Theorem 6.5.1 and
Remarks 6.5.2.

4) As a few references see de Giorgi [dG69] (quoted by Buttazzo [But89]: see
Th.2.3.1 p.46), Serrin [Ser59] quoted by Pedregal [Ped97], Ioffe [Iof77], Valadier
[Val90a], Balder [Bal84a, Bal85, Bal86a, BalOOb].

5) We produce in the end of this section other lower semicontinuity-type exam-
ples for integral functionals, using the techniques developed in Castaing—Clauzure
[CCB82]. See also [MM89] for some applications of the strong-weak lower semiconti-
nuity theorem in the problem of minimization of functionals of classes of Lipschitz
domains.

Example 8.1.8 Let E be a separable Hilbert space, let (e, )nen be an orthonormal
basis of E and let T be the closed unit ball of E with the topology o(E,E). Define
¥ by

(W, §,¢) = (&, 0).

Then v is continuous on T x (E, ||.||) and linear on E, hence convex on E. But it
is not Ls.c. on T x (E,o(E,E)). Indeed, if &, = —e,, ¢, = €n, & — 0in T and
¢(n — 01in (E,o(E,E)), but ¥n, (£,,(,) = —1. With these data Theorem 8.1.6
would not hold if ¥(w,.,.) was Ls.c. on T x (E,||.||). Indeed take Q = [0, 1] with
the Lebesgue measure, and u,, = —e,, v, = €,.

Now we present an application of Theorem 8.1.1 to a Bolza type problem in
Optimal Control.

The following result is a direct consequence of Theorem 3.3.1 (or Theorem 8.1.1),
S0 its proof is omitted.
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Proposition 8.1.9 Let S be a Polish space. Let (u™) be a sequence of (S, Bg)-
measurable mappings from Q to B which pointwise converges on Q to a (S, Bg)-
measurable mapping u™ and (v"™), a sequence in Y1(Q,S,P;S) which stably con-
verges to a Young measure v*>° € Y1(Q,8,P;S). Let J: Qx (ExS) — R be
an L*-bounded Carathéodory integrand (here we mean that the continuity is over
E x S) such that there exists a nonnegative integrable function ¢ € L(Q,S,P)
satisfying |J(w, x, s)| < o(w) for all (w,x,s) € QX E x S. Then we have

lim. Q[/SJ(w,u"(w),s) dyg(s)]dp(w):/Q[/SJ(w,uOO(W),s) dv2e(s)] dP(w).

In the remainder of this section U is a compact metric space and H is a separable
Hilbert space. We denote by Sr the set of all Lebesgue-measurable selections (alias
original controls) of the Lebesgue-measurable multifunction I" : [0,1] — K(U)
and by Sy, the set of Lebesgue-measurable selections of the Lebesgue-measurable
multifunction X : [0,1] — M™*1(U) defined by

S(t) == {v e MTHU); v(T(t)) = 1}
for all t € [0, 1].
Let A(t) : H — 2% (¢ € [0,1]) be a maximal monotone operator in H satisfying:

e (H;) There exist a continuous function p : [0,1] — H and a nondecreasing
function L : [0, 400[— [0, +o00[ such that

[INA(t)z — JrA(s)x|| < Allp(t) — p(s) | L([|)
for all A €0, 1], for all (¢,s) € [0,1] x [0, 1], and for all x € H.
o (Hy)
(a) For every LZ([0,1])-mapping u : [0,1] — H satisfying u(t) € D(A(t))
for all ¢ € [0,1], the multifunction ¢ — A(t)u(t) is measurable,

(b) for every z € H and for every A > 0 the function t — (Iy + AA(t)) "'z
is Lebesgue-measurable and,

(¢) there exists g € LZ([0, 1]) such that t — Jy(t)g(t) := (ly+ A(t)) " 'g(t)
belongs to L([0,1]) for all X > 0.

It is well-known that (H;) implies that the domain D(A(t)) = {x € H; A(t)z # 0}
is constant. So we put D(A(t)) = D, Vt € [0, 1].

e (H3) D is ball-compact (i.e., the intersection of D with any closed ball in H
is norm compact).

e (Hy) For every s > 0, sup{||Ax(0)z|; X €]0,1], = € D, ||z| < s} < +oo,
where A,(0) := M.
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As for every t € [0, 1],

1 .
Y@ =zl = [|A@)z]| < [A()zlo == nf [ly]|, Yz € D(A()),
yEA(t)z

Iy —J _
where Ay (t) = —— 28 ([, is satisfied if 0 € D(A(0)) = D(A(0)) and A(0)

satisfies the following boundedness type condition, namely, for any closed ball
Br(0,n) of center 0 with radius 7, the set {|A(0)z|o : z € D(A(0)) N By(0,n)} is
bounded in R. In particular, (Hy) is satisfied if A(0) : D(A(0)) = H is cw/C(H)-
valued and scalarly upper semicontinuous, because, by (Hz), D(A(0)) N Br(0,7)
is compact for any closed ball By(0,7) of center 0 with radius 7, and so, the sets
{A(0)z : 2 € D(A(0)) N By(0,m)} are weakly compact.

Let us consider a mapping g : [0,1] x H x U — H satisfying:
(i) For every fixed ¢ € [0, 1], g(¢,.,.) is continuous on H x U.
(7) For every (z,u) € H x U, g(.,x,u) is Lebesgue-measurable on [0, 1].

(iii) For every n > 0, there exists I(n) > 0 such that |g(t,z,u) — g(t,y,u)|
<I(n)||lx — y|| for all ¢t € [0, 1] and for all (z,y) € Br(0,n) x Bu(0,n).

(iv) There exists ¢ > 0 such that g(¢,z,U) C ¢By for all (¢,z) € [0,1] x H.
We aim to compare the solutions set of the two following evolution equations:
p(t) € —AW)u(t) + gt up(t), p(t)) ae. t € [0,1],
(Po)
u,(0) =xz9 € D,

where p belongs to the set U of all original controls, i.e. p is a Lebesgue-measurable
mapping from [0,1] into U with p(t) € T'(¢) for a.e. ¢t € [0,1], and

(Po) {ux(t) € —A(tyux(t) + Jrg 90t ua(®),w) dXi(u) ace. t € [0,1],
U)\(O) =9 € D,

where A belongs to the set Sy of all relaxed controls, i.e. A is the Lebesgue-
measurable selection of the multifunction ¥ defined by

S(t) = {v € MH(U): w(D(1)) = 1}

for all ¢t € [0, 1].

Now is a Bolza-type example for an optimal control problem associated with
the preceding evolution equations. As we deal here with evolution inclusions, the
proofs we present below need some unusual techniques via the fiber product of
Young measures. These techniques have been already given in Chapter 7 dealing
with evolution equations governed by nonconvex proximal closed sweeeping process
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and m-accretive operators and allow to study the properties of the associated value
function and its link with the viscosity solution of the associated Hamiton-Jacobi-
Bellman equation arisen in theses evolution equations. See Theorem 8.3.12 for
the case of ordinary differential equation and the forthcoming works by Castaing,
Jofre, Raynaud de Fitte, Salvadori for the case of the evolution inclusions under
consideration dealing with two controls Young measures.

Theorem 8.1.10 Let J : [0,1] x (H x U) — R be an L'-bounded Carathéodo-
ry integrand, (here we mean that the continuity is over H x U) such that there
is a positive integrable function ¢ € L([0,1],dt) with |J(t,z,u)| < @(t) for all
(t,x,u) € [0,1] x H x U. Let us consider the control problem

)\1€nsfz/ /J tyun(t),u) dhy(u)] dt

where uy s the unique absolutely continuous solution to

(Pr) {u,\(t) € —AMUA(E) + fpip 9t ur(t),u) di(u) ace. t €[0,1],
ux(0) =z € D.

Then one has inf(Pp) = min(Pg).

We will give two different proofs.

First proof.
First Step: The graph of the single-valued mapping A +— wu) defined on the
o (L&) ([0,1]), Llc(U)([O, 1])) compact set Sy, is closed.

Here we will proceed as in [CI03, Lemma 3.3]. First, by [CI03, Proposition 2.10 b],
the solutions set {ux; A € Sy} is compact in C ([0, 1], H) with supy¢g,, [[ur(.)[| < M
for some constant M > 0. Secondly, let A" — A* for the o (L& (y)-[0, 1], Lé(U) [0,1])
topology and uyn — ue in C ([0, 1], H), where ux» (n € NU {oo}) is the unique
absolutely continuous solution of the equation

Uyn (t) € —A(t)ux~(t) + fr(t) g(t,uan(t), z) dA7(2) a.e t € [0, 1],
Upn (0) =29 € ﬁ,

then 1o, = ur~. For simplicity we set

ha(t ) = /F L )N = /Z gt 2, 2) dh(2) = h(t 2, )

for all (¢,2,)) € [0,1] x H x Sy;. We have

hon (8 uan (1)) — an (t) € A(t)uan (1),
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and
h)\oo (t, U\ (t)) - ’Z.L)\oc (t) S A(t)UAoo (t),
for a.e t € [0, 1]. Since A(¢) is monotone,
(urn (8) = une (£), e (8, unn (8)) — oxn () = haoe (£, unee (t)) + tre= (t) = 0,
a.e in [0,1]. So

1d
5 g A (8) = waee (17 < (wan (8) = wace (8), han (£, uxn (£)) = hace (8, = (1)),
a.e in [0, 1]. Integrating on [0, ] gives

1
1l (8) = uxs (O]

< / (upn (8) — urs (8), han (8, uxn (8)) — haoo (8, ure(8))) ds.
0

Let us set
L,(t) = /0 (uan (8) — uxee (8), hxn (8, urn(8)) — hxee (8, ure<(s))) ds.

Then L, (t) = L} (t) + L2(t) + L3(t) where

L (t) = /O (uxn(8) — uxe(8), han (s, unn(s)) = han (s, ur=(s))) ds,
L7 (t) :/0 (Urn (8) = oo (t), han (8, ures (8)) — hase (5, ur=(s))) ds,

L3(t) = /0 (oo (8) — Uupee (8), han (8, uxe (8)) — haso (8, up=(5))) ds.

As ||ha(t,z)|| < cfor all A € Sy and for all (¢,z) € [0,1] x H, using (iv), we get
the estimation

LA ()] < 2¢l[uxn — usoleqio,m-
Thus L2 (t) — 0 uniformly in [0, 1], when n — co. Similarly by (iv) the integrand

f(S,Z) = <uoo(s) — Uxoe (5)79(57UA°°(5)’Z)>

is estimated by
|f(s,2)] < elluce — uree||c(o,1,5)5

for all (s,z) € [0,1]x Z. Hence f € Lé(U)([O, 1]). As (A") converges o (L)~ LE(U))
to A%, it is immediate that for every ¢ € [0, 1],

/ot[ | fs o) ds - /O[/Z fr et
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when n — 0o. So lim,, .o, L2 (t) = 0. Further there is 7 > 0 such that
sup{||uallc(o,1),m); A € Se} <n < c0.

Using (iv)’, there is I(n) > 0 such that

LAOIS [ 10 (5) = e (5] s,

Finally we get
1
slluan () —ur= (0I1” < Li (1) + Ly (2) / L()lJurn (5) — u=(s)]|* ds.

As the functions L2(.) and L3(.) are continuous with L2(¢) — 0 and L3(t) — 0,
by Gronwall’s lemma we conclude that

Uxn (t) — U)poo (t)
for all t € [0,1]. So, upre> = us. and so the set {uy; A € Sy} is compact in
C ([0, 1], H).
Second Step: inf(P)o = min(P)r and conclusion.
As a consequence of Step 1, the solutions set {uy; A € Sy} is compact in C ([0, 1], H)
for the uniform convergence. As O is dense in R := Sy for the stable topol-
ogy accordlng to Lemma 7.1.1, it suffices to prove that the mapping ¥ : \ —
fo [fy J(t, ux(t), z) dA(2)] dt is continuous on Sy. Let (A,) be a sequence in R

stably convergmg to A. Applying Step 1 shows that (u}) converges uniformly to
u that is solution of

ux(t) € —A(t)ux(t) +/F(t)g(t u(t), 2) dAi(z);  ua(0) = .

This implies that ¢, , ® A" stably converges to J,, ®\. As J is an L'-bounded
Carathéodory mtegrand by virtue of Proposition 8.1.9, we get

im_ [/UJ(t,uAn(t),z)d)\?(z)] dt:/o [/UJ(t un(t), 2) de(2)] dt.

n—oo

The first proof is therefore complete. ]
Second proof.

It is clear that the main point is to prove that the mapping A — wu) is continuous
on Sy. Here we will produce a different proof which can be applied to evolution
inclusions governed by m—accretive operators [CI03]. Let (A,) be a sequence in R
stably converging to A. Let h € L([0, 1]). Let us set Ly (¢, z, z) := (h(t), g(t, z, 2))
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for all (t,x,2) € [0,1] x H x U. Then L;, is an L'-bounded integrand, because
[(h(t), g(t,x,2))| < c||h(t)]] for all (t,z,2) € [0,1] x H x U with ¢|h| € LZ([0, 1]).
By compactness, we may assume that (uy») uniformly converges to an absolutely
continuous function u> and (ty») converges weakly in L ([0,1]) to 4> with
u>(0) = z. Hence 9, ,®@\" stably converges to §,.®A. Applying Proposition
8.1.9 or Theorem 3.3.1 gives

n—oo

1 1
lim [/ Ly, (t,unn (t), 2) dA} (2)] dt = / [/ L (t, u™(t), z) dX(2)] dt.
0o Jre o Jre
Hence the sequence (v,,) in LZ([0,1]) given by
v (t) ::/ g(t,urn(t), 2) dA}(2), Vt€[0,1]
I'(t)
converges weakly in LZ([0,1]) to the function v given by
u(t) ;:/ g(t,u>(t), z) d\(z), Vte|0,1].
()

As
—Uyn () —on(t) € A(t)urn(t) ae.

—tiyn — v, weakly converges in LZ([0,1]) to —u> — v, ux» converges uniformly to
u®, by invoking a closure type lemma [CI03, Lemma 2.3], we get

—a®(t) —o(t) € ABUT(t) ae.

The preceding inclusion shows that ©*° is the unique absolutely continuous solution
u) associated with the control A of the evolution equation

ux(t) € —A(t)ux(t) +/ g(t,ux(t), 2)d i (2);  ux(0) = =.
r(t)

Hence we can conclude that the mapping A — w) is continuous on Sy. The

remainder of the proof is straightforward. ]

Example 8.1.11 Suppose that E is a reflexive separable Banach space and that
(0, 8,P) is ([0,1], Ljg 1}, dt), where Ly 1) denotes the o—algebra of Lebesgue mea-
surable sets of [0,1]. Let T be a topological Hausdorff space. Let (up)nen be a
sequence of Borel functions from  into T which pointwise converges to a Borel
function us,. Let T' be a convex weakly compact subset in E and let (v,,)nen be
a sequence in Lg(Q, S, P) such that v,(w) € T for all n € N and for all w €
and that v, o(Lg, Le%) converges to va. If ¥ : Q@ x T x E — [0, 400] is lower
semicontinuous on  x T x (E, o(E,E*)), if ¥(w, tue(w),.) is convex for all w € Q,
then

/w(w,uoo(w)moo(w))dP(w) gliminf/w(w,un(w),vn(w))dP(w).
Q Q

n—-+4oo



8.1. WEAK-STRONG LOWER SEMICONTINUITY 233

Remark 8.1.12 Here T is only assumed to be a Hausdorff topological space. But
other assumptions are stronger than those given in Theorem 8.1.6. Apart from
this fact, the proof is quite different from the techniques developed above. Namely
the use of Young measures in unnecessary.

To prove Example 8.1.11, we will need the two following results.

Lemma 8.1.13 Let T be a topological Hausdorff space and let S be a topological
Suslin space. Let T' : Q — K(S) be a compact valued multifunction such that its
graph belongs to S ® Bs, let (uy) be a sequence of (S, Br)-measurable mappings
from Q into T pointwise converging to a (S, Br)-measurable mapping ueo. Let
P :QAxT xS —[0,400] be an S @ Br @ Bs-measurable integrand on Q x T x S,
lower semicontinuous on T X S for all w € Q such that Y(w, us(w),.) is finite and
continuous on I'(w) for allw € Q. Then, for every € > 0, the following holds

lim P [{w €Q; inf [P(w,un(w),z) — Y(w, uso(w), )] < _5}] =0.

n—00 el (w)

Proof. For every n € N and for every w € Q, the function z — ¥ (w, u,(w), z) —
PY(w, oo (w), z) is well defined and lower semicontinuous on I'(w). So there exists
on(w) € T'(w) such that

inf W(Wa Un(UJ), 33)—1/)(‘% UOO(LU), ‘T)] = d)(wa Un(w)v U7L(w))_7/}(w7 uoo(w)7 On(w))'

z€el(w)

Notice that the function

Tp W xei{}(fw)[qzb(waun(w)a :ZZ) - w(wvuoo(w)v ‘T)]

is S-measurable by [CV77, Lemma I1.39]. Now we claim that
Yw € Q limninf rn(w) > 0.

Let w € Q be fixed. There is a subsequence 7,y (w) such that
limninf rn(w) = lign To(n) (W)

As T'(w) is compact, there is a subsequence (0goy(n)(w)) of (T, (w)) and n(w) €
I'(w) such that lim, 0goy(n)(w) = N(w). Thus we have

K (ugog(n) (W); Toop(m) (W) = (oo (W), n(w))-

As Y(w,.,.) is lower semicontinuous on T X S and ¥ (w, ueo(w),.) is finite and
continuous on I'(w)

limninf[z/)(w, Ugo(n) (W), Thop(n) (W) — (W, Ueo (W), Tgop(n) (w))] = 0.
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But
lim inf rgop(n) (W) = iM 7oy (n) (W) = limry e,y (w) = liminf r, (w).

Hence lim inf,, r,(w) > 0. Tt follows that
O ={w e Q; liminfr, (w) > 0} = ﬂ U ﬂ {w e Q; rp(w) > —¢}.
" e>0neNm>n
So, for all € > 0, we have
P[ﬂ U {weQ;ry(w) < —c}] =0
neNm>n
Consequently
Ve>0 limP | U {w; rm(w) < —e}] =0. O
m>n

References. [Ole77, CC82]. The preceding lemma is extracted from [CC82].
The lower semicontinuity of ¥(w,.,.) on T X S is essential. In most applications,
S = (E,o(E,E*)), or S = (E*,o(E*,E)) or S = (E, ||.||)-

Here is an approximation result that is an analogous of Hausdorff-Baire’s ap-
proximation for lower semicontinuous function defined on a metric space.

Theorem 8.1.14 Let X be a topological locally convex Suslin space. Let T' be a
multifunction on Q with convex circled compact values such that its graph belongs
to S ® Bx and let g : Q& x X — [0,+00] be a Ls.c. integrand such that, Yw € Q,
g(w,.) is finite on T'(w). Then there exists a nondecreasing sequence of nonnegative
integrands (gi)r on Q x X which satisfies the following properties:

(a) Yw € Q, gr(w,.) is convex on X.

(b) Vo € X, gr(.,x) is S-measurable.

(¢) Vw € Q, gi(w,.) finite and continuous on I'(w).
(d) Vw e Q,Vz € X, g(w,z) =limy T gx(w, ).

Proof. Let (e],) be a sequence in the topological dual X* of X which separates the
points of X. Let us set

o gon_ Hemml
(8.1.7) plw,x) = L2 14 6*(e, T'(w))
+oo ifz ¢ I'(w).

if z € I'(w),

Then ¢ is a convex normal integrand. Further, for each w € 2, the function ¢(w,.)
is subadditive, convex and continuous on I'(w). For each k € N let us set

(8.1.8) gi(w, ) = {infyem) [kp(w, Z52) + g(w,y)] if 2 € T(w),

+oo ifx ¢ T'(w).
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Using the Projection Theorem, it is not difficult to see that gg(., ) is S-measurable
for all x € X. By its definition, gi(w,.) is convex lower semicontinuous on X, for
all w € Q. It is obvious that

VEeN Ywe Vrel(w) 0<gr(w,z)<gri(w,z) <glw,z).

So supy, gr(w, ) < g(w,z) for all w € w and for all z € I'(w). Now let (w,z) €
gph (T') be fixed. Let r € R such that g(w,z) > r. We claim that there is kg € N
such that gg,(w,z) > r. As g(w,.) is lower semicontinuous on I'(w) there is an
open neigbourhood V() of x such that g(w,y) > r for all y € V(z) NT(w). This
implies

Yy

ko(w, +g(w,y) >r

for all K € N and for all y € V() NT'(w). So it is enough to find ko € N such that
r—y . .
koo(w, T) > r — minyey(z)\rw) 9(w,y). Notice that

i pw, )
m:=  min w,
yeV (2)\I'(w) 4 2
is strictly positive. Pick ko € N such that kgm > r — minycy (2)\r(w) 9(w,y), then
Gko (w, ) > 7. Consequently supy, gx(w, z) = g(w, ). Thanks to the subadditivity
of ¢ we have
r—y

gk(w, 2) = gr(w,y) < kp(w, =)

for all w € Q and z,y in I'(w). This proves the continuity of gx(w,.) on I'(w).

L]

Remark 8.1.15 If Q is a K,-topological space, X = (E,o(E,E*)) where E is a
reflexive separable space, I is a fixed convex compact circled set in X, g : @ x X —
[0,400] is lower semicontinuous, convex on X and finite on I', then (8.1.7) is
reduced to

|{eh, )|

© 9-n
o(a) =4 == T, 1)
+oo ifx ¢l

ifzel,

and thus the integrand g given by the formula (8.1.8) which becomes

. T — ]
infyep [k’tp(Ty) +g(w,y)] ifzel,

+oo ifx ¢l

9k (wa .’[) =

is Borel on © x X. Indeed, since X = E, is a K,-space, we deduce using the
preceding formulas that, for every r € R, the set {gy < r} is a K, subset in  x X.
To see this, let us denote by dr the indicator of I'. Then the function

or: (w,z,y) = ke (xzy) +g(w,y) +or(y)
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is lower semicontinuous on 2 X E, x E,. Hence {(w,z) € Q x Ey; gi(w,z) <r}is
equal to

(2 xT)Nmaxe, [{(w,z,y) € Q2 x E; x Es; op(w,z,y) <1},

where moxg, is the canonical projection onto 2 x E,. As Q x E,, is a K,-set and
the projection of a K,-set is a K,-set, the result follows. In particular, this shows
that g is Borel on 2 x E,,.

Reference: [CC82, Théoremes 1-2].

Proof of Example 8.1.11. Step 1 Let us focus our attention to the integrand
(w,2) — Y(w,Uueo(w),z). We may suppose that I' is circled. Now apply Re-
mark 8.1.15 to the space X = E, := (E, o(E,E*)), the integrand ¢(w, us (w), x)
with w € Q = [0,1] and « € E, and the convex compact set I in E,. Then there
exists a nondecreasing sequence of nonnegative integrands (gp)r on [0,1] x E,
which satisfies the properties (a)—(d) of the theorem and is Borel on [0, 1] x E,.
Let us set

w,s,x) = gﬁ(w’x) if 5 = tioo (W),
(8.1.9) Yi(w, s, ) {qp(w,s,x) ifS?éUoo(w)7

where

Y(w,s,x) = =+4oo if (s,2) € T x (E\T).

Then ¥(w, s, z) = limy, T Yr(w, s, 2), V(w, s,z) € Q x T x E. Further, for all k € N,
Vn € N, Vw € ), we have

" {1/}(w,5,x) if (s,2) e Tx T,

(8.1.10) (0, (), 0 () < (0, (), v ()
and
(8.1.11) (0, e (), 0()) = Gl 0n()) < V(@ e (), ()

using the formula (8.1.9). As ¢ is lower semicontinuous on [0,1] x T x E, by
hypothesis, so ¥k(w,.,.) is lower semicontinuous on T x E, thanks to formula
(8.1.9) (see [CC82, Lemme 3]). Again by (8.1.9), the integrands ¥y (w, teo(w), x)
are finite and o(E, E*)-continuous on I" for every fixed w € Q. Further v, is Borel
on [0,1] x T x E, since g is Borel on [0,1] x E, (see [CC82, Lemme 2]).

Step 2 We may suppose that a := liminf, [, (w,un(w),vn(w)) dP(w) is finite
and by extracting a subsequence that a = lim,, [, ¥ (w, un(w), v, (w)) dP(w). Let
k€N, e >0and n € N. Let us consider the truncated integrand oy (w, s, x)
associated with the integrand ¢ (w, s, ). We claim that

(8.1.12) limninf/ﬂwk(w,uoo(w),vn(w))dP(w) 2/Qz/ik(w,uoo(w),voo(w))dl)(w).
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Similarly we may suppose that
by = 1iminf/ Do, o (@), v (@) dP(w) € R
n Q

and by extracting a subsequence that
b= lim [ () 02(0) AP (o).
noJa

By Mazur’s lemma, there is a sequence (v,), where v, = Z] n AU, with
0 <A\% <1 and ZV" A" = 1 which converges a.e. t0 v (w). By convexity,
we have

Voo Vi (o), Tn)) £ DA, 1 (), 0, ()

Hence

limsup [ g (w, too (W), Up(w)) dP(w) < by.
n Q

By the lower semicontinuity of 1y (w, us (w),.) and by Fatou’s lemma, we get

bk>hmmf/wk 1t (), T () d P /wkw oo (), Voo () A P(w),

thus proving the claim. At this point let us observe that (8.1.12) holds if we
replace the sequence (v,,) by any sequence which o(Lg, L2 )-converges to va. By
the properties of the integrand 1, obtained in Step 1 we may consider the set

0k = {w € 0 il [ (, un(w), 2) — Yr(w, U (), )] < —2}

and apply Lemma 8.1.13 to the integrand 1, by noting that the vector space E
equipped with the o(E, E*) topology is a Lusin space. So we have

(8.1.13) lim P(QF ) =0.

n—oo

By what has been demonstrated, there exists ¥ with v(w) € T for all w such that
(8.1.14) / Y1 (W, Uoo (W), V(W) d P(w) < +o0.
Q

Let us set

(8.1.15) Une = lop 0+ Tg\gp vn.
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Using (8.1.13) and(8.1.15) it is easily seen that (v _ — vy), weakly converges to 0
and thus (’Ufa,a)n weakly converges to v.,. We have

/Q Uk (W, Uoo (), V5, (W) dP(w) = Pk (w; oo (w), D(w)) d P(w)

k
Qn,s

+/Q\m Vi (W, Uoo (W), vy (w)) d P(w).

n,e

Using (8.1.13) and (8.1.14) we pick N. € N such that n > N, implies

/Q Dr (@, oo (), 0F (@) dP(w) < & + / b1 (@, oo (@), U () A P ().

\Qk

n,e

Thus, for n > N, we get
/Q i (@110 (@), 08 L () dP(w)
<e+ / (1100 (), v () — (0, 20 (), v ()] d P()
Q\Qk |

+ Qz/)k(w,un(w),vn(w))dp(w)

<etet [ D) v @) dPG)
Consequently, there is N/ € N such that n > N/ implies
[ 1) o ) P () <32+
So we get
limsup/ wk(w,um(w),vﬁys(w)) dP(w) < a.
Since "
lim in /Q (s o (), v () dP(w) = /Q (0, e (), V00 (@) A P()
as we have already proved in the first step, we finally get

/ qﬁk(“’%uoo(w)z’UOO(("'))) dP(w) <a= hmnlnf/ ¢(W7Un(w)a Un(w)) dP(W)
Q Q

As Vg (W, Uoo (W), Voo (W) T Y(W, Uso(w), Voo (w)), by monotone convergence theo-
rem, we deduce that

/ (W, Uoo (W), Voo (w)) dP(w) < a = limninf/ (W, tn (W), v, (w)) dP(w).
Q Q
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The proof is therefore complete. ]

References Castaing-Clauzure [CC82, Theorem 4], Olech [Ole77]. Example
8.1.11 holds for any topological compact space (2, 7p, P) equipped with a proba-
bility Radon measure P, 7p being the o-algebra of all P-measurable sets. A variant
of Example 8.1.11 is:

Example 8.1.16 Suppose that E} is the weak dual of a separable Banach space
E and (Q,P) is a topological compact space equipped with a probability Radon
measure P. Let T be a topological Hausdorff space. Let (u,)nen be a sequence
of Borel functions from §2 into T which pointwise converges to a Borel function
Uoo. Let T’ be convex weakly compact in E* and let (v,)nen be a sequence in
Lg: (2, P) such that v,(w) € T for all n € N and for all w € Q and that v,
o (L3S, L )-converges t0 voo. If ¥ : 2 x T x E — [0, +00] is lower semicontinuous
on Q'x T x B, if ¢(w, tieo (w), ) is convex for all w € Q, then

[ 900 @), 0 @) AP(@) < Timint [ 1) 00(0) AP (o).
Q

n—-+4oo Q

Proof. Since E is a K, Suslin space, the proof follows the same line as Step 1
of the proof of Example 8.1.11. Using the approximated integrand v, one can
prove that the Fatou property holds in this case via the duality of convex integral
functionals [CV77]. Indeed we only need to check that

o —hmmf/wk (@t (@), () d P(w /wk (st (), v () A P(w),

for any sequence (w,) of measurable selections of I' which o (L5, Li )-converges to
Vso- We may suppose that ¢ € R and by extracting a subsequence that

crp = 1iTILn/Q Y (W, Uoo (W), Wy (w)) dP(w).

Pick v with #(w) € T a.e. such that ¥y (w, us(w),v(w)) is integrable. Hence the
convex dual function g of the convex integrand hi(w,z) = Yr(w, tus (W), x))
satisfies

0< 7916(“}70) < hk(wvﬂ(w))'

Thus the convex integral functionals
I, (v /hk w,v(w))dP(w), v e Lg

and
I, (u) = / 91w, u(w)) dP(w), u € L
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are dual functionals. In particular I, is convex lower semicontinuous for the
o (L2, L) topology, thus proving the desired lower semicontinuity property. The
remainder of the proof is mutatis mutandis the same as in the proof of Example

8.1.11. 0

To finish this section let us mention another example (compare with the ex-
ample just after Theorem 8.1.6) which arises from the theory of sweeping process
(see [Mor77, CVT77, MM93]).

Example 8.1.17 Suppose that (H, ||.||) is a Hilbert space. Let C be a lower
semicontinuous multifunction on [0, 1] with closed convex values in H. Let (u,)
be a uniformly bounded sequence in Lg ([0, 1]) which converges in measure with
respect to the norm ||.|| to a function us € Ly ([0,1]) and (v,) be a uniformly
integrable sequence in Ly ([0, 1], dt) which o(Lgy, L) converges to a function v., €
L ([0,1],dt). Let 1 be the integrand defined on [0, 1] x H x H by

P(t,y,x) =067 (z,C(t) + (y, z)
for (t,z,y) € [0,1] x H x H. Then

1 1

WV(t, Uoo (t), Voo (t)) dt < limJirnf Yt un(t), v, (1)) dt.
0 n—roe Jo
Hint Firstly, use the fact that the topology of the convergence in measure on
bounded subsets of L coincides with the topology of uniform convergence on
uniformly integrable subsets of Li; [Cas80], to get

1

lim (un(t), v, (t)) dt :/0 (Uoo (), Voo (L)) dt.

n—-+o0o 0

Secondly, since C' is lower semicontinuous, the integrand (¢,z) — 6*(xz, C(¢)) is
lower semicontinuous on [0, 1] x H, using Michael’s selection theorem, and is convex
lower semicontinuous on H. Thus

/05*(%0(75)), o) dt<hm1nf/ 5 (un(8)), C(1)) dt.

n—-+oo

The result follows. []

8.2 Reshetnyak—type theorems for Banach-valued
measure
Most parts of the material is this section is borrowed from [CJ95]. Let T be a

Polish space and Br its Borel o-algebra. Let E be a separable reflexive Banach
space with norm | - ||, E* be its strong dual space and (.,.) be the duality bilinear
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form between E and E*. The closed unit ball Bg- of E* is equipped with the
weak™ topology o(E*,E); it is a metrizable compact space.

We denote by C, (T, E) the Banach space of all bounded continuous E-valued
functions on T equipped with the sup-norm.

An E*-valued measure on T is a o-additive set-function m from Br into E*.
The variation of the measure m is the non-negative real-valued measure |m| on T
defined, for all A € By, by

Im|(A) = sup{z lm(A:)|l; (A;)icr finite Br-partition of A}.
i€l

We denote by M(T, E*) the space of all E*-valued measures m on T with bounded
variation (i.e. |m| is a bounded Radon measure on T). We set ||m]| = |m|(T).

For every m € M(T,E*), there is a |m|-measurable function (dm/d|m|) : T —
E* such that m = (dm/d|m|)|m|, that is,

m(A) = /ddZ()d|m|() VA € Br.

For every f € Cy (T,E) and every m € M(T,E*), we define the integral of f

with respect to m by
[ ram= [ (), T o) dimico.

Thus, the space M(T,E*) is identified with a subspace of the topological dual
space of Cyp, (T, E). It is equipped with the weak* topology o(M(T,E*),Cy (T,E)
usually called weak (or narrow) topology.

For further details on vector measures, we refer to [DUT77].

A subset H of M(T,E*) is bounded if

sup ||m]| < +oo.
meH

It is tight (or it satisfies Prohorov’s condition) if for every € > 0, there is a compact
subset K. of T such that

Im|(T\ K.) <e VYm e H.

We recall a classical statement of Prohorov’s theorem which is, for positive
measures, a particular case of Theorem 4.3.5.

References: [Bou69, §5 Théoreme 1], [DM75, Théoreme I11.59].

Theorem 8.2.1 Let H be a bounded tight subset of M(T,R). Then H is relatively
narrowly compact in M(T,R).
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The following result is the generalization to Banach valued measures defined
on a Polish space of a well-known result of Y. Reshetnyak ([Res68, Theorem 2]).

Theorem 8.2.2 Let ¢ : T x Bg- — [0, 4+00] be a lower semicontinuous function
on T x By~ such that for allt € T, ¢(t,.) is convex and positively 1-homogeneous
on Bg~ i.e. for all x € Br~ and all X € [0,1], ¢(t, \z) = \p(t,x). Let (my)x be a
bounded tight sequence in M(T,E*) which narrowly converges to m € M(T,E*).
Then we have

hm inf / (i) dmk |
d|my,

Proof. This proof follows some steps developed by Y. Reshetnyak [Res68, Cas87]
in the case when T is locally compact, with some necessary modifications.
Extracting a subsequence, we can suppose that

(1)) djmy|(2) / ot )) dim|(t).

a—hmlnf/gb dmk ) d|my](t) hm/qﬁ ) d|my|(t).

For each k € N, we consider the measure v, € M*(T x Bg-,R), image of [m|
by the map t — (¢, (dmy/dlmg|(t)),T — T x Bg+«. We have ([DMT75, III(73)
page 128]),

Vg = / 0 ® 5dmk/d|mk\(t) dlml(t).
T

Since (my)y is bounded and since ||vg|| = [ d|my| = ||mgl|, the sequence (vy)y is
bounded too. Moreover, since the sequence (myg) is tight, for every € > 0, there
exists a compact subset K of T such that sup,, |mg|(T \ K) <e. It follows that

V([T x Bg+]\ [K x Bg+]) = vi([T\ K| x Bg-) = [my|(T \ K).

And so supy, x([T x Bg«] \ [K x Bg+]) < . Since K x Bg- is compact, this
proves that (vy)g is tight. Thus, by Prohorov’s theorem (Theorem 8.2.1), it is
relatively weakly compact in the space MT (T x Bg-,R) of non-negative bounded
Radon measures on T x Bg+; observe that M* (T x Bg-,R) equipped with the
weak topology is a Polish space: see [Bou69, §5 Proposition 10]. Therefore, there
exist a subsequence (v, ), of (1) and a measure v € M (T x Bg-,R) such that
(Vk,)p converges weakly to v. Since ¢ is non-negative and lower semicontinuous
on T x Bg+, the map 7 — [ ¢dr defined on M (T x Bg-,R) is narrowly lower
semicontinuous [DM75, Théoreéme IIL.55]. Then we obtain

. dmy, .
a=tim [ o(t, 0 (1) dims 1) = lim [ ot ()

(8.2.1) Z/T - o(t,x)dv(t, ).
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Let p be the projection of v onto T defined by

= / oy dv(t, x),
Tx B

u(A) = v(A x Bg-)

that is,

for every A € Br. Thanks to a result on disintegration of measures ([SP75], [Val72,
Théoreme 9], [Val73, Théoreme 2|, [CV77, VIL.17], [IT69]), there is a y-measurable
function A : t — ), from T into the space M*!(Bg«) of Radon probabilities on
Brg+ equipped with the narrow topology, such that

T
Coming back to (8.2.1), we find
(8.2.2) a> / P(t,x)du(t,x) = / ot ) dh () dp(t).
Tx By T J Bgx
Let now bar ()\;) € Bg- be the barycenter of \; defined by
bar (\;) = /f x dh ().
B

Since bar (\) : T — Bp«,t — bar ()\;) is measurable and for every ¢ € T, the
function ¢(t, .) is convex and lower semicontinuous on B, by Jensen’s inequality
we have

ot x)dN(x) > o(t, bar (), VteT.
B

It follows from (8.2.2) that

(8.2.3) a> /Tqb(t,bar (At)) du(t).

Let us show now that m = (bar (A\)) u. Let f € Cy (T, E). For each k € N, we have

/T F(t) dm(t) = / (R, ST ()Y | (8) = / (1), 2) du (1, 2).

" d|my| T B

On the other hand, since (mkp)p narrowly converges to m, we have

/Tr f(6) dm(t) = tim /T £(8) dma (0).
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Moreover, since (f(.),.) € Cy (T x Bg~,R) and the sequence (v, ), narrowly con-
verges to v, we have

[ v =t [ (5. dn, (00)
Tx By

P JTxBgx

Then, we put together the three previous equalities to obtain

[ sy amo - /Mw<f<> navita) = [ [ {0 7) AN ) )

- / (F(0), /E () du(t) = / (F(£). bar (A)) du(t)
/f d(bar (A\) p)(t).

d
This proves that m = bar (A\) u and thus d—m = bar (A\). We deduce now from
n
(8.2.3) that

(8:2.4) o> [ ot bar () dute) = [ ot GH0) dutt)

Let |bar (A)|: T — [0,1],¢ — || bar (A¢)||. Since p is a non-negative measure
on T, we have d|m| = |bar (\) | du and so
dm d|m)| dm

dm = dp = bar dp.
am] dp ¥ ] ]

We obtain for almost every t € T,
——(t)) = ¢(t, || bar (A )II dim |( )) = [Ibar (A:) |6 (¢, W(t))'

Finally, with (8.2.4), we find

a> / <z>(t, dﬂ / o(t, 2 (1)) [ bar (M) [ dp()
/ ot ) d(| bar (A / o(t, 2 (1)) djm] (1)
This proves the result. ]

Remark 8.2.3 1) Reshetnyak’s theorem shows that the functional

dm

, W(t)) d|m|(t)

I, : M(T,E*) — RY, m»—>/¢(t
T
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is narrowly sequentially lower semicontinuous on the bounded tight subsets of

M(T, E*).

2) When T is a locally compact topological space, the first author proves in [Cas87]
the same result that we present below.

In the following T is a locally compact space, Cx (T, E) is the space of all con-
tinuous mappings from T into E with compact support, M™(T) is the space of pos-
itive Radon measures on T equipped with the vague topology o(M™(T), Cx(T,R))
where Cx(T,R) is the space of all real valued continuous functions defined on T
with compact support. We endow the space M(T,E*) of all E*-valued measures
m on T with bounded variation with the vague topology o(M(T,E*), Cx (T, E)).
Now we proceed to a second type of Reshetnyak’s theorem in the locally compact
framework. Although the proof follows some lines in Reshetnyak’s theorem, we
need to be a bit more careful since we work with the vague topology, in contrast
to Theorem 8.2.2 dealing with the narrow topology. So, in order to avoid any risk
of confusion, we will produce the proof of this variant with full details.

Theorem 8.2.4 Let ¢ : T x Bg- — [0, 400 be a lower semicontinuous function
on T x By~ such that for allt € T, ¢(t,.)) is convex and positively 1-homogeneous
on Bg~ i.e. for all x € Br~ and all X € [0,1], ¢(t, \z) = \p(t,x). Let (my)x be a
bounded sequence in M(T,E*) which vaguely converges to m € M(T,E*). Then

we have
hmlnf/d) dm
mk|

Proof. Extracting a subsequence, we can suppose that

() dime(t) /¢ )) djm|(t).

= limin dﬂ m = lim d7m m
(8.2.5) a=lim f/qr¢(t”d|mk|(t>)d| (1) = lix /Tab(t, d|m|(t))d| k| (t)-

For each k € N, we consider the measure v, € MT(T x Bg-,R), image of [mg| by
the map t — (t, (dmy/dlmg|(t)), T — T X Bg«. We have ([DMT75, ITI(73)]),

Vg = /’]I‘(St & 5dmk/d|mk\(t) d|mk|(t)

Since (my)y is bounded and since ||vg|| = [ d|my| = ||mgl|, the sequence (vy)y is
bounded too. Hence (v)y is relatively vaguely compact in the space M (T x By« )
of positive bounded Radon measures on the locally compact space T x Bg-. So,
there exist a filter F finer than the Fréchet filter and a positive Radon measure
v € M*(T x Bg~) such that

o(MF(T x Bg-),Cx(T x Bg-,R))- li;_nyk =
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Using the lower semicontinuity of ¢ and (8.2.5) we get

o dmy, o
o=t [ ot )6 =i [ o)

> /’erB[E* o(t, s) dvg(t, s).

Let p be the projection of v onto T defined by

,u:/ _ 0pdy(t, ).
Tx Bys

As in the proof of Theorem 8.2.2 thanks to a result on disintegration of mea-
sures, there is a p-measurable function A : t — A; from T into the space
M 1(Bg.) of Radon probabilities on Bg« equipped with the vague topology
o(M*Y(Bg+), C(Bg~)) such that

T

Here C(Bg-) is the space of all real-valued continous function defined on the
o(E*,E) compact set Bg+. Coming back to (8.2.5) we find

(8.2.6) a 2/ ot x)du(t, ) :/ ot x) dA () dpu(t).
Tx Bgw T J B
Let now bar (\;) € Bg- be the barycenter of \; defined by

bar (\;) = [ x de ().

B

Since the mapping ¢t — bar (\;) is measurable and for every ¢ € T, the function
¢(t,.) is convex and lower semicontinuous on Bg~, by Jensen’s inequality we have

B(t ) dA(x) > @(t, bar (Ny)), VE € T.
B

It follows from (8.2.6) that

(8.2.7) a > /TQS(t,bar (Ae)) du(t).

Let us show now that m = bar (A\) u. Let f € Cx(T,E). For each k € N, we have

AﬂﬂMMU=AU@(mk@Mmmw=/ (F(0), ) du (1, 2).

’ d|mk‘ Tx By«
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On the other hand, since (my, )p vaguely converges to m, we have

[ £ amo =t [ ) am, 0

Moreover, since (f(.),.) € Cx(T x Bg+,R) and the sequence (v,), vaguely con-
verges to v, we have

/ (f(t),2) dv(t, x) = lim (F(8), ) dun, (¢, ).
Tx Bgs

P JTx Bgx

Then, we put together the three previous equalities to obtain

léfawmuwléxm*w< 2) dv(t, v) / LF 2) A\ () dp(t)

:/<f(t),/§ i ( ))du(t):/T<f(t)7bar(kt)>du(t)
= [ 10w )00,

d
This proves that m = bar (A) 4 and thus d—m = bar (A). We deduce now from
i
(8.2.7) that

(8.2.8) a> /qb t,bar (A;)) dp(t) /¢ dp(t).

Let |bar (A)|: T — [0,1],¢ — || bar (A¢)||. Since p is a non-negative measure
on T, we have d|m| = |bar (\) | du and so
dm d|m)|

dm = dp = bar du.
Tl i 1= 2

We obtain for almost every ¢t € T,

dm dm dm

o(t, @(ﬂ) = ¢(t, || bar (A\) ||m(t)) = || bar (Ay) || (¢, M(t))

Finally, with (8.2.8), we find

az/¢@m” /¢ 0)Ibar (Ar) || dia(2)

/¢ ) d(| bar (A /¢ )) djml (¢

[]
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Remark 8.2.5 We refer to [CJ95] for the usefulness of the Reshetnyak-type theo-
rems presented above in the statement of epiconvergence of some integral function-
als and the sweeping process. In this vein, using the techniques developed therein,
we give below some examples of epiconvergence integral functionals involving the
fiber product type limit theorem for Young measures.

Example 8.2.6 Let (T, 7p,P) = ([0, 1], L1, d1), N=NU{oo} and S and Y be
two Polish spaces. Let {¢g; k € ﬁ} be lower semicontinuous functions on TxSxY
with values in [0, 4o00] such that, for every sequence ((tg, 2k, yx))r in T XS x Y
which converges to (¢, z,y), we have

Let (\¥) be a tight sequence of Young measures in ! (T, 7p, P; S) which stably con-
verges to A* € YY(T,7p, P;S) and let (u) be a sequence of continuous functions
on T with values in Y which converges uniformly on T to a continuous function
Uso. Then we have

limkinf/T[/g or(t, s, u(t)) df(s)] dt 2/

T

[ /S oot 5, 1100 () AA(5)] .

Proof. Remark that the (Alexandroff) one point compactification N of N is a
compact metric space. We define a function ¢ : T X NxS — [0, +o0], by
Y(t, k,x) = @i(t,z,ur(t)). Let us show that ¢ is lower semicontinuous on T x
N x S. Let (tx, Pk, T )r be a sequence in T x N x S converging to (t,p,x). We
set a = liminfy ¢ (g, pr, zx). If p € N, for k large enough, pp = p. Since u, is
continuous, the sequence (u,(t;)), converges to u,(¢) in Y. It follows from the
lower semicontinuity of ¢, that

limkinfcp(tk7pk, xR) = limkinf Opi (s Tk, Up,, (Br)) = limkinf ©p(te, Tr, up(ty))
> ¢p(t, 2, up(t)) = P, p, ).

Consider now the case p = oco. Extracting a subsequence, we may assume that
a = limg ¥ (tk, pr, ¢r) and that the sequence (pg )i is increasing. For each n € N,
we define

t1, ifn<p, x1, ifn<pp,
Sp = . and y, = .
ty, ifpr <n<pryr, Ty, ifpp <n <prgr.

Then, we have
(8210) t = lim Sn (Spk)k = (tk)k y

(8.2.11) v =lmy, . (yp)r = (@) -
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Moreover, since u is continuous and (u,, ), converges uniformly to v on the compact
set {t, sn; n € N}, the sequence (uy(Sy))n converges to u(t) in Y. Hence, by (8.2.9),
we get

lirriinf U(tg, Pr, xr) > Hminf ¥ (s,,n, y,) = liminf ¢, (Sn, Yn, Un(Sn))
2 doo(t, 2, u(t)) = P(t, 00, ).
This proves the lower semicontinuity of . For each k € ﬁ, consider the Young
measure ¥ = §, ® A*. Then v* € Y}(T;N x S). Since the sequence (§,) is tight
and stably converges to J_ in MP®(N,R), the sequence (v*) = (J,, ® A¥) stably
converges to v>*° = J_, ® A*°, using Theorem 8.1.1 or Theorem 3.3.1. Applying

Portmanteau Theorem 2.1.3 to (v*) and the function ¢ gives
(8.2.12)

. . k e e]
hmkmf/T[ s U(t,n, s) dvi((n,s))] dt > /11‘[ s Y(t,n, s) dv®((n, s))] dt.
Since for each k € N, we have
(8.2.13) /T[ [ vl avk((n. o) de = /T[/Sz/)(t, k. s) dAE(s)] dt

So the result follows from (8.2.12) and (8.2.13). ]

Example 8.2.7 Let (T,7p,P) = ([0,1], Lp,1], dt), N = NU {co} and S be a
compact metric space. Let {¢g; k € Igl} be lower semicontinuous functions on
T x S with values in [0, +0c]. Assume that there is § € S such that ¢(¢,3) = 0
for all (t,k) € S x N. And assume that for every (t,v) € T x MTL(S) (MTL(S)
being the space of all Probability Radon measures on S equipped with the vague
topology), there is a sequence (v*) in M*1(S) such that

: k
(8.2.14) hmksup/Sgok(t,s) dv®(s) < /Sapoo(t,s) dv(s).

Then for every A € Y(T, 7p, P;S) there exists a sequence of Young measures (\*)
in Y(T, 7p, P;S) which pointwise vaguely converges to \; € Y!(T, 7p, P;S) (that
is, for every t € T, A\F vaguely converges to \;) and satisfies

timsup [ [ [ ot i) at < [ [ [ oucttos) dns) e

k

Proof. Let A € Y*(T, 7p, P;S). We may assume that

/Sgooo(t,s) dMi(s) < o0
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for allt € T. For each k € I/\\I, let us consider the integrand y : T x MHL(S) —
[0, +00] defined by

ilt, ) = | / oi(t,s) du(s) - / ooty ) dM(s)]

It is clear that ¢y, is Tp ® Bpg+.1(s)-measurable on T x M*1(S) and lower semicon-
tinuous on M™1(S). Let us denote by d a distance compatible with the vaguely
compact metrizable topology on M*1(S). Consider now the multifunction I'y on
T with values in the set of all subsets of M*:1(S) defined by

Ti(t) = {v € M*1(S); d,v) + 4t v) = min o140 Y) Tt )} }-

Since M™:1(S) is vaguely compact set, it is clear that for all ¢ € T, T'x(¢) is non
empty. Then, by [CV77, I11.39], there exists a (7p, Bp+.1(s))-measurable selection
AF of T'y,. For every t € T, by (8.2.14), there exists a sequence (vj), in MT1(S)
vaguely converging to A; such that limyg 15 (¢, v,) = 0. Since

d()‘t7 )‘f) + ’(/}k(ta )‘f) < d()‘t7 V}C) + ’(/}k(tv Vk?)a

we get
lim d(Xr, M) =0 and Tim 4 (1, AR = 0.

On the other hand, since ¢ (t,5) = 0 by our assumption, we have ¥ (t,05) = 0
and thus
AN, A) + i (A7) < d(e, 65) + Y (t, 85) < M,

where M = sup{d(u,v); (u,v) € MHL(S) x MTL(S)}. So by Lebesgue’s domi-
nated convergence theorem, we deduce that (1 (., AF)), converges to 0 in the space
L'([o, 1], Lio,1], dt). Thus we have

: + 4,
hlgn/lr[/S o (t, s) dAF(s) —/Sgooo(t,s) di(s)] " dt =0,

hence

1imsup/T[/S or(t,s)dA(s)] dt < /T[/S Pool(t, ) dMi(s)] dt.

k
That completes the proof. ]

8.3 Some new applications of the Fiber Product
Lemma for Young measures

This section is essentially taken from [CRAFO04]. It is devoted to the study of the
value functions of a control problem where the dynamic is governed by an ordinary
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differential equation (ODE) where the controls are Young measures. Here the sta-
ble convergence for the fiber product of Young measures is crucial in the statement
of the variational properties of the value functions in the control problems under
consideration and the developments of Mathematical Economics (see e.g. [Tat02]).
References for control problems are e.g. [EK72, ElI87, ES84, KS88, BJ91].

Here, E = R? is a finite dimensional space and [0, 1] is equipped with the
Lebesgue measure.

8.3.A The value function of a control problem governed by
a first order ordinary differential equation

In this section we present a study of the value function of a control problem where
the controls are Young measures. As the proofs are rather long, we do not make
weak assumptions on the Control spaces but we only focus on the main ideas in
order to present some sharp applications of the fiber product for Young measures
presented above. Namely we assume here that S and Z are metric compact spaces.
Let k(Z) be the set of all compact subsets of Z, T : [0,1] — k(Z) be a compact
valued Lebesgue measurable multifunction from [0, 1] to Z. It is well-known that
MHYS) (resp. MT1(Z) is a compact metrizable space for the o(C*(S), C(S))
(resp. o(C(Z)",C(Z)))-topology.

Let us consider a mapping f : [0,1] x E X S x Z — E satisfying:
(i) For every fixed t € [0,1], f(¢,.,.,.) is continuous on E x S x Z;
(ii) For every (x,s,2) € E xS X Z, f(.,x, s, 2) is Lebesgue-measurable on [0, 1];

(iii) There is a positive Lebesgue integrable function ¢ such that f(t,z,s,z) €
¢(t)Bg for all (t,z,s,2) in [0,1] x E x S x Z;

(iv) There exists a Lipschitz constant A such that
||f(t,$1,5,2) - f(t,J?Q,S,Z)H < A||a’n1 - .’L'2||
for all (¢,x1,s,2), (t,x2,5,2) € [0,1] x E x S x Z.

We consider the absolutely continuous solutions set of the following ordinary
differential equations (ODE)

Uy pu, ¢ (t) fs (t, uz,puc(t), 8, C(1)) due(s)
(o) { Uppuc(0)=2€MCE

where ¢ belongs to the set Sp of all original controls, which means that ( is a
Lebesgue-measurable mapping from [0, 1] into Z with ((¢) € T'(¢) for a.e. t € [0, 1],
and M is a compact subset of E, yn € H, where H is a subset in the space of Young
measures Y1([0,1];S) defined on S, and

it (0) = Jy L S (ks (8), 5. 2) dpn(5)] i (2)
VAVEYRY) { h o (0) = xF(E)MS CcE
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where v belongs to the set R of all relaxed controls, which means that v is a
Lebesgue-measurable selection of the multifunction X defined by

S(t) == {0 € MPL(2); o(D(1)) = 1}

for all ¢ € [0,1]. These assumptions are sufficient to guarantee that for each
(@, p,v) € M x H x R there is a unique absolutely continuous solution w , , for
the ODE under consideration on the interval [0, 1] with v, ,,(0) =2 € M C E.

Theorem 8.3.1 Assume that J : [0,1] x E x S x Z — R is an L'-bounded
Carathéodory integrand, (thatis, J(t, ., .,.,.) is continuous on EXSXZ for everyt €
[0,1] and J(.,x, s, z) is Lebesgue-measurable on [0,1], for every (z,s,z) € ExSXZ)
which satisfies the condition: There is an integrable function ¢ € Ly ([0,1] such
that |J(t,z,s,2)| < @(t) for all (t,x,s,z) € [0,1] x E x S x Z. Assume further
that 'H is compact for the convergence in probability. Let us consider the control
problems

(Parrco) - inf / [ /S Tttt e (), 5, C(1)) da(s)) dt

(x,p,{)EM X HXST 0

and

(Punr): inf /// (t, Uz (b)), 8, 2) due(s)] dve(2)] dt

(z,pu, V) EMXHXR

where Uy ¢ (resp. Ug ) is the unique solution associated with (x, p,¢) (resp.
(x,u,v) to the ODE (Zyn,0) (resp- (Tammr). Then one has inf(Py.0) =
min(PM7H77g).

Proof.

Claim 1. The graph of the single valued mapping (z, u, V) — ugz ., defined on
the compact space M x H x R with value in the Banach space Cg([0, 1]) endowed
with the topology of the sup-norm is compact.

It is obvious that the solution g, , for the ODE under consideration is given
explicitely by

o) = o+ / I LU 5t 7)2) du ) ()t

for each t € [0,1]. Let (2™, u", ™) be a sequence in M x H x R and let ugn ,n
be the unique absolutely continuous solution to

Tgn yn o () = [, (&, tan yn un (t), 5, 2) dui(s)] dvf(z) ae.
Ugn pyn pm (O) =z" € M.

Since M is compact we may suppose that (z™) converges to a point ™ € M.
Taking into account the assumption on f, it is easily seen that the sequence
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(tgn ynyn) is relatively compact in Cg([0,1]). We may suppose, by extracting
subsequences, that (ugn ,n,n») converges uniformly to an absolutely continuous
function u*>(.) with u*(0) = 2°° and (tgn ,n ») converges o(Ly, Lg°) to u™.
We may also assume that (p™) converges in probability to p> € H. Further the
sequence (v™) of Young measures is relatively compact for the stable topology
on the space Y1([0,1];Z) of Young measures, and hence by extracting a subse-
quence, we may suppose that (™) stably converges to a Young measure v>° with
vi°(I'(t)) = 1 a.e. So, in view of Theorem 3.3.1, 4, ,, . . ® p" ® v" stably
converges t0 J,. ® pu®° ® v>°. Let h € Lg’([0,1]). It is clear that the function
L: (t,x,s,z) — (h(t), f(t,z,s,2)) is an L'- bounded Carathéodory integrand de-
fined on the compact space [0,1] x M x S x Z, namely, |L(t,z, s, z)| < h(t)c(t) for
all (t,x,s,2) € [0,1] x M xS X Z, using condition (iii). Consequently, by the stable
convergence of (§ QU @ V™) t0 dy00 @ ™ ® v°, we get

ZUugn ,n
Ug™ ™ v

1
lim “é#@@i@%wmﬂm&@MNﬂwﬂﬂﬂ

n—oo S

=hmOWW%wﬁ=4%%WWNMWM@M$MMﬂMﬁ

n—oo

1
= [ 0.0t
0
where, for notational convenience,
Un(t) = /[/Sf(t’ Ugn, pm vm (t)a S, Z) d/L?(S)] thn(Z), vt € [Oa ]-]7
zZ

and

vﬂﬂ:é%ﬂmﬁwﬁ@W$®MWW%W€wﬂ

Hence (v™) weakly converges in Li ([0, 1]) to v™. Using the weak convergence in
Li([0,1]) of (ttgn yin pn) to @™, and the preceding limit, we get

W (1) = /Z [ /S FE (), 5, 2) duc®(s)] dv (=) ace..

n

So, we have necessarily u™(.) = ugoo yoo oo (.), Where uzoe o0 o is the unique ab-
solutely continuous solution of the ODE (Zys,3, =) associated with (2>, >, v>°).
Hence Claim 1 is proved.

Claim 2. inf(PM,H@) = min(PM’H’R).

As a consequence of Claim 1, the solutions set {uy ;. : (z, 1, v) € M x H x R} is
compact for the topology of uniform convergence. Since O is dense in R for the
stable topology, it suffices to prove that the mapping

U (2, 0) — /0 Y / /S Tttt (£), 5, 2) dpta(s)] dvs (2)] dt

|
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is continuous on M x H x R. Let (z™, u™,v™) be a sequence in M x H, xR such
that (™) converges to x € M and (v™) converges in probability to 4 € H and (v™)
stably converges to v € R. Applying the result in Claim 1, shows that (uzn un »)
converges uniformly to u, , , that is a solution of our ODE

Ug o (t) = [, fs (b ug (), s, 2) dug(s)] dy(2) ae.
Uz (0) =2 € M.
This implies that (¢,

Ugn n

® u" ® v™) stably converges to (4, R u R v).

U, v

As J is an L'-bounded Carathéodory integrand, it follows that

Jin LU 0t 0 0 0).52) i () a2
:/0 [/Z[/Sa J(t, Uz (), s, 2) due(s)] dve(2))] dt.

The proof is therefore complete. ]

Remark 8.3.2 In the course of the proof of Theorem 8.3.1, we have proven a
significant property, namely, the continuous dependence of the trajectories uz ;. .
of the dynamic under consideration with respect to the data (z, u,v) € M xH X R.
At this point it is worth to mention that this continuity property is valid under
more general conditions.

First, we may assume that E is a separable Banach space, S and Z are topo-
logical Lusin spaces, and the dynamic f is a mapping from [0,1] x E x S x Z into
E satisfying (i), (ii), (iv) and

(iii)’ There exists a measurable and integrably bounded convex compact val-
ued multifunction T" : [0,1] = E such that f(¢,z,s,2) € (1 + [|z|])T(t) for all
(t,z,2,8,2)€ [0,1] x Ex S x Z.

Secondly, we may assume that H is sequentially compact for the convergence
in probability and R is compact metrizable for the stable topology.

Indeed (i)- (ii)-(iii)’-(iv) are sufficient to guarantee the measurability of the
mappings t — [,[[s f(t,z,s, z) py(ds)] vi(dz) for all (u,v) € H x R and that, for
each (z,u,v) € M x H X R, there exists a unique absolutely continuous solution
and the solutions set {us .5 (2, p,v) € M x H x R} is relatively compact for
the topology of uniform convergence (see Proposition 6.2.3, Example 7.3.1 and
Proposition 7.3.2).

To illustrate this fact and before going further we present below a min-max type
result for Young measures.

Proposition 8.3.3 LetS be a Polish space and 'H be a convez subset in Y*([0,1];S)
which is closed for the convergence in probability (or for the stable topology, see
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Corollary 4.5.9). Let T be a Polish space and let K be a Ty, ~compact (metriz-

able) subset of Y*([0,1]; T). Let us consider a real-valued function ® : H x K such
that, for every fized u € H,®(u,.) is upper-semicontinuous on K and for every
fized v € KC, ®(.,v) is convex lower-semicontinuous on H. Then there exist a pair
(1, 7) € H x K such that

in ®(p,v) < (i, 7) < mi ®(u,v).
max min &(u,v) < @i, ) < min max & (u, v)

Proof. Let us set

p(p) = max &(p, v), Vp € K,

= inf ®(u,v), Vv € K.
q(v) = inf ®(u,v), Vv

Then p(.) is convex lower semicontinuous on H and ¢(.) is upper semicontinuous
on K. As H has the Mazur property (see Theorem 4.5.8), it is not difficult to
provide an element g € H such that

p(i) = minp(p).

As ¢(.) is upper semicontinuous for the stable topology on the compact set & there
exists v € K such that

¢(v) = maxq(v).

So we get
q(v) < @, v) < p(p).-

[]

Proposition 8.3.4 Assume that the hypotheses of Theorem 8.3.1 are satisfied.
Letl : E — E be a continuous mapping. Let x € M and 0 €]0,1] be fixred. Then
the control problem

U, (1, ) = /0 [ /Z [ /S Tttt (£), 8, 2) dpia ()] dvg(2)] dt + U(ttz 0 (6))
subject to

{ Uy, () = fr(t) s f(t ta o (t), s, 2) due(s)] dvy(z) a.e. t € [0,1];
Up up(0) =2 € M

admits at least a quasi-saddle point (ii,v) € H X R, that is

max min Vo (p,v) < Wolp,v) < min max Vo (1, ).
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Proof. Taking Theorem 8.3.1 and Remark 8.3.2 into account, we see that the
function ¥, is continuous on H x R. Repeating the arguments of Proposition
8.3.3 and using the compactness assumption on H gives the result. []

Remark 8.3.5 The conclusions of Theorem 8.3.1 and Proposition 8.3.4 may fail
if one only assumes that H is compact for the stable topology (instead of the
topology of convergence in probability), because the Fiber Product Lemma is not
valid: By compactness, the sequence ¢, g D #" ® v™ has limit points in
Y1([0,1]; Cg([0,1]) x S x Z), but they do not necessarily have the form §,.. ®
1> ® v (see Counterexample 3.3.3).

In the preceding dynamical system, we focus essentially on the continuous depen-
dence of the solutions on the data (z,u,v) € M x H x R. In order to illustrate
our techniques, we develop some new properties of the value function Vj(z, u,t)
associated with the dynamical system under consideration as follows:

V(@ u,t) = inf g(uz.(t)
with the data (x, u,v) € M x H x R where g is a bounded lower semicontinuous
function defined on E and ¢ € [0,1]. Recall that ug, () is the value of the
solution ug ;. at t of the dynamic (Za; 4 =). The following result provides a
lower semicontinuity property for the integrand

J : (97%#775) — Vg(xﬂu7t)

defined on Zg x M x H x [0,1] where Zg denotes the set of all bounded lower
semicontinuous functions defined on E.

Proposition 8.3.6 Assume the same hypothesis as in Theorem 8.3.1. Let g € I,
let (x,p) € M x H and let t € [0,1]. Then for any an increasing sequence (g;)
of bounded Lipschitz functions defined on E converging pointwisely to g, for any
sequence (') in [0,1] converging to t, for any a sequence (x*) in M converging to
x € M and for any sequence (u') in H converging in measure to i,

liminf Vy: (2%, p', ") > Vi (z, 1, t).

Proof. Note that, for every s € [0,1], the functions (z,u,v) — ¢i(Uzpuu(s))
are continuous (thus uniformly continuous) on the compact space M x H x R
because the mapping (z, ft, ) — (uy,u,,) is continuous on M x H x R as we have
already proved in Theorem 8.3.1. Therefore, for each i, the mapping (s, z, u,v) —
9i(tz, . (8)) is continuous. On the other hand, for each 4, there is v € R with

‘/gi (l‘i7 /Li, ti) = gi(uxi7ui7ui (ti))
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where uyi i ,: is the solution of the dynamic (Zas,3, =), that is

Ui i i (T) = / [/f(T7 Ugi i i (), 8,2) dpl(s)] dvi(z) ae. T €0,1],
I'(r) JS
Ugi i v (0) = xi.

Then, there is a subsequence of (u?, %) with the same notation such that (u* @ v*)
stably converges to 4 ® v and such that (ug: ,: i) converges uniformly to s, .
which is the solution of this dynamic, using Theorem 8.3.1, that is

Uy (T) = /F(T) [/Sf(T7 Up (7). 8, 2) dpr (8)] dv-(2) ae. 7 €0,1],
Uy (0) = .
So, for i > k, we immediately have the estimate
V(@' 1 8) = gi(uai i i (1)) = i (gt s i (8)) = 9t 0 () + Vg (@, 11, ).

Let € > 0. There is k > 0 such that 0 < g(ug (1)) — gr(tz uu(t)) <e. As (g;) is
increasing, we have

lim inf g, (s i, (8)) = W00 0F g (s gt (1) = g1 (ta a0 (1)) = 9tk (1)) — €.
The preceding inequality implies that
liminf Vy, (2, g, ) = Hminf g; (ugs i i (t1)) > Vi(z, p,t) —e.

L]

In the preceding result the data g is of simple nature. Now we give an extension
to Proposition 8.3.6 concerning a relaxation property for the relaxed value func-
tion, when the data is the integral functional associated with a positive, bounded
normal integrand. Namely, let i : [0,1] X E X S x Z — R™ be a bounded normal
Lo,1)-B(E x S x Z)-measurable integrand, that is, h is measurable and h(t, ., ., ., .)
is lower-semicontinuous on E x S x Z for every fixed ¢ € [0, 1], and let I}, be the
integral functional on ‘H x R given by

In(s ) = /0 Y /Z [ /S Bt s (£), 5, 2) ()] dua(2)] dt,

where u ,, is the unique solution to

Ug o (t) = /F(t) [/Sf(t,ux%,,(t),s,z) dui(s)] dv(z) a.e. t €]0,1],

U (0) = 2.
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Proposition 8.3.7 Let h be as above, and let (x,p) € M x H. Let (h*) be an
increasing sequence of bounded, Carathéodory integrands defined on [0, 1] xExSxZ
such that h = sup; h'. Let (z%) be a sequence in M which converges to x € M, let
(u?) be a sequence in H which converges in probability to ju. Let us consider the
value function

Wi, ) = inf Ty ) = inf / [ /Z [ /S Bty (1), 5 2) dpse(s)] dv(2)] dt,

vER Jo
where uy ., is the solution of the dynamic (Zprn,r). We then have

liminf Wy (2%, 1) > Wi (2, ),

where, for all i,

1

Wisa's ) i= inf Do, O) = i [ [ 1t (05, C0) (9]
¢€eSr CeSr Jo Js

Remark 8.3.8 It is well-known that a sequence such as (h?) always exists. It

is enough to combine the Baire-Hausdorff approximations with the Projection

Theorem to obtain such approximates (h*).

Proof of Proposition 8.3.7. By Theorem 8.3.1, for each i, we have

inf I:(z,1,v) = inf / [ /Z [ /S Bt o () 5 2) dpie(s)] dvg(2)] dit

VESy VESy, 0

1
= inf / [/ R (t, ug, e (t), 5, C(t) due(s)] dt = Whi(z, p).
¢esr Jo Js
We have already observed that the mappings (x,u,v) — ug ., and (z,p,v) —
Ip,i (z, p, v) are continuous on the compact space M x H x R. For each i, there is
vie Sy, with
Whi ('riv :Ui) = Ipi (xi7 p’iv Vi);

where i i, is the trajectory solution of (Zas3,%). Then, as in the proof of
Proposition 8.3.6, there is a subsequence with the same notation such that (u® ®
V") stably converges to u ® v and (ugi i i) converges uniformly to g, ,, which
is a trajectory solution with the initial condition u; , . (0) =« . So, for ¢ > k, we
immediately have the estimate

Whl('rlnu/z) = Ihi(mi7uivl/i) > Ihk(xiuuivl/i) - Ih(l‘,/,l,, V) + Wh(xa:u/)

For every fixed (z, p, v) € M x H xR, we have, by using the monotone convergence
theorem,

Sl;p Ini(z,p,v) = sup/ / / (t, Uz, (t), 8, 2) dpe(s)] dve(2)] dt

/// (t a0 (t), 5, 2) dpe(s)] dve(2)] dt = In (@, p, v).
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Let € > 0. There is k£ > 0 such that 0 < Iy (x, p,v) — Ik (z, p,v) < e. As (Ipi) is
increasing, we have

liminf I, (2°, p*, v*) > liminf Iyx (2, @', v") = Ik (2, gy v) > I, p,v) — €.

11— 00

The preceding inequality implies that

lim inf Wi, (2%, 4*) = liminf I (2%, p*) > Wi (z, p) — €.
p.

11— 00 7

L]

8.3.B Dynamic programming

In the following we aim to present other types of value functions which occur
in the problem of viscosity solutions of the Hamilton—Jacobi—Bellman equation
associated with the relaxed upper Hamiltonian H T defined by

T = win  max Ao, [[] ft05.2) duto)]anz)

PEMEL(S) vEMTA(Z
+ / [ / J(t, 2,5, 2) du(s)] d(z))

where the cost function has the form

1
/ [ / [ / T(t, g (8), 5, 2) dpe()] do ()] dt + gt e (1)),

S

where J : [0,1] x E x S x Z — R is an L'-bounded Carathéodory integrand
and uz ., is the trajectory solution starting at position z at intermediate time
T € [0,1], associated with the control (u,v) € H x R, where H is the set of all
Lebesgue-measurable mappings p : [0, 1] — M™L(S), namely

(1) = / [ /S F (bt (8), 51 2) dpa(s), ) din(2), gy () =

and g is an upper-semicontinuous continuous function defined on E (see Remark

8.3.10-1).

In the remainder of this section, we assume that H is a decomposable subset of
the space of Young measures Y1([0,1];S), that is, for every Lebesgue-measurable
set A C [0,1] and for every u', pu? in H, 1apu + 14cu? € H, in particular, H is the
set of all Lebesgue-measurable mappings ¢ : [0,1] — S. Here only decomposability
assumption on H is used by contrast to the results obtained above.
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Theorem 8.3.9 (of dynamic programming) Assume that J : [0,1] x E x S x
Z — R is an L'-bounded Carathéodory integrand. Let x € E, let T € [0,1] and let
o > 0 such that T+ 0 < 1. Assume further that H is a decomposable subset of the
space of Young measures Y1([0,1];S). Let us consider the upper value function

1
Vi(r,z) == JIel’% Il}lea%{/ [/Z[/S J (b ug (), 8, 2) dpe(s)] dvg(2)] dt}

Here ug ., denotes the solution trajectory determined by the relaxed dynamic asso-
ciated with f and the control (u,v) € HXR starting at position x at time T € [0, 1],
namely

um,u,u(t) = /Z[/Sf(tuw,u,u(t)v S, Z) Mt(s)] dyt(Z); uw,p,y(T) =x.

Then the following hold:

T+o
Vi(r,x) = inf max{/ [/Z[/S J(tug (), s, 2) due(s)] dvg(2)] dt

HEH VER
(8.3.1) + V(T4 0,up (T +0)}

Here

Vi(140, Uz, (T+0)) == inf max{/+ [/Z[/S J(t, vg,8,~(t),y,2) dBi(s)] dye(z)] dt}.

BEH YER

Uz,8,4 denotes the trajectory on [T + o, 1] associated with (8,7v) € H x R with the
initial condition vy g (T + 0) = Ug 1 (T + 0).

Proof. We will use the continuity results obtained above. Let W;(7,x) denote
the right hand side of (8.3.1). Take € > 0 and pu! € H such that

T+0
Wy (r, 2) > max{ / [ /Z [ /S Tt g 0 (0), 5, 2) dpl (s)) dvs(2)) dt

VER
+ Vit + 0, up 1 (T4 0)} —

There is u? € H such that

1
Vi(t+o,uy 0, (T+0)) > max/ [/Z[/S J(t,vg 2 (), 8, 2) dpi (s)] dye(2)]dt —e.

vER T4+0

Here v, ,,2 -, denotes the solution trajectory on [r + o,1] associated with (u?,7) €
H x R with the initial condition v, ,2 (7 + 0) = Uy 1, (7 4+ o). By compactness
of R and by the continuity of

UH/ [// (bt (8), 5, 2) dpn(s)] dn(2)] dt



8.3. NEW APPLICATIONS OF THE FIBER PRODUCT LEMMA 261

on R, we can choose v! € R such that

max / e /Z [ / (st 1 (8), 5, 2) dpik (5)] din(2)] dt

VER g
= [ 5052 i vk

and similarly there is 2 € R such that

s [ L L300 0).5.2) di o)) )

vER T+4+0o

-/ + L T 0000 5.2) () ) .

Here v, .2 ,2 is the trajectory solution defined on [r+0, 1] associated with (2, v?) €
H x R with the initial condition vy ,2 ,2(7 + 0) = Uy 1, (T 4+ 7). Let us set

M= 1[7’,7’-&-0]”1 + 1[7’—1—0,1]”2
and
U= 1 v + Lo v”

By the decomposability of H and R (recall that R is the set of measurable se-
lections of a multifunction), we have that 7 € H and 7 € R. Let W, 5 be the
trajectory on [r,1] associated with (f,7) € H x R with the initial condition z,
that is, W, zw(t) = Uy 1 (t) for t € [7,7 + o] and Wy z5(t) = vy 2,2(t) for
t € [T+ 0,1]. Coming back to the definition of V;(7, ), we have

VJ(T,x)Ssup/ //Jtuzu,,,s 2) dp,(s)] dve(2)] dt

VvER

= [ St D i

v/ N S It00005.2) (o) ) de

740 JZ JS

1
- / [ / [ / (6 e, 5,2) AT ()] dPa(2)] d < Wy, ) + 2.

S
On the other hand, there is 1 € H such that

V) (r,2) > max( / [ /Z [ /S Tt (£), 5, 2) Tie(s)] dve(2)] ity — .

VER

Then

) < max{/ / / (t, Uz, (t), 5, 2) diie(s)] dvy(2)] dt
+Vi(1 4+ 0, ug (T4 0)},
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with

1
Vit +0o,up (7 +0) < max/ [/Z[/ J(t, ug i (t), s, 2) diig(s)] dve(2)]dt.

VER to S

Here v, 5, is the trajectory solution associated with the controls (i, v) € H x R
with the initial condition v, j ., (T+0) = uy 5, (7+0). By continuity of the integral
functionals under consideration and by compactness of R, there exists v1 € R such

that
max / 7 /Z [ / Tttty s 5, 2) dfig(s)] dn(2)] dt

VER S

/TTJFU[/Z[/SJ(t Uy o7 S 2) djiy(s)) dvty(2)] dt

and similarly there exists 72 € R such that

1
/ ), ()] 7 )

1
= max J(t, 025,60 (1), 5, 2) dpie(s)] dvy(2)] dt.
VER T+o
Here v, ; 7> is the trajectory on |7+ 0, 1] associated with (1, 7?) € H x R with the
initial condition v, 7 72 (T +0) = Uy i, (T+0). Let v = 1[T7T+J]ﬁ+ lrpo7° €R
and Uy i 5(t) = Uy o (t) if t € [7,7 4+ 0] and Uy 5 5(t) = v, 52 (t) if t € [T+ 0,1].
Taking the above estimate of W (7, x) into account, we get

Wotra) < [ 11 0T mot0) 0.2 B
Smax/Tl[/Z[/ J(t, ug (), s, 2) diig(s)] dv(2)] dt

vER S
<Vy(r,z)+e.

[

Remarks 8.3.10 1) The preceding result still holds when the upper value func-
tions has the form

V{(r,z) = inf max{/ / / (t, Up o (t), Y, 2) dpe(s)] dvi(2)] dt + g(ug 10 (1))}

HEH VER

where ¢ is a bounded upper semicontinuous function defined on E. Here the
decomposability properties of H and R and the compactness of R for the stable
topology in the space of Young measures Y!([0,1];Z) are very useful in the proof
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of Theorem 8.3.9. Similarly, one can give an analogous result for the lower value
function

T+o
U () = supgt{ / [ /Z [ /S Tttty (£), 5, 2) dpie(s)] die (2)] dt + gtz (1)}

by permuting the role of R and H and by assuming that g is a bounded lower
semicontinous function defined on E.

2) It is worth to mention that the preceding result holds in the particular case
where H is the set of all Lebesgue-measurable mappings from [0,1] to MT1(S)
endowed with the vague topology o(C(S)", C(S)).

3) Taking the remarks of Theorem 8.3.1 into account, let us mention that
Theorem 8.3.9 is valid if we assume that S and Z are topological Lusin spaces,
and the dynamic f satisfies the conditions (i)- (ii)-(iii)’-(iv) of Remark 8.3.2, H is
a decomposable space of Y*([0,1];S) and R is compact metrizable for the stable
topology.

In the sequel of this section, we will make the following assumptions.

(Hy) H=Y%[0,1];S) and K = Y1([0,1];Z). In particular, the sets H and K are
decomposable and compact for the stable topology.

(H2) f:1]0,1] xE xS xZ — E is bounded continuous, f is uniformly Lipschitz
with respect to the variable 2 € E and the family (f(.,.,s,2))s,2)esxz is
equicontinuous; J : [0,1] X E x S x Z — R is bounded continuous and the
family (J(.,.,s,2))(s,2)esxz is equicontinuous.

It is obvious that the mappings f : [0,1] X E x M*T1(S) x MT1(Z) — E and
J:[0,1] x E x MTL(S) x MTY(Z) — R defined by

Pt ) = /Z [ /S F(t, .5, 2) du(s)) d(2)

and

J(t, z,p,v) = /Z[/S J(t,x, 8, 2) du(s)] dv(z)

inherit the properties of f and J respectively.
The remainder is a careful adaptation of the techniques given in [El87] and
[ES84]. Before going further let us mention a useful lemma.

Lemma 8.3.11 Let (tg,z0) € [0,1] x E, and let A : [to,1] x E x MTL(S) x
MTY(Z) — R be a continuous mapping such that the family

(A('7 -5 [y V))(u,u)eM+’1(S)xM+vl(Z)

18 equicontinuous.
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(a) If ming,e pg1(s) maxy, e p+1(z) Ato, 2o, g, v) < —n < 0 for some n > 0, then
there exist t € H and o > 0 such that

to+o O,,’,]
Iglea%/ A(ta Uro,ﬁ,u(t), o, Vt) dt < 77

where ug, 1, denotes the trajectory solution of the relazed dynamic associated
with f and the controls [t and v with the initial condition g, m, . (to) = o,
that is,

Uz 75,0 (1) —//ftumw, ,8,2) diiy(8)] dv(z) a.e. t € [0,1],

Uzy 7.0 (t0) = To-

(b) If mingeaq+.1(s) Max, e a1 (z) Alto, To, p,v) > 1 > 0 for some n > 0, then
there exists o > 0 such that, for each p € H, we have

to+o 0_,'7
IVnEalé(/ A(t, U, (t), o, ve) dt > 5

Proof.

(a) By hypothesis, there is 7 € M™1(S) such that max, e yg+.1(zy Ato, 2o, 1, )
< —n < 0. Also, by the equicontinuity hypothesis, there exists & > 0 such that
max, e pq+1(z) A, o, 1, v) < —n/2for 0 <t —tg <& and |lz — 0| <€ Takeo >0
such that [}°"7 c(t)dt < & so that ||ty . (t) = tag g (to)|| < [T c(t)dt < €
for all t € [to, to + a] and for all v € K (we also denote by [z the constant Young
measure t — 7, = ). Then, by integrating,

to+o to+o , on
At Ugy 7.0 (L), I, vg) dt < ma; A, ugy 7. (), @, V) dt < ——
| Mg < [ e A (0,50 < -

for all v € K and the result follows.

(b) Let & > 0 such that, for all (u,v) € MTY(S) x MTYZ),if 0 <t —ty <&
and ||z — o] < &, then |A(t,x, p,v) — A(to, o, 1y v| < n/2. Let p : [0,1] —
MHL(S) be a Lebesgue-measurable mapping. By virtue of the Sainte Beuve—
von Neumann—Aumann Selection Theorem, there exists a Lebesgue—measurable
mapping v* : [0,1] — MT1(Z) such that

A(t07 Zo, Ht, Vtu) = VE/I;I/}%%(Z) A(t0> o, Ht, V)

for all ¢ € [0,1], because the nonempty compact valued multifunction

+,1 . _ /
t={v e MT(Z); Alto, zo, i, v) = ylef\n/ﬁlﬁ(z)/\(to,moaﬂtw )}
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has its graph in Ljg 1] ® B(M*(Z)). Take o > 0 such that ftﬁa (t)dt < € so

that ||ug,, () — Usg,puw(to)]] < ftﬁa (t)dt < & for all t € [tg,tg + o] and for all
v € K. As in (a), we then have, by integrating,

to+o to+o n
/ A(t, wgy,puom (t), e, 4 dt > / [A(t, zo, pt, vt') — 5] dt
to to

to+o
> / L
. 27T

Theorem 8.3.12 (of viscosity solution) Assume that (Hy) and (Hz) are sat-
isfied. Let us consider the lower value function

Uj(r,z) := max mln{/ / / (t, Uz p(t), s, 2) due(s)] dve(z)] dt}.

veK pneH

Here ug.,,,, 15 the trajectory solution to

e (¢ / / F (s g (0,5, 2) dpa ()] dva(2), o (7) = .

Let us consider the relaxed upper Hamiltonian

*(t,z, p) ;= min max T,8, 2 ) dv(z
H* (4,7, p) {<p,/Z[/Sf<t, 5, 2) da(s)] d(2)

HEMFL(S) vEM*L(Z)

+ / [ / J(t, 2,5, 2) du(s)] dv(2)}.

S

Then Uy is a wviscosity solution to the Hamilton—Jacobi—Bellman equation %—[{ +

H*(t,2,VU) = 0, that is, for any ¢ € C'([0,1] x E) for which Uy — ¢ attains a
local mazimum at (to,xo), we have

0
?f(to,xo) + HJF(tOvavv‘p(tO»mO)) > 0’

and for any ¢ € C'([0,1]) x E) for which Uy — ¢ attains a local minimum at
(to, o), we have

o +

¢ (tos@0) + H ™ (to, 20, Vip(to, 20)) < 0.

Proof. Assume by contradiction that there exists a ¢ € C*([0,1] x E) and a point
(to, o) for which

%—f(to,xg) + H™ (to, 20, Vio(to, z0)) < —n < 0 for n > 0.
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i, where, for all

Applying Lemma 8.3.11-(a), by taking A = J + <Vg0,f> + 9

(t,z,p,v) € [0,1] x B x MHL(S) x MH1(Z),

Ttau) = [[[ 30052 duts) vt

and

Fltxapw) = / [ /S F(t .5, 2) du(s)) dv(2),

provides a control 7 € MT!(S) and ¢ > 0 such that

max{ /t :w[ /Z [ /S Tt tng i (1), 5, 2) dii(s)] dvs ()] dt

vek

to+o
+ / [ / [ /S (Vo (bt g1 (0)s £ (st 50 (1), 5, 2)) di(s)] o (2)] dit

0

to+o aQD
o[ G ) )

< —on/2.

Thus

vel peH

to+o
maxmin{/t [/Z[/S J(t, Ugg v (t), s, 2) du(s)] dg(2)] dt
to+o
9000t (). 011 (0. 5.20) i) (2]

0

to+o (p
[ Gt )t}

(8.3.2) < —on/2.

From the dynamic programming identity (see Remark 8.3.10-1),

to+o
Uj;(to, zp) = max min / // (b Uz, (1), 8, 2) dpe(s)] diy(2)] dt
to

vek peH
(8.3.3) + Uj(to+ 0, Ugy pu(to +0))}

Here w4, ., is the trajectory solution of the relaxed dynamic ]""V associated with
p € H and v € K with the initial condition ug, ¢ . (to) = xo. Since Uy — ¢ has a
local maximum at (¢, zg), so for small enough o

(834) UJ(lfo,l'O)—(p(tml‘o) > UJ(t0+U, umo,u,u(to—&-a))—ap(to—i—o, um%u(to—&-o)).
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From (8.3.3) and (8.3.4),
to+o
max mln{/ / / (t, g, (t), s, 2) due(s)] dv(2)] dt

veK pneH

+ p(to + 0, Ugy, v (to + 0) — ©(to, o))}
(8.3.5) > 0.

As ¢ is C*
o(to + Uvuwo,uﬂ/(tO +0)) — ¢(to, xo)

/t°+g<w<t g o //ftuxo,w() ,2) dpn(s)] dig(2)]

to

to+o 8
P
(8.3.6) +/ Sttt (1) d.
to
Substituting (8.3.6) in (8.3.5) we have a contradiction to (8.3.2). Therefore we
must have

0
a*f(towo) + H™ (to, z0, Vep(to, mg)) = 0.

The verification for the min point is similar, using Lemma 8.3.11-(b). []

Remark 8.3.13 Theorem 8.3.12 remains valid under the hypothesis (H;) and
(H2) if E is a separable Banach space with additional assumptions and the dynamic
f satisfies the conditions (i)-(ii)-(iii)’-(iv) of Remark 8.3.2. See e.g. Example 7.3.1.

Now we give a variant of the dynamic programming identity with strategies.
Let A C Y'([0,1];S) be compact for the convergence in probability (note that
A is then compact for the stable topology) and let B C Y'([0,1];Z) be compact
(metrizable) for the stable topology, e.g. B = R. We denote by A the set of all
continuous mappings (strategies) « : A — B. Then the dynamic programming
identity becomes as follows.

Theorem 8.3.14 (The dynamic programming identity with strategies)
Let x € E and let o, 7 € [0,1] such that T+0 < 1. Let J: [0,1] x ExSxZ — R be
an L' -bounded Carathéodory integrand. Let us consider the lower value function

Hy(r,2) = inf max{ / [ /Z [ /S T(t ey (D) 39 ) da(s)] da(pe)e (2)] .}

aEA peA

Here uy y qu) denotes the solution trajectory determined by the relaxed dynamic
associated with f and the controls a(u), (o € A) and p € A starting at position x
at time T € [0, 1[, that s,

i ) (1) / / F(ts ey (8,51 2) dpa ()] dex(2)2 (2); ey (7) = .
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Then the following holds:

Hj(r,x) = (inggleai\({/ /[/ J(t, g () (1), 5, 2) dpse(s)] da(p) ¢ (2)] dt
(837) +HJ( + o, Uz, o) v ( +O’)}

Here

Hy(r+ o, u%u,a(u),(T +0))

= nfsu([ | / [ /S (b Vg (D, 2) dpts ()] dry(12)o(2)] it}

VEA e A

where vy, () denotes the trajectory on [T + o,1] associated with (y(u), p) (v €
A, p € A) with the initial condition vy () (T 4 0) = Uy a(u) (T + 7).

Proof. Let K;(7,z) be the second member of (8.3.7). Take ¢ > 0 and y* € A
such that

T+o
Kor) = il [ U [ It 00 5.2) (o)) )t
+Hy(T+0,up 1) (T+0)} — €.

There is 42 € A such that

Hy(T+ 0,ug 00 () (T +0))

> sup / [ /Z [ /S Tt 0a e (£), 5, 2) dpe(5)] dy () (2)]dt — .

neA “+o

Here v, ,, ~2(,) denotes the trajectory of the dynamic on [r 4 o,1] associated
with (v?(u), ) (? € A,u € A) and the initial condition vy, 42(,) (T + o) =
Ug oyt () (T + 0). In view of the continuity of 4! and the Fiber Product Lemma
(Theorem 3.3.1), we see that the mapping

T+o
i / [ / [ / T (b gyt (o () 5, 2) ()] A (1) (2)]

is continuous on the compact (for the convergence in probability) set A. Hence
we can choose p! € A such that

T+o
max / [ / [ /S (1t s (D) 8. 2) dp()] dy (1) (2)] dit

pneA

T+o
- / [ / [ /S T (b1t 1 ey (8), 5, 2) dpd ()] d (e (2)] it
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where g 1 41,1 is the solution trajectory defined on [r,7 + o] by v ('), (4! €
A), ut € A. Similarly there is u? € A such that

mise [ (1] 7000200 (0).5.2) () 2 )]

neA J o\ S
= /T+a[/Z[/S J(t, vy 2 42(u2) (1), 8, 2) dpg (5)] dy (%) (2)] dt.

Let us define ¥ € A by setting, for all u € A: F(u); = v (u)¢ for t € [r,0] and
(1) = v (u); for t € [T + 0,1]. Coming back to the definition of H (7, z)

H;(r,2) < sup / [ / [ / T (bt s 51 2) dpe ()] A (1) (2)]

peA S

T+o
- / [ / [ / T (b, gt 1 s 51 2) dp ()] dy (1) (2)]

S

+ / L / [ /S T (b0 22 50 2) Ay ()] Ay (2o (2)] dit
< Ky(r,x) + 2e.

On the other hand, there is ¥ € A such that

1
Hy(rz) > sup{ [ | / [ / T (bt s (8,51 2) dpa()] A5 () (2)] it} — e.

pneA S
Then
T40 B
Kot < el [ 11 0000050000 5.2) i (9)] 650 ()]
HEA "), z Js
+ Hy(T+ 0,y 57 +0)}
with

HJ(T + o, Uz, 1,7 (1) (7_ + 0)

1

< sup / [ / [ / T (Ve (£): 52 2) e ()] d5(00)e (2.
pneAJr+o J7 JS

Here v, , 5() is the trajectory on [r + o,1] associated with (y(p?), u?) with the

initial condition vy, 5(.) (T + 0) = Uy 50 (T + ). As above, by continuity of

the integral functionals under consideration and by compactness of A, there exists

ut € A such that

mas [ Y [ 300502 )] 1) e

pneA

T+o
- / [ /Z [ /S T (bt s 5ty . 2) dyid ()] A (1o (2)] .
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Here w, =y -7 is the trajectory on [7,7 + o] associated with (F(ul),u!) and

similarly there is u? € A such that

/ //Jt Ve iz 5(u2) () 8, 2) AV (E%)e(5)] dY (1) ()] dt
- gleaf/ / / (t, Vo 5w (), 8, 2) diag (5)] dy(p)(2)] dt.

Let
Wy 5(u),u(t) = Uy 5y () for t € [r, 7+ 0]
o Up5(u2y 2 (t)  fort e [r+o,1].

Taking the expression of K j(7, ) into account, we get

K)(rz) < / [ / [ /S (b W 5y (D) 51 2) T ()e()] dpue(2)]
1
< sup / [ / [ / T (bt 0y (£): 52 2) 7 (2)e ()] dpae(2)] di

peAJr S
< Hj(r,z)+e.

[]

Remark 8.3.15 The preceding techniques can be applied to the case when A is
equal to MT1(S), T is the set of all Carathéodory mappings «a : [0, 1] x MT1(S) —
MTL(Z) and A is the set of all mappings & : MT1(S) — V1([0,1],Z) given by
a(p)e = ay(p) for all « € T, p € MTL(S) and for all ¢ € [0, 1].



Chapter 9

Stable convergence in limit
theorems of probability
theory

A. Rényi [Rén66, Rén70] was the first to observe that, in most limit theorems of
probability theory, when weak convergence is obtained, it is actually possible to
prove stable convergence, which is a much stronger result. We shall illustrate this
fact here in locally convex spaces, and give an application of the Fiber Product
Lemma to limit theorems with a random number of random vectors.

9.1 Weak limit theorems in locally convex spaces

In order to make further developments readable, we need to recall some definitions
and results.

Measures and random elements on locally convex spaces By LCS we
shall always mean “real locally convex Hausdorff topological vector space with
metrizable compact subsets”. This implies in particular that a measure on an
LCS is Radon if and only if it is tight (see page 12), and that, in this case, it has
a separable support (see page 96).

Let E be an LCS. Let Cyl (E) denote the algebra of sets of the form

{zx €E; ({(1",2),...,(x,",2)) € B}

where n > 1, (21%,...,2,*) € (E*)" and B € Bgn. The elements of Cyl (E) are
called cylinder sets. Let Cyl (E) denote the o—algebra generated by Cyl (E). From
[VTC87, Theorem 1.3.4], every tight measure on Cyl (E) has a unique extension

271
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to a Radon measure on Bg. In particular, if two Radon measures on By coincide
on Cyl(E), they are equal. Note that, if E is a countable union of metrizable
compact subsets, it is not difficult to prove that 6)71 (E) = Bg (see [Bad70, page
44] or [VTC87, Proposition 1.1.6]).

Let p > 0. We say that a Radon measure p on an LCS E has strong p—th order
if, for each continuous seminorm ||.|| on E, we have [ [|z||” du(z) < +oc.

We say that p has weak p—th order if, for every z* € E*, the measure (;10*)ﬁ "
on R has a moment of order p.

We call mean of a Radon measure p € Mz’l(]E) (or of a random vector X such
that £ (X) = u) the Pettis integral, if it exists, of u, that is, the only element m
of E such that (z*,m) = [, (z*,2) du(x) for every 2* € E*. The vector m is then
denoted by E (u) (or E(X)). If E is reflexive and y € M} (E) has weak first
order, then p has a mean. The same conclusion holds true if E is a Fréchet space
and g has strong first order, see e.g. [CRAF00, Proposition 1] or [VT'78, Theorem
4]. If E (1) = 0, we say that p (or X) is centered.

The covariance operator of a law p € M}E’l(E) with weak second order and
with mean m is the mapping

Cov. . { E*XE" — R
NI @y = [y (et —m) (v —m) dp().

We say that a Radon law p € MEI(E) is Gaussian if, for every z* € E*, the
measure (z*), 1 on R is Gaussian (see [Bog98a]). Then p is characterized by its
mean F (p) and its covariance operator, and we denote it by N (m, Cov,,).

In this chapter, we are interested in limits of weighted sums of random vectors
of an LCS E. Note that, if X and Y are random elements of E, then X + Y is
not necessarily Bg-measurable (see [Sto76]), because we do not necessarily have
Brxg = Bg ® Bg (see Theorem 2.1.13.C about this equality). However, X + Y
is obviously @(E)fmeasurable. If X and Y have Radon laws, then it is easy
to check that X + Y is measurable, with Radon law. Indeed, there exists an
increasing sequence (K,,)m>1 of compact subsets of E such that, for each m, the
set Q,={X € K,,, and Y € K,,,} satisfies P(2,,)> 1 —1/m. Let A; = ; and,
form > 1, let A, = Qp \ Qn—1. For each m > 1, the restriction to A, of X +Y
is measurable, thus X + Y is measurable.

Another advantage of Radon laws is that, on an LCS, weak convergence of
Radon laws amounts to narrow convergence of these laws (see page 13).

For the sake of simplicity, we shall in the sequel consider only random vectors
which have Radon laws. If E is a Fréchet space and contains a dense subspace
with non—measurable cardinal, then every Borel measure on E is separable (see
Section 1.4), thus Radon.

Weak limit theorems in locally convex spaces Let E be an LCS. Let
(Xn)n>1 be a sequence of centered random elements of E, with Radon laws,
and let (Cy)n>1 be a sequence of positive real numbers. For every n > 1, let
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S, = ZZ=1 Xi. We say that (X,,)n>1 satisfies a weak limit theorem with norm-
ing coefficients (Cy,)n>1 if there exists a Radon measure v € M™1(E) such that
L(S,/Cy) weakly (thus narrowly) converges to 7 (for the clarity of the presen-
tation, we shall not consider limit theorems for triangular arrays). If the limit
v is Gaussian, we say that (X,,),>1 satisfies the Central Limit Theorem (for
short CLT). When the norming coefficients C,, are not specified, this means that
C, =+/n.

It is well-known that a Banach space E has type 2 if and only if, for every
iid. sequence (X,),>1 with common centered law p € M;’l(E) of strong order
2, (X5)n>1 satisfies the CLT; conversely, E has cotype 2 if and only if, for every
iid. sequence (X,)n>1 with common centered law p € M;’l(E) which satisfies
the CLT, p has strong second order; a Banach space has type 2 and cotype 2 if
and only if it is isomorphic to a Hilbert space (see [AG80, LT91]).

A Banach space in which every ii.d. sequence (X,),>1 of centered random
vectors with common law u € M;l(E) of weak order 2 satisfies the CLT is
necessarily finite dimensional; however, in some non—normable infinite dimensional
spaces, in particular in duals of nuclear Fréchet spaces, the CLT holds for all i.i.d.
sequences with weak second order [Bog86]. We say that an LCS F is nuclear if
there exists a net ((.,.),)aca of pre-Hilbertian scalar products on F which defines
the topology of F and such that, for each a € A, there exists § € A such that
the associated norm ||.[| ; is finer than |[|.||, and such that the canonical mapping

(ﬁg, {)p) = (Fa, (., .),,) is Hilbert-Schmidt, where F., denotes the completion of
F/{|-ll, = 0} for |.||, [Sch73, Proposition 5 page 220].

Every Fréchet nuclear space F is a Montel space [Tre67, Corollary 3 to Propo-
sition 50.2], thus it is reflexive [Tr&67, Corollary to Proposition 36.9] and its strong
dual G = F;} is a complete barrelled nuclear space. We have seen in Example 4.4.1
that G is a submetrizable k,—space, and, in particular, it is Prohorov and Radon.
An important example of dual of a nuclear Fréchet space is the Schwartz space S’
of tempered distributions (see e.g. [Tre67]).

Recall that the characteristic function (or Fourier transform) ®,, of a law p €
M*YG) is the mapping

o - G — C
Ut e [peteh ) dp(a).

Here, as G is reflexive, its dual space G* is F. Let (i), be a sequence in M™1(G).
Fernique [Mey66], extending Lévy’s continuity theorem, proved that

1. if (®,, )n is equicontinuous (equivalently, if (®,,, ), is equicontinuous at 0), then
(Mn)n is tight;

2. if (®,,,,), is pointwise convergent to some continuous function ® : F — C, then
® is the characteristic function of some Radon probability law 4 on G and (fn)n
narrowly converges to (.
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To show the equicontinuity at 0 of (®,,),, one can estimate the weak second
moments of (u,),. Indeed, it is easy to check that, for any ¢ € R, we have

: t
1 —e|” = 4sin? <) <,
2
thus, for any n > 1 and any z* € F, using Jensen inequality,

|1_¢Hn(x*)|2§/‘l_ei<m*7r>
G

’ dpn(z) < / (z*, )% dpiy ().

G

For each n > 1, let X,, be a random vector of G such that £ (X,) = u, and
consider the operator

v . JF — LiQSP)
"l ozt - (25X,

The space F is barrelled, thus, from [VT78, Corollary 2], each T;, is continuous.
Furthermore, the sequence (7,), is equicontinuous if and only if it is pointwise
bounded (see [Bou8l, Theorem 1 page III.25] or [Sch66, Theorem 4.2 page 83]).
We thus have the following lemma.

Lemma 9.1.1 Let F be a Fréchet nuclear LCS. Let G be the strong dual of F. Let
(tn)n be a sequence of laws with weak second order on G. If, for each z* € F, the

sequence (fG (z*, z)° dun(ac)) is bounded, then (un )y is tight.
The following result is a variant of [Bog86, Theorem 2].

Theorem 9.1.2 (Central limit theorem in the dual of a Fréchet nuclear
space) Assume that F is a Fréchet nuclear LCS. Let G be the strong dual of T.
Let (Xp,)n>1 be a sequence of random vectors of G, with (necessarily Radon) laws
of weak order 2. For eachn > 1, let S, = X1+ ---+ X,,. Let (Cp)n>1 be a
sequence of positive real numbers. Assume that

1. for each finite sequence (x1*,...,x.,*) of elements of F, the sequence (({x1*, X,,) ,
coos{mm®, X0))n satisfies the CLT in R™ with norming coefficients (Cp)n>1,

2. for each x* € I, the sequence (E ((x*,Sn/Cn>2)> is bounded.

Then there exists a Gaussian Radon probability law v on G such that

Proof. For each n > 1, let
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From Lemma 9.1.1, the sequence (u*"),, is tight. Now, from the finite dimensional
CLT in Condition 1, all limits of (u*™),, coincide on Cyl (G), thus they are equal.
Thus (u*"), weakly (thus narrowly) converges to some v € M*(G). Further-
more, by Condition 1, each (av*)ﬁ p is Gaussian, thus v is Gaussian. [ ]

Corollary 9.1.3 ([Bog86]) Assume that F is a Fréchet nuclear LCS. Let G be
the strong dual of F. Let (X,)n>1 be a centered i.i.d. sequence with common law
p € MPYG) of weak order 2. Then (X,)n>1 satisfies the CLT, that is,

1 narrow
L <\/ﬁ (Xl + -+ Xn)) E— N(O, COVIL)

(this proves in particular that there exists a Gaussian law on E with same covari-
ance as p!).

Proof. Condition 1 of Theorem 9.1.2 is obviously satisfied. Furthermore, with the
notations of the proof of Theorem 9.1.2, we have

/G<:z:*,:c>2 dp*"(z) = E <<x\/1%sn>2> :/G<x*,x>2du(x)

which proves Condition 2. Thus (u*"), converges to some Gaussian law v €
M L(G). From the finite dimensional CLT, we have

v=N(0,Cov,).
L]

Remark 9.1.4 The strong dual of an inductive limit of locally convex Fréchet
spaces is the projective limit of the strong duals of these spaces, see [Sch66, pages
140 and 146]. Thus Theorem 9.1.2 and Corollary 9.1.3 have obvious extensions
to the case when F is the inductive limit of a sequence (F,,), of Fréchet nuclear
locally convex spaces.

9.2 More on stable convergence

Portmanteau Theorem revisited We shall need in this chapter the following
easy reduction lemma, which holds without any hypothesis on T. The technique
of the proof has already been used in Lemma 4.1.1)

Lemma 9.2.1 Let (u®)qen be a net in Vi and let p> € Yi.. Let Sy be the o
algebra generated by the random laws p®, o € AU {oo}. The following conditions
are equivalent.

o  W-stably 14
—_

(a) p
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(b) Ma So-W-stably oo
Proof. The implication (a)=(b) is obvious.

Conversely, assume (b) and let g : Q@ — [0, 1] be measurable and f: T — [0, 1]
be continuous. The conditional expectation ES (g) of g w.r.t. Sy is a bounded
measurable function thus we have, from Part D of Theorem 2.1.3,

1> (g ® f) :/

Q

g(w)uio(f)dP(w):/ [E (9) ()] 1 (f) dP(w)

Q
—tim [ [E% (9) ()] n5(H) dP(w) = lim (g )
Q

From Theorem 2.1.3, this proves (a). ]

The next result is an easy consequence of results of Chapters 2, 3 and 4. For
any A € S such that P(A4) > 0, we denote by P the probability on A defined by
PA(B) = (1/P(A)) P(B) for every measurable B C A, and, for any X € X(E), we
denote by X s the restriction to A of X. If X is a random element, we denote by

£®" (X) its law under P4

Proposition 9.2.2 (Portmanteau Theorem for stable convergence of ran-
dom vectors) Let T be a completely regular topological space with metrizable
compact subsets. Let (X,,), be a strictly tight sequence of random elements of
T. Let Sy be a sub-o—algebra of S such that each X, is So—measurable. Let C
be a subset of Sg which is stable under finite intersections and generates Sy. Let
H be a set of bounded continuous functions on T which separate the elements of
M;’l(ﬂl’) (i.e. forallp,v € M;’l(T) such that u # v, there exists f € H such that
w(f) # v(f)). Finally, let S be a regular cosmic topological space which contains
at least two elements. The following conditions are equivalent:

1. (Xy,)n is S-stably convergent.

2. For each A € C and for each f € H, the sequence (E (14 fo Xy)), is
convergent.

3. For each A € C such that P(A) > 0, the sequence (E(PA) (X”\A)> 8

n
narrowly (equivalently, weakly) convergent.

4. For any sequence (Zy,)y of random elements of S with Radon laws which con-
verges in probability to a random element Z of T, the sequence (L (Xn, Zy)),,
is narrowly (equivalently, weakly) convergent.

5. For any So—measurable random element Z of S with Radon law, the sequence
(L (X, 7)), is narrowly (equivalently, weakly) convergent.

n
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If these conditions are satisfied, the limit p> of (X,)n is So—measurable. More-
over, with the notations of Condition 4, we have
(9.2.1) lim L£(X,,Z,)=p> 04,.

n—-+4oo

Proof. With the help of Lemma 9.2.1, the equivalence 1 < 2 < 3 is immediate,
following the lines of Theorem 4.3.8.

Now, as (X,,), is strictly tight, by the Change of Topology Lemma 4.4.3, there
exists a K, subset T of T and a topology 7 on T which is Lusin regular and finer
than the topology induced by T and has the same Borel subsets, such that all X,
take their values in T with probability 1 and the topology Y!(Tq, 7)) coincides
with Y(T) on the closure in Y!(T) of (X,,), (we have identified each X, with
dx,). Thus we can consider without loss of generality that T is Lusin regular.
Then the space T x S is hereditarily Lindel6f regular.

The implication 1 = 4 and Formula (9.2.1), are obvious from Corollary 3.3.5,
or from Theorem 3.3.1 and the observation that § x ® d, = §(x z) forall X € X(E)
and all Z € X(S).

The implication 4 = 5 is clear.

Now, we only need to prove 5 = 2. Let A € S and let f be a bounded
continuous function on T. Let a and b be two distinct elements of S and let
Z € X(S) be defined by Z(w) = a if w € A and Z(w) = b if w € B. Let
g : S — [0,1] be a continuous function such that g(a) = 1 and g(b) = 0. Let
h = f®g. Assuming 5, the sequence (X,,, Z),, converges in law to some probability
law v on T x S. We thus have

limdy, (14 ® f) =lmE (14 f(X,)) = lim B (h(Xa, Z)) = v(h),

which proves 2.
Finally, the Sop—measurability of the limit 4> can be deduced from e.g. Lemma

4.5.4. M

Remark 9.2.3 The equivalence 5 < 1 appears in [AE7S].

Corollary 9.2.4 Let E be an LCS. Let (X,,), be a strictly tight sequence of ran-
dom elements of E. Let Sy be a sub—o—algebra of S such that each X, is Sp—
measurable. Let C be a subset of Sg which is stable under finite intersections and
generates Sg. The following conditions are equivalent:

1. (Xn)n is S-stably convergent.

2. For each z* € E* and for each A € C, the sequence (E (]lA ei<m*’X">))n 18
convergent.

Proof. The implication 1 = 2 is obvious. Now, the functions ¢,« : x —
exp(i (x*, x)) separate the measures on Cyl (E), thus they separate Radon mea-
sures on E. Thus 2 = 1 follows from the corresponding implication 2 = 1 in
Proposition 9.2.2. ]
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Rényi-mixing Let (X,), be a net in X(T). We say that (Xa)o is Rényi-
mizing if (Xo)a W-stably converges to a homogeneous limit u> € Y1 (that is,
p>° has the form u = P ®@v for some v € M™1(T)). The following lemma is easily
deduced from Parts D and E of Theorem 2.1.3 and from Lemma 9.2.1. We skip
its demonstration.

Lemma 9.2.5 Let (X,)o be a net in X(T) and let v € MTY(T). Let Sy be the o—
algebra generated by (Xo)a- Let C be a set of nonnegative S—measurable bounded
functions which is stable under multiplication of two elements, which contains
the constant function lg and which generates Sy. The following conditions are
equivalent:

(a) (Xa)a is Rényi—mizing with limit P Qu.
(b) Forany A € C and for any f € Cp (T), we have lim,, E (f(X,) 14) = P(A)v(f).

If furthermore T is is hereditarily Lindelof and regular (thus completely regular)
and D is a o—upwards filtering family of semidistances which defines the topology
of T, then Conditions (a) and (b) are equivalent to

(¢c) For every A € C, for every d € D and for any [ € BL1(T,d), we have
lim, E (f(Xa) 14) = P(A)v(f).

W-Stable convergence of random elements generalizes both Rényi-mixing and
convergence in probability, as illustrated in the following diagram, assuming that
T is separable completely regular (see Theorem 3.1.2).

stable

N

Rényi-mixing convergent in probability

,LLS)O =V Mi‘O:(SX(UJ)

convergent in probability
to a constant

Change of probability Let us start with a simple observation. Let Q be a
probability on (2, S) which is absolutely continuous w.r.t. P. Let (X, ), be a net of
random elements of a topological space T which *—stably converges in Y!(, S, P)
to a Young measure p € Y1(,S,P), x = S,M,N,W. The following results are
straightforward:
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d
1. (X4)a *stably converges in Y'(Q2,S, Q) to the measure u@ = (d(lg ® 1']1‘) 5

2. If furthermore (X,)q is Rényi-mixing w.r.t. P, then it is Rényi—mixing w.r.t.
Q.

This makes the difference with convergence in law. For example, let 2 = [0, 1] and
P = dt be the Lebesgue measure. Let Q = 2tdt. Let (a,)nen be a sequence of
elements of [0,1/2]. For each n € N, set X,, = 14, 4, 41/2)- The law of X, under
Pis

£®)(x,) = 150 + 151

2 2
thus (X,,), is convergent in law under P. But we have
L (X)) = cndo + (1 — )01,

with

3
cn:/ 2tdt = — — an,
[Oaan]U[anJ"l/Q?l] 4

thus, if (a,)n is not convergent, (X,,), is not convergent in law under Q.

Proposition 9.2.6 Assume that T is completely regular separable and that each
compact subset of T is metrizable. Let (X,) be a strictly tight net of random
elements of T. The following assertions are equivalent:

(a) (Xo)a W-stably converges in Y1(Q,S,P).
(b) (Xo)a S—stably converges in Y1(Q,S,P).

(¢) For any probability Q on (2, S) which is absolutely continuous w.r.t. P, (X4 )a
converges in law under Q to some probability vQ on T.

(d) For any probability Q on (2, S) which is equivalent to P, (X,)a converges in
law under Q to some probability vQ on T.

If these conditions are satisfied, (Xo)a S—stably converges to a disintegrable Young
measure 1 such that, for any probability Q on (Q,S) which is absolutely continuous
w.r.t. P,

(9.2.2) yQ:/QdeQ(w).

Proof. The equivalence (a)<(b) is contained in Theorem 4.3.8. Furthermore, from
Lemma 4.3.1, we know that the limit y of (Xq)q for 73, will be disintegrable. The
implications (a)=(c)=(d) are obvious. Assume now (d). Let A € S such that
P(A) > 0. For each ¢ € ]0, 1], let QF be the probability on (£2,S) with density

_1—5]1 n 5
AT P(Ac)

&€

7 pA)

]IAC.
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The probability Q° is equivalent to P, thus (X,), converges in law under Q° to
some probability v on T, that is, for any continuous f : T — [0, 1], the limit along

« of )
—€ €
as, = —— foX,dP+——— foX,dP
P(A) /A P(A) e

exists. Let a® be this limit. On the other hand, when ¢ goes to 0, af, converges,

uniformly w.r.t. a, to
oy
Qo '= —— foX,dP.
P(A) J4

It is classical and easy to check that both (as)s and (af). are Cauchy and that
they converge to the same limit. As (X, )q is strictly tight in Y1(2,S,P), this
proves (a), using the last part of Theorem 4.3.8.

To prove (9.2.2), if u € Y}, and Q is a probability on (£2, S) which is equivalent
to P, the mixing

V= [ dQe)
Q
satisfies for any Borel f: T — [0, 1] the following formula:

/T = /1 [ @) dia(o)] dage) = Mﬂm%w d(w, ).

Now Formula (9.2.2) is easily explained: If moreover f is continuous, we have

dQ dQ
| ra@naoe) = [ s GReds ) = [ ) G dutea).

QxT aQxT

[]

Remark 9.2.7 If T is Prohorov, and if (X,)s is a sequence, we can drop the
assumption of tightness in Theorem 9.2.6: Indeed, this assumption is automatically
satisfied in each of Conditions (a), (b), (¢) and (d).

This remark also applies to Corollary 9.2.8 below.

The equivalence (a)<>(e) in the following theorem is a generalization of a result
of Padmanabhan [Pad70, Theorem 2.1].

Corollary 9.2.8 (Padmanabhan Criterion) Assume that T is completely reg-
ular and that the compact subsets of T are metrizable. Let (X, )q be a strictly tight
net of random elements of T. Let X be a random element of T. The following
propositions are equivalent:

(a) For any probability Q on (Q,S) which is absolutely continuous w.r.t. P, (X4)a
converges in law under Q to X.

(b) For any probability Q on (2, S) which is equivalent to P, (X,)a converges in
law under Q to X.
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(¢) (Xa)a W-stably converges to X.
(d) (Xa)a S-stably converges to X .
(e) (Xa)a converges in P—probability to X.

Proof. From Theorem 9.2.6, we have (a)<(b)<(c)<(d).

The equivalence (¢)<(e) comes from the fact that, from Theorem 3.1.2, the
topologies Tprob (y(}is) and 7y, coincide on X (in Chapter 3, and in particular in
the proof of Theorem 3.1.2, we assumed that T contains a dense subspace with
non—measurable cardinal, e.g. T is separable, see Section 1.4; here, from strict
tightness, all Young measures considered here are supported by 2 x T, where
Ty is a countable union of compact metrizable spaces, thus Theorem 3.1.2 applies
without any restriction). ]

9.3 Rényi—mixing Central Limit Theorem
for a—mixing sequences

Let (X, )n be a sequence of random elements of some measurable space (T, B).
Let a = (aw,)n be a sequence of nonnegative real numbers which converges to 0.
Assume that, for all k,n > 1,if A € 0(X4,...,X) and B € 0(Xgin, Xktnt1,---)
we have

(9.3.1) IP(ANB) — P(A)P(B)| < a,.

Then we say that (X,,), is a-mizing (here the letter o denotes both the kind of
mixing condition satisfied by (X,,), and the sequence (a,,),). Note that a—mixing
is often also called strong mizing since [Ros56]. There are some stronger notions
of mixing in the literature, that we shall not detail here, such as p—mixing or
p—mixing. The reader is referred to [Dou94] or [Bra93, PU97]: We only need to
know that they are stronger than “strong mixing”.

We see that a—mixing is a kind of asymptotic independence. Inequality 9.3.1
passes to random variables in the following way. With the same hypothesis than
in the above definition, let Y and Z be real random variables defined on the same
probability space as (X,,),. Assume that Y and Z are essentially bounded and
that Y is o(X1, ..., X;)-measurable and Z is 0(Xg4n, Xk4n+1, .. )-measurable.
We then have

(9-3.2) [E(YZ)-EXY)E(Z)] <4V 7] an

(this result appears in [VR59], with constant 16, it is given without proof in [Ibr62,
Lemma 1.2] with constant 4, a proof can be found in e.g. [HH80, theorem A.5]
or in [Bil95, Lemma 2, page 365]). It is easy to see that if (X,,)nen is identi-
cally distributed and a—mixing, then it is Rényi-mixing: Indeed, using (9.3.2),
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we can apply Lemma 9.2.5, taking for C the set of elements A of S which are in
o(X1,...,X,) for some n € N.

There is a huge literature on the Central Limit Theorem for a—mixing (or -
mixing or p—mixing) stationary sequences of real random variables since [Ros56]:
see e.g. [Ibr62], [Bil95, Theorem 27.4], a survey is given in [Dou94]; for more recent
results, see [PU97, Rio00]. There are less results about the Central Limit Theorem
for a— or p—mixing nonindependent random vectors of a separable Banach space:
see e.g. [KP80, Sam84, Ute92, PS99].

We shall see that, actually, the weighted sums involved in all central limit
theorems for stationnary a—mixing sequences are Rényi—mixing, as was already
observed by Rényi himself [Rén66, Rén70] in the independent case. The proof is
easy and natural, and in the same spirit as that of Rényi.

Let (X,)n>1 be a sequence of random elements (with Radon laws) of an LCS.
For all k,n > 1, let S, = X5+ -+ Xi and Syt = Xpp1 + -+ + Xk
We say that (X)), has stationary sums if, for any k& > 1 and for any n > 1,
(Snnt1s- -+ » Snontk) has the same law as (S1,. .., Sk). This condition is obviously
less restrictive than that of stationarity of (X, ).

Theorem 9.3.1 (Rényi—mixing Central Limit Theorem for a—mixing sta-
tionary sequences) Let E be a hereditarily Lindelof LCS and let (X,,)n>1 be
a sequence of random elements of E with Radon laws. For each n > 1, let
Sp = X1+ -+ X,,. Let (C,)n be a sequence of positive real numbers. Let v
be a Radon probability on E. Assume that

OTL—TTL
C

n

(1) lim, C, = 400 and lim,, <1 — ) =0 for each fixed m > 1,

(13) (Xn)n>1 is a—mizing and has stationary sums,

(iid)

Then (S, /Cp)n is Rényi—mizing, that is,

Sn W-stably
— —— PR
Cn

Note that Condition () is satisfied in the classical case C), = y/n.
The proof of Theorem 9.3.1 will use the following lemma. In this result, the

space does not need to be hereditarily Lindelof, because we deal with narrow
convergence instead of stable convergence.

Lemma 9.3.2 Let E be a LCS. Let (X,)n be a sequence of random elements of a
E, which converges in law to a Radon law v € ME’l(IE). Let (Bn)n be a sequence
of real numbers which converges to 1. Then (8, X,)n converges in law to v.
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Proof. Let (]|.||,)aca be an upwards filtering family of seminorms which defines
the topology of E. From Lemma 1.3.3, we only need to prove that, for every o € A
and every bounded ||.|| ,~Lipschitz function f on E, we have

(9.3.3) lim E (£(8,.X,)) = (/).
Let € > 0. We can find a compact subset K. of E such that v(K.) > 1—¢/2. Let
K:={z€E;dy(z,K.) <e},

where d, is the distance associated with ||.||,. As K¢ is open, there exists an
integer V. such that

Vn>N. P{X,eK:}>1—c¢.

Let R. = sup{]|z|,; = € KZ}. Let C denote the Lipschitz constant of f for ||.|.
We have

lim [E (f(80 Xn)) = v(N)] = lim (|E (f(BnXn) = F(Xa))| + B (f(Xn)) = v(£)])
< thnCRa |1 - 6n| +2¢ ||f||oo

= 2¢ || flloo -

As € is arbitrary, this proves (9.3.3). ]

Proof of Theorem 9.3.1. Let (||.||,)aca be a c-upwards filtering family of
seminorms which defines the topology of E. Let C be the set of elements A of S
which are in 0(X1, ..., X,,) for some ng > 1. From Lemma 9.2.5 we only need to
show that, for any A € C, any o € A and any bounded ||| ,~Lipschitz function f
on E, we have

lim E (£(S,/Cn) 14) = P(A)w(f).

Let A € C (we assume w.l.g. that P(A) > 0) and let f be a bounded |.|
Lipschitz function on E. For n > m, let Sy, = X411 + -+ + X,,. As (X,,),, has
stationary sums, we have

(9.3.4) E(f(ﬁj:@))E<f(gz_:>)au(f) when n — +o0.

m,n

)

3.9
(9.3.5) HE <]1A f (gz:;)) -P(AE <f <(iil)>

Furthermore, as the random variable f < ) is measurable w.r.t. o(X,,41,

Xm+2,.-.), we have, for m > ng, using (9

<4 flloe tm—no-

«
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Let us denote by E* the expectation with respect to the probability p4 (see page
276). From (9.3.4) and (9.3.5), we have

li7ranAf (CS’"” > = ﬁli}lnE <1Af (CS’"_” >) =v(f),

thus (Sp,n/Cr—m)n converges in law to v under P4. From Lemma 9.3.2, we thus
have

(9.3.6) lim E (lAf (Sg"» =P(A) lim E*f (Sm”> =P(A)v(f).

n—-+oo n n—-+oo Cn

On the other hand, we have

S S S
Sn\ g 2mn )| o o]|2m
(@) (Ce)| <ol
where C' is the Lipschitz constant of f for ||.||,. Note that the right hand side is

bounded by 2 || f|| ., and that (S,,/Cy), converges pointwise to 0. From Lebesgue’s
Dominated Convergence Theorem, we thus have, for any m > 1,

A2l

[e3

. Sh Sm,n _
s () (3]
The result then follows from (9.3.6) and (9.3.7). ]

Remark 9.3.3 This method does not apply without any extra hypothesis to tri-
angular arrays such as in [Sam8&4]. For more sophisticated stable limit theorems
for triangular arrays, (with E = R), see [LP96, Let98, Xue91]. For Rényi-mixing
or stable theorems for martingale differences, see [AET78], and [Xue91] for arrays
of martingale differences. Other very general stable theorems for stationary se-
quences of real variables can be found in [DM02], where actually Tgyvl.lfconvergence

is proved (see Section 2.4).

9.4 Stable Central Limit Theorem for a random
number of random vectors

Let (X)), satisfy the Central Limit Theorem. We are interested here in the
convergence of (S, /C, ), where (1,,) is a sequence of random positive integers
which converges in probability to +oco. This topic is extensively studied and we
only present here, in a general setting, some well-known results which illustrate
our techniques.

We start with a presentation of the case when (7,,), is independent of (X,,),.
This case is easy and can be solved with the tools of U{—stable convergence (see
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the definition page 22): If Z,, = S,,/C,, converges in law, then Z, converges in
law to the same limit. If Z,, converges stably, so does Z,,,.

In the second case, no assumption is made on the interdependence between
(Mn)n and (X, )n, and stable convergence plays an essential role.

Case when the number of random vectors is independent of the sequence
of random vectors It is easy to see that, with the hypothesis and notations
of Theorem 9.3.1, if (9,), is a sequence of random positive integers which is
independent of (X,,), and converges to +o00 in probability, then

Snn stably

P®uv.
Gy, e

This can be deduced from the following general result.

Theorem 9.4.1 Let U be a sub-c—algebra of S. Let (Z,)n be a sequence of ran-
dom elements of T which U-W-stably converges to a disintegrable Young measure
[7AS y;is. Let (nn)n be a sequence of random positive integers which is independent
of (Zn)n and of u. and converges to +oo in probability. Let Sy be the o—algebra
generated by (Z,)n and . and let Sy be the o—algebra generated by (ny,),. Assume
that U is generated by a sub-o—algebra 87 of S1 and a sub-o—algebra of Sy of Ss.
Then (Zy, )n U-W-stably converges to fu.

Proof. Using the Monotone Class Theorem, the same reasoning as in the proof
of Part C of the Portmanteau Theorem 2.1.3 shows that, to prove Theorem 9.4.1,
we only need to prove
(9.4.1)

VBES VO €S, VfeC(T,[01]) lmE(1pnc foZy,)=pu(lsnc ® f).

Let B € &1, let C € Sy and let f € C(T,[0,1]). We have

(9.4.2) p(1pne ® f) = E (B (1) 15 1.(f)) = P(C)u(15 @ f).

Let € > 0. There exists N > 1 such that
Vn>N ||E(1pfoZy) —u(lp® f)|<eand |[E(foZ,)—u(lo® f)| <el.

Furthermore, there exists N7 > 0 such that

(9.4.3) Yn>N; P(n,<N)<e.
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We thus have, for n > N7, using the independence assumption, (9.4.2) and (9.4.3),
|E(1pnc fo Zy,) — n(1pnc @ f)]

Z E (14, k) 1pnc f o Zi) — p(1ne © f)
k>1

<P{n, <N} +

Z E (14,—ky 1gnc f o Zk) = P{nn > N} p(1pnc ® f)’
k>N

> E(1y,—npdc) E(1p f o Zk) = P{n, > N} p(1pnc ®f)’
k>N

> E(1gy,—py o) p(1p @ f) =P {nn > N} p(1pnc @ f)‘
k>N

<4+ [P(C) (15 @ f) = p(1prc @ )|
= 4e.

<e+

<2+

As ¢ is arbitrary, this proves (9.4.1). ]

Corollary 9.4.2 The preceding result also holds true in the case whenU = S.
Proof. Let A € i and let f € C(T,[0,1]). Let us show that

(9.4.4) li7rlnE(]lAfoZnn):u(]lA®f).

Let Sy be the o—algebra generated by (Z,)n, p. and (9,),. Let U = ESo (1a).
Then (9.4.4) is equivalent to

(9.4.5) lim (U f 0 Zy,) = p(U ® f),
because we have
Vn>1 E(1afoZ,)=E(E®(1afo0Z,))=EU foZ,),
p(1ae f) = [ V(P aPE) = e 1)

But (9.4.5) follows from Theorem 9.4.1. ]

Principle of invariance for a random sum of random of vectors If we drop
the condition of independence between (n,,), and (X, ),, we have to replace it by
some other hypothesis. The most studied one seems to be Anscombe’s condition
[Ans52] and its generalizations. The work of Aldous [Ald78] is fundamental in
this topic, see also [KR98] for a recent work with many references. Anscombe’s
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condition is satisfied in particular when (X,,), satisfies a functional limit theorem
(see the definition below). We shall restrict ourselves to this case, using the elegant
ideas of Billingsley [Bil68, Section 17], developped by Fischler [Fis76] and Aldous
[Ald78]. In our general topological setting, this is an application of the results of
Chapters 2 and 3, in particular the Fiber Product Lemma.

Let T be a completely regular topological space and let D be a set of semidis-
tances which defines the topology of T. Let I be the interval [0, T for some T' > 0
or the interval RT. We denote by D(I, T) the space of mappings from I to T which
are right continuous and have left limits everywhere. We shall be mainly interested
in D(R™, T). When no confusion should arise about the space T, we shall denote
simply D = D(R*, T). The space D(I,T) is called a Skorokhod space. We endow
D(1,T) with Skorokhod’s J; topology. Actually, the space D considered by Sko-
rokhod [Sko56] was D([0,1],R) (see also [Bil68]). The interval [0, 1] was enlarged
to R* by [Lin73] (see also [Jac85]). Then D([0,1],R) and D(R',R) were gener-
alized by Mitoma [Mit83] to D([0, 1], T) and D(R™, T) with T completely regular,
and extensively studied by Jakubowski [Jak86] in this general case. When study-
ing limit theorems with random indexes, it is more convenient to use D(R™,T)
instead of D([0,1],T), as was noticed by Aldous [Ald78].

We shall not give a precise definition of the J; topology on D(I,T), we refer
for this to [Jak86]. What we mainly need to know is that, with each d € D, we

can associate a semidistance d on D in such a way that
1. the topology of D is defined by the set D= {c?, d € D},

2. for each sequence (F)nen in D and for each d € D, the sequence (Fy,)nen
converges in (D, d) to some F € D if and only if there exists a sequence (ty,),
of continuous one-to-one mappings from R to itself which converges uniformly
on bounded subsets of R to the identity mapping Id; and such that (F}, o u,)
converges to F' d—uniformly on bounded subsets of I.

In particular, if F' is continuous at ¢ and (F},),, converges to F' in D, then F,(t) —
F(t). Note that the uniform convergence of (u,) on bounded sets is automatically
satisfied if (u,) converges pointwise, see Lemma 9.4.6.
If T = E is a topological vector space, D is the projective limit of the spaces
D([0,n], E) through the projections ¢, : D(R*,E) — D([0,n + 1], E) defined by
bu(F)(1) = {F(t) Fo<t<m
(=t+n+1)F(t) fn<t<n+1.

If B is a subset of T, the topology of D(I, B) is induced by the topology of D(I,T).
If B is closed (resp. open) subset of T, then D(I, B) is a closed (open) subset of
D(I,T). If the compact subsets of T are metrizable, then the same holds for
D(1,T).

We denote by C(R™,T) (or simply C) the subspace of continuous mappings
from Rt to T. The space C is dense in D for the topology J;, and closed in C for



288 CHAPTER 9. STABLE CONVERGENCE IN PROBABILITY THEORY

the topology of uniform convergence on bounded subsets of RT. Both topologies
coincide on C.

In general, measurability of D—valued mappings can be a delicate matter (see
[Jak86]). But the D-valued mappings we shall consider here have a very special
form and are constructed from a sequence of random vectors (in particular, they
have at most a countable number of jumps).

Let E be an LCS, let tg € I, let X be a random element of E with Radon law,
and, for all (w,t) € Q@ x I, set Hw)(t) =0g if 0 < ¢ < tp and H(w)(t) = X(w)
if o < t. Let us prove that H is a random element of D(/,E). There exists an
increasing sequence (K,,)m>1 of compact subsets of E such that, for each m, the
set Q= {X € K,,} satisfies P(Q,,)> 1 — 1/m. We only need to prove that the
restriction to each €2, of H is measurable, thus we can assume w.l.g. that X takes
its values in a compact set K. As K is metrizable, the conclusion immediately
follows by approximating uniformly X by finitely valued random elements, or by
applying a well-known criterion of measurability for D(R™, T) when T is Polish
[Jak86, Propositions 3.4 and 4.4]. Furthermore, the law of H is tight (see [Jak86,
Theorems 3.1 and 4.6]), thus it is Radon. Note that the same holds if I = [0,n+1]
and if we replace H by ¢, o H, because the convex hull of {0} U K is compact.

Now, let (Y},)n>1 be a sequence of random elements of E, with Radon laws, and
let § > 0. For each w € Q and each t € R, let G(w,t) = Yjgy, where [0t] denotes
the integer part of 6¢. For each w € Q, G(w,.) is in D(RT,E). Furthermore, for
each integer n > 0, ¢, o G is a finite sum of random elements of D([0,n + 1], E)
with Radon laws, thus ¢, o G is a random element of D([0, n + 1], E) with Radon
law. Thus G is measurable. As the projective limit of compact sets is compact, it
is straightforward to check that the law of G is tight, thus Radon.

Let E be an LCS, let (X,,)n>1 be a sequence of random elements of E, with
Radon laws, and let (C,), be a sequence of positive real numbers. Set, for any
n>1,any w € Q and any t € RT,

(9.4.6)
5u() = Yo Xilw),  Za(w) = )
i=1 "

_ S[nt] (w)
c, ’

and  Gp(w,t) = Gp(w)(t)

where [nt] denotes the integer part of nt. Each G, is a random element of
D(R",E), with Radon law. We say that (X,,), satisfies a functional limit the-
orem, if (Gp)n converges in law in the space D(RT,E) to a probability law
v € MHYD(RT,E)). If furthermore v is Gaussian (that is, if ¥(C) = 1 and
v is a Gaussian Radon measure on C), then we say that (X,,), satisfies the in-
variance principle, or the functional central limit theorem. We then have

L(Z,)=L(G,(.,1)) —"5 vy,
where v is the image of v by the projection

.{D(RJF,IE) ~ E
U H —  H(1),
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thus the invariance principle implies the Central Limit Theorem.

There exist functional limit theorems fore more general D—valued random el-
ements than the processes G,, generated by (Z,,)n, for example one can consider
semimartingales, see e.g. [Jac97, Fie90].

If the convergence of (G,), to v is stable, that is, if there exists a Young
measure v € Y! (D(RT,E)) (with Radon margin v = (2 x .)) such that

(9.4.7) G, ==t

we say that (X,,), satisfies a stable functional limit theorem. Let us say that v
is a Gaussian Young measure if v(A x .) is Gaussian for each A € S. If v is
Gaussian, we say that (X,,), satisfies the stable invariance principle, or the stable
functional central limit theorem. Of course, if furthermore the limit v has the form
v =P ®v, we say that (X,,),, satisfies the (Rényi—)mizing invariance principle, or
the (Rényi—)mizing functional central limit theorem.

Theorem 9.4.3 (Invariance principle for a random number of random
vectors) Let E be an LCS. Assume that E is Lusin. Let (X,,)n>1 be a sequence of
random elements of E. Let a > 0 and set C,, = n® for each n > 1. Define (Sp)n,
(Zp)n and (Gp)n as in (9.4.6). Let 0 be a real random variable such that 6 > 0
a.e. and let (an)n be a sequence of positive real numbers which converges to +oo.
Assume that

(1) (Xn)n>1 satisfies a stable functional limit theorem:

W-stably

Gn

for some v € Vi, (D(RT,E)),
(i)
ni prob 9.
anp
Then we have

(9.4.8) Gy, 5

To prove Theorem 9.4.3, we need some auxilliary results. The Lusin condition on
E will allow us to use the following lemma.

Lemma 9.4.4 Under the conditions of Theorem 9.4.3, the space D(RT,E) is reg-
ular Suslin.

Proof. As E is Lusin, there exists a Polish topology 7 on E which is finer than
the original topology of E. Let us denote by E the space E endowed with 7. It
is well-known that D([0, 1], E) is Polish. Thus D([0, 1],E) is Lusin, thus Suslin.
Similarly, for each integer n, D([0,n], E) is Suslin. Thus the space D(RT,E) is a
countable projective limit of Suslin spaces, and therefore it is Suslin. []
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Remark 9.4.5 We can replace the hypothesis that E is Lusin by assuming that
the sequence (Z,), is tight. Then, with probability 1, the random vectors Z,
take their values in a (Lusin) K, subspace Ty of E. Furthermore, the topology of
D(R™, Ty) is the topology induced by D(R™,E).

Let Cg° be the set of one-to-one continuous (increasing) elements of D(RT, R™).
We endow Cg° with the topology induced by the Suslin space D(RT,R™).

Lemma 9.4.6 The topology of C3° coincides with the topologies of pointwise con-
vergence and of uniform convergence. Furthermore, if (Fy)nen converges in C§°
to an element F of CJ°, the sequence (F, ') of converse mappings converges in
CyY to F~1.

Proof. As C;° C C, the topology of Cg° is the topology of uniform convergence
on bounded subsets of [0,4o00[. So the first part of the lemma will be proved if
we show that, on Cg°, the topologies of pointwise convergence and of uniform
convergence coincide.

Note that the elements of Cg° can be seen as continuous increasing mappings
from [0, 400] to [0,+00]. Recall that, if (F,)nen is a sequence of distribution
functions which pointwise converges to a continuous distribution function F', then
this convergence is uniform (see e.g. the proof of Glivenko—Cantelli Theorem in
[Chu74]). In particular, this holds if the (F},) and F are increasing surjective
mappings from [0, +o0] to [0, 1], with F' continuous. As [0, +o0c] is homeomorphic
to [0,1] through an increasing mapping (e.g. the function = — H%)7 this result

can be transposed to C{°, thus the topologies of pointwise convergence and uniform
convergence coincide on Cg°.

Now, let (F,)nen be a sequence in Cg° which converges to F' € Cg°. We
only need to prove that (F,!),cn converges pointwise to F~1. Let y € [0, +o0].

For each n € N, let z,, = F,'(y). Let (z,/) be a subsequence of (z,). From
compactness of [0, +00], there exists a subsequence (x,) of (x,) which converges

to an x € [0, +00]. We then have
|Epr () = F(@)] < ([P = Fll o + [F(@nr) = F(2)],

thus |Fy» (2,+) — F(x)| converges to 0. But we have F»(z,~) = y for each n”,
thus F(x) = y, that is, ¥ = F~1(y). We have proved that, for any subsequence
of (F;71(y))n, there is a further subsequence which converges to F~1(y), thus

(F, 1 (y))n converges to F~1(y). ]

Lemma 9.4.7 Let E be an LCS. The mapping

o CyY xDRYE)xR — D(RT'E)
(F,G,p) = pGol

1S continuous.
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Proof. We only need to check that, for any continuous semidistance d on E, ®
is continuous for the associated semidistance d on D(RT,E). Let (F,)nen be
a sequence in C{° which converges to F' € C{°, let (Gn)nen be a sequence in
D which converges to G € D for d and let (p,), be a sequence of real num-
bers which converges to p € R. Let (un)nen be a sequence in Cg° which con-
verges in Cg° to Idg+ and such that (G, o u,) converges to G uniformly on the
bounded subsets of RT. For each n € N, the mapping F,, ! o u, o F is in CJ°
and, from Lemma 9.4.6, (F,; ! o u, o F'),, converges in CJ° to Idg+. Furthermore,

n

pn (Gp o Fy) (F;l 0 Uy, O F) = pn Gp, o uy, o F converges to p G o F' uniformly on

bounded subsets of RT. Thus (p, Gy, o F,,), converges to pG o F' in (D, d).
[]

The next lemma relies on the particular shape of the normalizing sequence
(Cpn)n in Theorem 9.4.3. It will ensure that the limit of G, is 7.

Lemma 9.4.8 Assume the hypothesis of Theorem 9.4.3. Let p > 0. Define a
mapping ®, : D(RT,E) — D(RT,E) by

VEERT @,(G)(t) = pia Glpt).

The Young measure vy is invariant by ®,, that is,

(9.4.9) (®p)y Yo =Y a-e

Proof. Let F,, € C{° be defined by F,(t) = pt for every t € R*. With the notations
of Lemma 9.4.7, we have ®,(G) = ®(F,,G,1/p*) for every G € D(R*,E). Thus
®, is continuous. Let

[ @xD[®R'E) — QxD(R"E)
= (ve) = (w7(I)P(G))
The mapping (@p)ﬁ : VY DRY,E)) — YH(D(RT,E)) is continuous for W-stable
convergence.

Assume that p = N is an integer. We have, for every (w,t) €  x RT and for
every n € N,

N (GnW)(t) = 5 =5 = Grn(W)(D).
Thus
v=Ilmb, =lmiy, =lm(Qy),dq, = (2y);7

where the limits are in W-stable convergence. Thus (9.4.9) is satisfied when
p € N*.
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Now, for every N € N* and every n € N*, we have ®1,5(G,n) = Gy, thus the
limit of (®1,5(Gr))n can be only v. Thus (9.4.9) is equally satisfied for p = 1/N,
with N € N*. This implies that (9.4.9) is satisfied when p is rational. By continuity
of p— ®,, we thus have (9.4.9) for any p > 0. ]

Proof of Theorem 9.4.3. For every (w,t) € Q x Rt, and for every n > 1, set

0 () = 9 and Fo(w, ) = Fo(w)(t) = () .

Qn

Let (kn)n be a sequence of integers such that lim,, &k, /a, = 1. We have

22 k] (w)

St @)@ D 2
) B 7 = B(Fy(w), G, (), 1/02(w)).

M (W) (M)a ke

an

G, (w)(t) =

where ® has been defined in Lemma 9.4.7 and = means equivalence of sequences in
D(R*,E). From (i7), the sequence (6,,), converges in probability to 6 and (F},),
converges in probability to the random element F of C;° C D(R',R") defined by

F(w,t) =0(w)t.

Furthermore, from Lemma 9.4.4, D(RT RT) x D(R™,E) is Suslin regular. Thus,
from (7), by Lemma 9.4.7 and Corollary 3.3.5, the sequence (®(F,,, Gk, ,1/0%))n>1
W-stably converges to the Young measure v’ such that, for almost every w € (,

Voo = P4(0p(w) ® Y ® dg-a(w)) = (Po(w)) , Yo

where ®g(,,) has been defined in Lemma 9.4.8. But Lemma 9.4.8 implies that we
have v = v a.e. ]

Remark 9.4.9 The hypothesis (i) of stable convergence in Theorem 9.4.3 is es-
sential in our reasoning, in order to apply the Fiber Product Lemma (see Coun-
terexample 3.3.4).

On the other hand, Condition (i¢) in Theorem 9.4.3 can easily be weakened in
the following direction: Let 6’ and 6" be random real variables such that 68’ > 0
and 6" > 0 a.e., let (ay), and (b,), be two sequences of positive real numbers
which converge to +0o. Let A € §. Then Theorem 9.4.3 still holds true if we
replace (i¢) by

(id)’
I gy I e 2 g = (0 15 + 0" 1550).

n bn

Indeed, we can apply separately on B and B¢ the reasoning of the proof of Theorem
9.4.3: Let (k) and (k!),, be two sequences of integers such that lim, k!, /a, =
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/

lim,, k7, /b, = 1. Then the sequence (G, 1p + Gy 1<), stably converges to v,
thus we only need to replace 6,, in the proof of Theorem 9.4.3 by
Mn

en:nin]lB—f—i]ch
an b,

Aldous has proposed a more general condition to replace (i7):

(#4)” ([Ald78, Condition (3.4)]) For each € > 0 and each § > 0, there exist a
measurable partition (Aj,..., Ay) of Q and constants ¢, ; (n > 1,1 <1 <
N) such that

Vi=1,...,.N lim ¢,; =400

n—-+o0o

N
limsupZP {Inn — cnil > 0cnitNA;) <e.

n—-+oo i—1

It is not difficult to check that Theorem 9.4.3 also holds true if we replace (i7)
by (i7)”. Furthermore, a simple argument given by Aldous [Ald78, Lemma 4]
shows that the convergence of (Z,), to 71 must be stable in order that £ (Z,,,)
weakly converges to «; for all sequences (n,,),, satisfying Condition (i7)’ (or (i7)”).
Indeed assume that the convergence of (Z,), to 71 is only U—W-stable, for some
proper sub—o—algebra U of S. There exists A € S\ U, with P(4) > 0, and a
bounded continuous f : E — R such that the sequence (E (14 f o Z,)), does
not converge. We can thus find two sequences (ay), and (by,), of integers such
that the sequences (E (14 foZ,,))n and (E (14 f 0 Zp,))n converge to different
limits. Then set ,, = a,, and 0/, = a,, 14 +b,, 14¢. Clearly, (n,,)n and (1), satisfy
(i7)’, but (Z,, )n and (Z,; ), cannot converge to the same limit.

’
n
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