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Preface

Classical examples of more and more oscillating real–valued functions on a domain
Ω of RN are the functions un(x) = sin(nx1) with x = (x1, . . . , xn) or the so-called
Rademacher functions on ]0, 1[, un(x) = rn(x) = sgn(sin(2n+1πx)) (see later 3.1.4).
They may appear as the gradients ∇vn of minimizing sequences (vn)n∈N in some
variational problems. In these examples, the function un converges in some sense to
a measure µ on Ω×R, called Young measure. In Functional Analysis formulation,
this is the narrow convergence to µ of the image of the Lebesgue measure on Ω by
ω �→ (ω, un(ω)). In the disintegrated form (µω)ω∈Ω, the parametrized measure µω

captures the possible scattering of the un around ω.
Curiously if (Xn)n∈N is a sequence of random variables deriving from indepen-

dent ones, the n-th one may appear more and more far from the k first ones as
if it was oscillating (think of orthonormal vectors in L2 which converge weakly to
0). More precisely when the laws L(Xn) narrowly converge to some probability
measure �, it often happens that for any k and any A in the algebra generated
by X1, . . . , Xk, the conditional law L(Xn|A) still converges to � (see Chapter 9)
which means

∀ϕ ∈ Cb (R)
1

P(A)

∫
A

ϕ(Xn(ω)) dP(ω) −→
∫

R

ϕ d�

or equivalently, δXn
denoting the image of P by ω �→ (ω, Xn(ω)),∫

Ω×R

( 1lA ⊗ ϕ) dδXn
−→

∫
Ω×R

( 1lA ⊗ ϕ) d[P⊗�] .

This is exactly the same convergence as the one raised in the first paragraph
(excepted that the limit measure is not always a product).

Many authors wrote on Young measures in Control and Calculus of Varia-
tions: Young [You37], McShane [McS40], Gamkrelidze [Gam62, Gam78], Warga
[War72], Ghouila-Houri [GH67], Tartar [Tar78], Ekeland [Eke72], Berliocchi and
Lasry [BL71, BL73], Balder in [Bal95, Bal00a, Bal00b] and many other papers cited
in this book. On the probabilistic side, we refer to Rényi [Rén58, Rén66, Rén63]
for applications in limit theorems, Baxter and Chacon [BC77] and Meyer [Mey78]
for relaxed stopping times, Pellaumail for weak solutions of stochastic differential
equations [Pel80, Pel81] (see also Jacod and Mémin [JM81b, JM81a]).

ix



x PREFACE

The topology on the space of Young measures is usually called “narrow topol-
ogy” or “weak topology” in the study of Young measures in Functional Analysis.
But this topology is called “stable” in Probability Theory, and the word “stable”
has the advantage that it avoids confusions with the usual narrow topology on the
space of measures on a topological space (see more details on this discussion page
22). So, we choose here “stable topology”.

For a long time Young measures were considered only when the functions un

take their values in a compact subset of an Euclidean space. Berliocchi and Lasry
introduced locally compact spaces and Balder extended the Prohorov theorem to
these parametrized measures that are Young measures. Then during a long period
authors considered that the good space was a Polish or a metrizable Suslin space.
Between 1985 and 1990 several works (mainly due to Balder) treated the case of
a separable reflexive Banach with the weak topology which is not metrizable. For
an example of Young measures on a function space, see [MV02]. In this book
the extension of the compactness Topsøe criterion to Young measures allows a
significant progress. We will consider basically (but always adding some technical
topological hypotheses) a general Hausdorff topological space.

Contents Our aim is not to give a short introduction to Young measures. In-
stead, we present the results in a general setting, in the hope it will be useful
for further developments of the theory. Due to the general framework four sta-
ble topologies are introduced in Chapter 2. Dudley’s results are used to study in
Chapter 3 convergence in probability of the functions ω �→ µα

ω where α is the index
of a net and (µα

ω)ω∈Ω denotes the disintegration of µα (which is assumed to exist).
A general fiber product theorem and a parametrized Kantorovich-Rubinštein the-
orem are provided. The heart is Chapter 4 where the Topsøe criterion is extended
to Young measures. Chapter 6 is devoted to vector valued functions, the biting
Lemma, weak compactness results in L1

E
and Visintin’s theorem in several infinite

dimensional frameworks. Chapter 7 develops several relaxation results in Control
and evolution problems. Chapter 8 gives some results of Calculus of Variations:
the lower semicontinuity theorem and Reshetnyak’s theorem, and deals with the
fiber product of Young measures and its applications to control problems: es-
sentially we establish the link between the value function which occurs in these
problems and the viscosity solution of the associated Hamilton–Jacobi–Bellman
equation. Finally Chapter 9 gives some results from Probability Theory which
involve stable convergence.

There are many directions that we did not investigate. . . Specially the result
of Kinderlehrer and Pedregal about Young measures generated by gradients of
vector valued functions (as this necessarily happens in some physical problems
where the functions describe the deformation of a 3-dimensional material): see
the books of Roub́ıček [Rou97] and Pedregal [Ped97], see also [Syc98, Syc99] and
the forthcoming book [ABM]. We did not either investigate some generalizations
of Young measures which should be very useful in an infinite dimensional setting,
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especially in the case of nonseparable spaces; for example, we did not consider
Young measures with cylindrical values in a Banach space, nor Young measures
which have only finitely additive values (such measures are considered by Fattorini
[Fat99]).

Definitions are spread all along the text, without any numbering. The reader
should consult the Subject Index and the Index of Notations to find their precise
location.

Aknowledgements We warmly thank Lionel Thibault for his incredibly careful
and efficient reading of our manuscript (all shortcomings of this book, if any, must
have been added later). We are also greatly indebted to Ahmed Bouziad for his
precious “S.O.S. topology” service, free and available 24h a day.



Chapter 1

Generalities, preliminary
results

This chapter contains some results, but mainly definitions that can be skipped at
first reading: The reader can access these definitions by using the Subject Index
and the Index of Notations.

We denote by R the set of real numbers and by N the set {0, 1, 2, . . .} of natural
integers. The set N \ {0} = {1, 2, . . .} is denoted by N

∗.

1.1 General topology

Throughout, T denotes a topological space, the topology of which is denoted by
τT. Unless explicitely stated, T is assumed to be Hausdorff. One reason to deal
with spaces which satisfy at least the separation axiom T2 is that we need the
compact subsets of T to be closed. The set of closed subsets of T is denoted by
F(T), for short F if no confusion can arise. Similarly, the set of open subsets of T

is denoted by G(T) or G and the set of compact subsets of T is denoted by K(T) or
K. Recall that a semidistance on T is a function d : T×T → [0, +∞[ satisfying, for
all t, s, r ∈ T, (i) d(t, t) = 0, (ii) d(t, s) = d(s, t) and (iii) d(t, r) ≤ d(t, s) + d(s, r).
(if furthermore d(t, s) = 0 implies t = s, we say that d is a distance).

The Borel σ–algebra of a topological space T is denoted by BT.
If T is an ordered set with order relation ≤, we say that T is upwards filtering

if, for any s, t ∈ T, there exists u ∈ T such that s ≤ u and t ≤ u. We say that T is
σ–upwards filtering if, for any sequence (tn)n of elements of T, there exists u ∈ T
such that tn ≤ u for every n. Similar definitions hold for downwards filtering or
σ–downwards filtering.

If D is a set of continuous semidistances on T, in expressions such as “D is
upwards filtering”, we refer to the topological order between the induced topolo-
gies. For example, if we say that D is σ–upwards filtering, this means that, for any

1



2 CHAPTER 1. GENERALITIES, PRELIMINARY RESULTS

sequence (dn)n of elements of D, there exists an element d of D which is topolog-
ically finer than the continuous semidistance

∑
n≥1 dn ∧ 2−n (where a∧ b denotes

the infimum of a and b). However, a formula such as δ ≥ d, where δ and d are
semidistances on T, means that we have δ(t, s) ≥ d(t, s) for all (t, s) ∈ T× T.

The Hausdorff topological space T is said to be

• regular if, for any t ∈ T and any closed subset F of T which does not contain
t, there exist two disjoint open subsets U and V such that t ∈ U and F ⊂ V ,

• completely regular if, for any t ∈ T and any closed subset F of T which
does not contain t, there exists a continuous function f : T → [0, 1] such
that f(t) = 0 and f = 1 on F (equivalently, T is uniformizable, that is, the
topology τT can be defined by a set of semidistances),

• normal if, for any two disjoint closed subsets F1 and F2 of T, there exist
two disjoint open subsets U1 and U2 such that F1 ⊂ U1 and F2 ⊂ U2,
(equivalently, from Urysohn Lemma, for any two disjoint closed subsets F1

and F2 of T, there exists a continuous function f : T → [0, 1] such that f = 0
on F1 and f = 1 on F2),

• Lindelöf (resp. hereditarily Lindelöf) if every open cover of T (resp. of any
open set of T) has a countable subcover,

• (separably) submetrizable if there exists a (separable) metrizable topology τ0

on T which is coarser than τT,

• perfectly normal if T is a normal space and if each closed subset of T is
a Gδ set, that is, a countable intersection of open sets. Equivalently, T is
perfectly normal if and only if T is a topological space such that, for every
closed subset F of T, there exists a continuous function f : T → R such that
F = f−1(0) (see [Eng89, Theorem 1.5.19]). Thus, if T is perfectly normal,
its Borel σ–algebra is generated by the set Cb (T) of bounded continuous
functions on T. Obviously, every metric space is perfectly normal.

Remark 1.1.1 If T is completely regular and submetrizable, the topology of T

can be defined by a set of continuous distances (instead of semidistances). Indeed,
let D be a set of semidistances which induces the topology of T. Let d0 be a
continuous distance on T. Then the set D′ = {d∨d0; d ∈ D} is a set of continuous
distances which induces the topology of T (where a ∨ b denotes the supremum of
a and b). Furthermore, if D is upwards filtering (resp. σ–upwards filtering), then
D′ is upwards filtering (resp. σ–upwards filtering).

Hereditarily Lindelöf spaces We list some properties of hereditarily Lindelöf
spaces that we shall often use in this book. Proofs can be found in [Bou74] or
[Sch73].
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1. Any continuous image of a Lindelöf (resp. hereditarily Lindelöf) space is
Lindelöf (resp. hereditarily Lindelöf).

2. Any regular Lindelöf space is paracompact, hence normal.

3. Any regular hereditarily Lindelöf space is perfectly normal.

4. If T×T is hereditarily Lindelöf and if the continuous functions separate the
points of T, there exists a sequence of continuous functions which separate
the points of T. In particular, T is submetrizable.

Here is another useful property.

Lemma 1.1.2 Assume that T is hereditarily Lindelöf and regular (in particular,
T is completely regular). Let D be a set of continuous semidistances on T which
induces the topology of T and is σ–upwards filtering.

1. Let G ∈ G. There exists d ∈ D such that G is d–open.

2. Let f : T → R be continuous. Then there exists d ∈ D such that f is d–
continuous.

Proof.
1 For each t ∈ G, as D induces the topology of T, there exists d ∈ D and an

open d–ball Bd with center t which is contained in G. From the hereditary Lindelöf
property, we can extract a sequence Bd1

, . . . , Bdn
, . . . such that G = ∪nBdn

. Then
take for d any element of D which is topologically finer than each dn (n ≥ 1): Each
Bdn

is d–open, thus G is d–open.
2 Let (]an, bn[)n≥1 be an enumeration of all open intervals of R with rational

endpoints. From Part 1, there exists for each n an element dn of D such that
f−1]an, bn[ is dn–open. Then take for d any element of D which is topologically
finer than each dn (n ≥ 1).

Remark 1.1.3 (hereditary Lindelöf property and separability) It is not
known whether, under the usual axioms of Logic (ZFC), there exist hereditary
Lindelöf spaces which are not separable. Examples are known under the continuum
hypothesis (see [Eng89, Remark in Problem 3.12.7(c)] and the survey [Roi84]).

Suslin spaces The (Hausdorff) space T is Suslin if there exists a Polish space S

and a continuous surjective mapping from S to T (recall that a mapping ϕ from a
set A to a set B is said to be surjective if we have ϕ(A) = B, and that a topological
space S is said to be Polish if it is separable and if there exists a distance d which
is compatible with the topology of S and such that (S, d) is complete). Let us list
below the main properties of Suslin spaces that we use in this book. Assume that
T is Suslin. The following hold (see [Sch73, Bou74]):

1. T is separable.
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2. T× T is hereditarily Lindelöf (in particular, T is hereditarily Lindelöf).

3. Thus, if T is regular, it is perfectly normal and separably submetrizable.

4. Consequently, a compact space is metrizable if and only if it is Suslin. Thus,
all compact subsets of a Suslin space are metrizable.

5. If T is regular, its topology is defined by the family of all τT–continuous
distances on T (see Remark 1.1.1).

6. The Borel σ–algebra BT of T is countably generated.

7. T is a Radon space, that is, every finite Borel measure on T is Radon (see
Section 1.3 about Radon measures and spaces).

8. Any Hausdorff topology on T which is coarser than τT has the same Borel
sets as τT (consequently, any Suslin topology which is comparable with τT

has the same Borel sets as τT).

9. Any Suslin topology which is comparable with τT has the same Radon mea-
sures as τT.

10. We shall also use sometimes the following property: If τT is Suslin regular,
there exists on T a Suslin metrizable topology τ ′

T
on T which is finer than τT

[SP76].

In Remark 1.2.1, we list some measurability properties of random subsets of a
Suslin space.

A useful class of Suslin spaces is that of Lusin spaces (recall that a Hausdorff
topological space T is Lusin if there exists a Polish topology on T which is finer
than the original one, see [Bou74] or [Sch73]).

The class of Suslin spaces and the class of Lusin spaces are stable under count-
able products, countable topological sums, and countable unions.

A particularly useful class of Lusin spaces is that of submetrizable kω–spaces
(see Section 4.4 for definitions and basic properties).

Cosmic spaces The space T is said to be cosmic (“Continuous-image Of Sepa-
rable Metric”, [Mic66]) if there exists a separable metric space S and a continuous
surjective mapping from S to T. Thus the class of cosmic spaces contains the
separable metrizable spaces and the Suslin spaces.

A network of the topological space T is a collection N of subsets of T such that
each open subset U of T is the union of the elements of N which are contained in
U . The following propositions are equivalent for the Hausdorff topological space
T (see [Cal82, Cal84, Mic66]):

(i) T is cosmic.
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(ii) There exists a (non–necessarily Hausdorff) topological space S with count-
able base and a continuous surjective mapping from S to T.

(iii) T has a countable network.

Cosmic spaces are hereditarily Lindelöf. Recall that regular Lindelöf spaces are
normal [Eng89, Theorem 3.8.2]. Furthermore, any regular cosmic space is sub-
metrizable (see [Cal82]).

An immediate consequence of (iii) is that, if T is a regular cosmic space, then
it has a countable network the elements of which are closed, thus Borel (such a
network will be called a countable Borel network). Thus the Borel σ–algebra of
any regular cosmic space is countably generated.

An important result about regular cosmic spaces was obtained independently
by Bešlagić and Calbrix [Cal82, Beš83, Cal84]: Every regular cosmic space can
be embedded in a Lusin space. We use this result in Proposition 1.3.2 and in
Chapter 3. Unfortunately, it is not known whether this Lusin space can be chosen
among regular spaces. A positive answer to that question would have interesting
consequences on the general theory of Young measures: see e.g. Part F of Theorem
2.1.3 in the light of Corollary 2.1.8, and see other results of Section 2.1 where it is
assumed that T is a dense subset of a regular Suslin space.

Vietoris topology We endow the set F with the Vietoris topology, that is, the
topology generated by the sets

U− = {F ∈ F ; F ∩ U �= ∅}

and
U+ = {F ∈ F ; F ⊂ U},

where U runs over the open subsets of T. A base of the Vietoris topology is given
by the sets

[U1, . . . , Un] := {F ∈ F ; ∀ i = 1, . . . , n, F ∩ Ui �= ∅, F ⊂ ∪1≤i≤nUi} ,

where {U1, . . . , Un} runs over the set of finite subsets of G. This is an exercise left
to the reader. It rests on the formula

U−
1 ∩ · · · ∩ U−

n ∩ V + = [V, U1 ∩ V, . . . , Un ∩ V ].

The restriction to K of the Vietoris topology is called the Vietoris topology on K.
The reader can find further information on the Vietoris topology in e.g. [Bee93,
Mic51, Chr74].

1.2 Random elements, random sets, integrands

Throughout, (Ω,S, P) is a probability space (but in some cases, it will be explicitely
stated that P is an arbitrary measure on (Ω,S)). A random element of a topological
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space T is an equivalence class (for the equality P-almost everywhere) of Borel–
measurable mappings Ω → T. The set of random elements of T is denoted by
X(Ω, T) or X(T), or X if no confusion can arise. The law of an element X of X(T),
(that is, the image by X of the measure P), is denoted by L (X).

Random sets We shall need the notions of measurable random set and inte-
grand to define the stable topologies on spaces of Young measures. A random
subset of a topological space T is an element of S ⊗ BT. If A is a subset of Ω× T

and if ω ∈ Ω, we denote by A(ω) the set {t ∈ T; (ω, t) ∈ A}, and we call it the
value of A at ω. A selection of A is a mapping σ : Ω → T such that σ(ω) ∈ A(ω)
for all ω ∈ Ω.

A random subset A is said to be open (closed, compact) if its values are open
(closed, compact).

Clearly, a subset A of Ω× T may be seen as a multifunction ω �→ A(ω). This
multifunction is said to be graph–measurable if A ∈ S ⊗ BT, that is, if A is a
random set. The graph of a multifunction ω �→ A(ω) is the set gph (A) = {(ω, t) ∈
Ω× T; t ∈ A(ω)}. Usually, we identify a multifunction with its graph, and thus we
use the same notation to denote a random set A and the associated multifunction.
Other notions of measurability for closed valued multifunctions are presented in
e.g. [CV77].

In particular, it is interesting for us to know when a closed valued multifunction
F is Borel measurable for the Vietoris topology. We say that a closed valued
multifunction F is V–measurable, or simply measurable, if, for any U ∈ G, the sets

F−(U) := {ω ∈ Ω; F (ω) ∩ U �= ∅}

and

F+(U) := {ω ∈ Ω; F (ω) ⊂ U}

belong to S, and we say that F is LV–measurable if, for any U ∈ G, F −(U) belongs
to S. Thus V–measurability means measurability w.r.t. the Vietoris topology,
whereas LV–measurability means measurability w.r.t. the lower Vietoris topology,
generated by the sets U−, U ∈ G. The Borel σ–algebra of the lower Vietoris
topology is called the Effros σ–algebra.

The sets of random subsets, open random subsets, closed random subsets and
compact random subsets of T are respectively denoted by B(T), G(T), F(T), K(T),
or B, G, F , K if no confusion may arise, and their elements are simply called random
sets, random open sets, random closed sets and random compact sets. Note that B
is the σ–algebra S ⊗BT. Furthermore, it is generated by the random open sets of
the form G = A× U with A ∈ S and U an open subset of T, thus B is generated
by G.

Remark 1.2.1 In the case when T is Suslin, the elements of B have some nice
measurability properties, that we list below. For each measure µ ∈ M+(Ω), we
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denote by S∗
µ the µ–completion of S. We denote by S∗ the universal completion

of S, that is, S∗ = ∩µ∈M+(T)Sµ. Assume that T is Suslin, and let A ∈ B.

(i) From a result of Freedmann and Neveu [Deb66, Theorem 3.4], the set {ω ∈
Ω; A(ω) �= ∅} = πΩ(A) is an element of S∗, where πΩ denotes the canonical
projection Ω× T → Ω. We shall refer to this theorem as the Projection
Theorem. Another proof of this result can be found in [SB74] and in the
proofs of Theorems III.23 and III.22 of [CV77].

(ii) If A has nonempty values, then, from a result of M. F. Sainte Beuve ([SB74],
[CV77, Theorem III.22]), generalizing results of Aumann and von Neumann,
the set A admits an S∗–measurable selection. Consequently (see [CV77,
Theorem III.22]), A admits an S∗–measurable Castaing representation, that
is, there exists a sequence (σn)n∈N of S∗–measurable selections of A such
that, for every ω ∈ Ω, the closure A(ω) of A(ω) satisfies

A(ω) = {σn(ω); n ∈ N}.

We shall refer to this result as the Sainte Beuve–von Neumann–Aumann
Selection Theorem.

(iii) From a theorem of Debreu ([Deb66], Theorem 4.4), the random set A is
S∗–V–measurable. Indeed, Debreu proved the result for A with nonempty
values, but, using the Projection Theorem, the results extends to A with
possibly empty values. We can also deduce this result directly from the
Projection Theorem, because, for any open subset U of T, we have

A−(U) = πΩ (A ∩ (Ω× U)) ,

A+(U) = (πΩ (A ∩ (Ω× U c)))
c

(where Ac denotes the complement of A).

(iv) From the preceding property, each element F of F may be viewed as an
S∗–measurable mapping ω �→ F (ω), Ω → F (recall that F is endowed with
the Vietoris topology).

(v) Consequently, the mapping A : ω �→ A(ω) is LV–measurable w.r.t. S∗.
Indeed, we have, for any open subset U of T,(

A
)−

U = ∪n∈Nσ−1
n (U).

More generally, if T is separably submetrizable, we also have the following prop-
erty:

(vi) Let τ0 be a separable metrizable topology on T which is coarser than τT.
Let K ⊂ Ω× T such that K(ω) := {t ∈ T; (ω, t) ∈ K} is a compact subset
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of T for every ω ∈ Ω and such that ω �→ K(ω), Ω → F is measurable
(for the Vietoris topology). Then K ∈ K. Indeed, for every ω ∈ Ω, K(ω)
is compact (thus closed) for τ0, and ω �→ K(ω) is still measurable for the
Vietoris topology associated with τ0. From [CV77, Proposition III.13], we
have K ∈ S ⊗ Bτ0

⊂ S ⊗ BτT
= B.

Lemma 1.2.2 Assume that T is a Suslin space and that (Ω,S, P) is complete.
Let F ∈ F . Let d be a continuous semidistance on T and let ε > 0. The set

Gd,ε = {(ω, t) ∈ Ω× T; F (ω) �= ∅ and d(t, F (ω)) < ε}

is a random open set. Consequently, the d–closure F
d

= ∩k≥1G
d,1/k of F is a

random closed set.

Proof. From the Projection Theorem, the set Ω′ = {ω ∈ Ω; F (ω) �= ∅} is S∗–
measurable (where S∗ is the universal completion of S). As we have assumed
(Ω,S, P) to be complete, we have here S∗ = S. We can thus assume without loss
of generality that Ω′ = Ω.

Again from the Projection Theorem, [CV77, Theorem III.22], as T is Suslin
and as we have S∗ = S, F admits an S–measurable Castaing representation, i.e.
there exists a sequence (σn)n∈N of S–measurable mappings Ω→ T such that F (ω)
is the closure of {σn(ω); n ∈ N} for every ω ∈ Ω. For each n ∈ N, the mapping
(ω, t) �→ d(σn(ω), t) is measurable, and we have

Gd,ε = ∪n∈N {(ω, t) ∈ Ω× T; d(t, σn(ω)) < ε} ,

thus Gd,ε is in G.

Integrands An integrand on Ω×T is an S ⊗BT–measurable function f : Ω× T

→ [−∞, +∞]. Note that integrands generalize random sets, because a subset A
of Ω× T is an element of S ⊗ BT if and only if its indicator function 1lA is an
integrand (recall that the indicator function 1lA of a A is defined by 1lA(x) = 1
if x ∈ A, 1lA(x) = 0 if x ∈ Ac). Conversely, any function f : Ω× T → can be
identified with its epigraph

Epi [f ] := {(ω, (t, r)) ∈ Ω× (T× [−∞, +∞]); f(ω, t) ≤ r} .

It is easy to check that f is an integrand if and only if Epi [f ] is a random subset
of T× [−∞, +∞]. Thus integrands can also be seen as special random sets.

An integrand f is said to be L1-bounded if there exists a P–integrable function
φ such that |f(ω, .)| ≤ φ(ω) for each ω ∈ Ω. We say that f is lower semicontinuous
(l.s.c.) if f(ω, .) is l.s.c. for each ω ∈ Ω. Thus l.s.c. integrands generalize open
random sets. L.s.c. integrands are also called normal integrands.

We define similarly uppersemicontinuous (u.s.c.) integrands, continuous in-
tegrands, etc. Note that a bounded integrand f satisfies |f(ω, t)| ≤ M for some
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M ≥ 0, for all t ∈ T and for all ω ∈ Ω: It is not sufficient that f(ω, .) be bounded
for each ω.

Following a well established tradition, we call Carathéodory integrand any func-
tion f on Ω× T such that, for each ω ∈ Ω, f(ω, .) is continuous and, for each t ∈ T,
f(., t) is S–measurable. Thus a Carathéodory integrand is not necessarily S ⊗BT–
measurable, that is, it is not always an integrand in our terminology. However, the
following result shows that, in most interesting cases, a Carathéodory integrand
is just a continuous integrand. In the sequel, we shall speak of Carathéodory
integrands only when they are integrands.

Lemma 1.2.3 (Carathéodory integrands) Assume that T is Lusin or regular
Suslin. Let f be a mapping from Ω× T to a metric space U such that, for each
ω ∈ Ω, f(ω, .) is continuous and, for each t ∈ T, f(., t) is S–measurable. Then f
is S ⊗ BT–measurable.

Proof. Let τ ′
T

be a Suslin metrizable topology which is finer than the topology
τT of T [SP76]. For each ω ∈ Ω, the function f(ω, .) is τ ′

T
–continuous. Let d be a

distance that is compatible with τ ′
T
. We then proceed as in [CV77, Lemma III.14].

Let (tn)n∈N be a dense sequence in T. For each integer p ≥ 1, let (Bp
n)n be a

measurable partition of T into parts of d–diameter ≤ 1/p such that, for each n,
Bp

n contains tn. Set fp(ω, t) = f(ω, tn) if t ∈ Bp
n. From continuity of f(ω, .), the

sequence (fp)p of measurable functions converges pointwise to f . As U is metric,
this entails that f is S ⊗Bτ ′

T
–measurable. But, as τ ′

T
is Suslin, we have Bτ ′

T
= BτT

.

We will sometimes need to approximate arbitrary functions on Ω× T by u.s.c.
or l.s.c. integrands. The following lemma is an extension to the Suslin case of a
result which is essentially due to Balder ([Bal84a], Lemmas A5 and A6). We give
the first part of it in the same form as it is given in [But89, Lemma 2.1.6]. This first
part is also an immediate consequence of an old result of the third author ([Val70,
1.14] [Val71, Proposition 13]), applied to epigraphs. Recall that the space T is said
to be second countable if it admits a countable basis. Recall also that the outer
measure P∗ associated with P is defined by P∗(E) = inf{P(B); B ⊃ E, B ∈ S}
for any subset E of Ω. Its restriction to S∗

P, which we shall also denote by P∗, is
the unique measure on S∗

P which extends P.

Lemma 1.2.4 (Measurable regularization ([Bal84a])) Assume that T is a
second countable Suslin space and let f : Ω× T → [0, +∞] be a function such that

f(ω, .) is l.s.c. for P–a.e. ω ∈ Ω. There exists an l.s.c. integrand f̃ such that

1. f̃(ω, .) ≥ f(ω, .) for P–a.e. ω ∈ Ω,

2. for every integrand g such that g(ω, .) ≥ f(ω, .) P–a.e., we have g(ω, .) ≥ f̃(ω, .)
P–a.e.

Furthermore, if f is S∗
P⊗BT–measurable, then f̃(ω, .) = f(ω, .) for P∗–a.e. ω ∈ Ω.
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Following Balder [Bal95], if f is as above, we call measurable regularization of f

any l.s.c. integrand f̃ satisfying Conditions 1 and 2 of Lemma 1.2.4.
In applications of Lemma 1.2.4, T is a Suslin metrizable space, but there exist

second countable Suslin spaces which are not metrizable. Indeed, any countable
Hausdorff space T is Suslin, because the discrete topology on T is Polish. Thus
any countable second countable Hausdorff space which is not regular provides an
example of a nonmetrizable second countable Suslin space. Counterexamples 60,
61, 75, 100, 126 and 127 in [SS78] are examples of such spaces.

Proof of Lemma 1.2.4. We assume without loss of generality that f(ω, .) is
l.s.c. for every ω ∈ Ω.

Let U be a countable basis of T and let J be the set of pairs (r, G) such that
r is a rational number and G ∈ U . For each j = (r, G) ∈ J , we set fj = r 1lG. For
each ω ∈ Ω, we have

f(ω, .) = sup {fj ; j ∈ J, fj ≤ f(ω, .)}

(e.g. adapt the proof of Proposition 3 page IV.31 in [Bou71]). For each j ∈ J , let

Ej = {ω ∈ Ω; fj ≤ f(ω, .)} .

We have, for all (ω, t) ∈ Ω× T,

f(ω, t) = sup
{

1lEj
(ω)fj(t); j ∈ J

}
.

For each j ∈ J , let Bj ∈ S be such that Ej ⊂ Bj and P∗(Ej) = P(Bj). We set

f̃ = sup
{

1lBj
(ω)fj(t); j ∈ J

}
.

The function f̃ is an integrand and satisfies Condition 1. Let g be an integrand
such that P–a.e. g(ω, .) ≥ f(ω, .). We assume w.l.g. that g ≥ f . For each j ∈ J ,
let

Cj = {ω ∈ Ω; fj ≤ g(ω, .)} .

Each Cj is the complement of the projection on Ω of the S ⊗ BT–measurable set
{(ω, t) ∈ Ω× T; fj(t) > g(ω, t)}. Therefore, from the Projection Theorem, since T

is Suslin, each Cj is S∗
P–measurable. Furthermore, we have, for all (ω, t) ∈ Ω× T,

g(ω, t) ≥ sup
{

1lCj
(ω)fj(t); j ∈ J

}
.

As g ≥ f , we have Ej ⊂ Cj for each j ∈ J . From the definition of Bj , we thus
have

P∗(Bj \ Cj) = 0.

As J is countable, there exists a measurable subset Ω′ of Ω such that P(Ω′) = 1
and Bj ∩ Ω′ ⊂ Cj ∩ Ω′ for each j ∈ J . For each ω ∈ Ω′, we thus have

f̃(ω, .) ≤ g(ω, .).
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Finally, assume that f is S∗
P ⊗ BT–measurable. Then, for every j ∈ J , Ej is

S∗
P–measurable and we have P∗(Bj \ Ej) = 0, that is, there exists a P–negligible

set Nj such that Ej ∪Nj = Bj . Let N = ∪j∈JNj . The set N is negligible and we

have f̃(ω, .) = f(ω, .) for every ω ∈ Ω \ N .

Here is a variant, for random sets, of Lemma 1.2.4.

Lemma 1.2.5 Assume that T is a second countable Suslin space and let A ⊂
Ω× T be such that, for a.e. ω ∈ Ω, A(ω) ∈ G. Then there exists G ∈ G such that

• A(ω) ⊂ G(ω) for P–almost every ω ∈ Ω,

• if B ∈ G satisfies A(ω, .) ⊂ B(ω, .) for P–a.e. ω ∈ Ω, then G(ω, .) ⊂ B(ω, .)
for P–a.e. ω ∈ Ω.

Furthermore, if A ∈ S∗
P ⊗ BT, then A(ω) = G(ω) for P–almost every ω ∈ Ω.

Proof. We assume w.l.g. that A(ω) ∈ G for every ω ∈ Ω. Let f = 1lA and

construct f̃ as in the proof of Lemma 1.2.4. The range of f is contained in {0, 1},
thus

f(ω, t) = sup
{

1lEj
(ω)fj(t); j = (1, A), A ∈ U

}
,

which yields

f̃(ω, t) = sup
{

1lBj
(ω)fj(t); j = (1, A), A ∈ U

}
.

Thus the range of f̃ is also contained in {0, 1}, which proves that f̃ is the indicator
function of an element G of G.

Let us now give an easy but useful extension of the second part of Lemma 1.2.4.
If E is a separable Banach space, with topological dual E∗, the following result can
be applied in the case when T = (E, σ(E, E∗)) or when T = (E∗, σ(E∗, E)) because
the unit balls of E and E

∗ are Suslin metrizable for the topologies induced by
σ(E, E∗) and σ(E∗, E) (see Examples 4.3.15 and 4.4.1 for more general situations).
Note that, in these cases, T is a Lusin space because the identity mapping from
(E, ‖.‖) to (E, σ(E, E∗)) is continuous, but T is not second countable.

Lemma 1.2.6 Assume that T is the union of a sequence (Tn)n∈N of second count-
able Suslin spaces (for the topology induced by T), which are Borel subsets of T.
Let f : Ω× T → [0, +∞] be an S∗

P ⊗ BT–measurable function such that f(ω, .) is

l.s.c. for P–a.e. ω ∈ Ω. Then there exists an S ⊗ BT–measurable regularization f̃
of f such that f̃(ω, .) = f(ω, .) for P–a.e. ω ∈ Ω.

Furthermore, if f(ω, .) is continuous for P–a.e. ω ∈ Ω, we can choose f̃ such

that f̃(ω, .) is continuous for P–a.e. ω ∈ Ω.

If A ∈ S∗
P⊗BT satisfies A(ω) ∈ G for each ω ∈ Ω, there exists G ∈ G such that

A(ω) = G(ω) for P–almost every ω ∈ Ω.
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Proof. For each n ∈ N, let fn be the restriction of f on Ω×Tn and let f̃n : Ω×Tn

be its measurable regularization. There exists a P–negligible set Nn ∈ S such that
f̃n(ω, .) = fn(ω, .) for every ω �∈ Nn. Let N = ∪nNn and let us set

f̃(ω, t) =

{
f(ω, t) if ω ∈ Ω \ N ,
0 if ω ∈ N .

Then f̃ is an l.s.c. integrand and f̃(ω, .) = f(ω, .) for every ω �∈ N , and thus f̃
is a measurable regularization of f . Furthermore, if the set {ω ∈ Ω; f(ω, .) is not

continuous} is contained in a measurable negligible set N ′, then we can replace f̃

by f̃ 1l(Ω\N ′)×T.
We then deduce the statements about A ∈ S∗

P ⊗ BT as in the proof of Lemma
1.2.5.

1.3 Narrow and weak convergence of measures on
a topological space

As in the rest of this chapter, we give here definitions and results that will be
needed in the sequel. Complements on the topic of this section can be found in
Bogachev’s very clear and useful survey [Bog98b].

By “measure”, we always mean “bounded nonnegative σ–additive measure”.
The set of measures on a measure space (Ω,S) is denoted by M+(Ω,S). For
any α ≥ 0, we denote by M+,α(Ω,S) the set of elements µ of M+(Ω,S) such
that µ(Ω) = α. An element of M+,1(Ω,S) is also called a (probability) law. The
set of Borel bounded measures on T is denoted by M+(T), or M+(T, τT) if we
need to precise which Borel σ–algebra is taken into account. Similarly, we use the
notations M+,α(T) and M+,α(T, τT).

An element µ of M+(T) is tight if, for any ε > 0, there exists a compact
subset K of T such that µ(Kc) < ε, and µ is Radon if, for any B ∈ BT, µ(B) =
sup{µ(K); K is compact, K ⊂ B}. We denote respectively byM+

t (T) andM+
R(T)

the sets of tight and Radon measures on T. We haveM+
R(T) ⊂M+

t (T). The topo-
logical space T is a Radon space if every measure on T is Radon (see [Sch73] about
Radon spaces and Radon measures). It is easy to check that M+

R(T) =M+
t (T) if

and only if every compact subset K of T is a Radon space. This is for example
the case when T is submetrizable, because, in this case, each compact subset of T

is metrizable, and because each metrizable compact space is Radon (see [Sch73],
Proposition 6 page 117).

An element µ of M+(T) is τ–regular if, for every downwards filtering net
(Fα)α∈A in F(T), we have µ(∩αFα) = infα µ(Fα). We then have µ(infα fα) =
infα µ(fα) for any downwards filtering uniformly bounded net (fα)α∈A of u.s.c.
functions on T [Top70b, P15 page XIII]. Every Radon measure is τ–regular. If
T is hereditarily Lindelöf, it is very easy to show that every measure on T is
τ–regular. We denote by M+

τ (T) the space of τ–regular measures on T.
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Of course, we also use notations such as M+,α
t (T), M+,α

R (T) or M+,α
τ (T).

For a recent unified treatment of measure theory in topological spaces, with an
extensive study of the notion of regularity of a measure, see also [Kön97, Kön].

If t is an element of T, we denote by δt the Dirac mass at t. It is sometimes
convenient to identify δt with t and to write formulae like T ⊂M+(T).

We endow M+(T) with the narrow topology, which is the coarsest topology for
which the function {

M+(T) → R

µ �→ µ(f)

is upper semi–continuous for every bounded upper semi–continuous function f :
T → R (see [Top70b]). A net (µα)α∈A of measures on T narrowly converges to
a measure µ∞ if and only if, for each open subset U of T, lim infα→∞ µα(U) ≥
µ∞(U), and if limα→∞ µα(T) = µ∞(T). If this is the case, then limα→∞ µα(f) =
µ∞(f) for every bounded continuous function f . The topology induced on T by
the narrow topology (via the identification t �→ δt) is τT.

We shall sometimes consider a coarser topology on M+(T), namely the weak
topology 1, which is the coarsest topology such that, for every bounded continuous
function f : T → R, the function{

M+(T) → R

µ �→ µ(f)

is continuous. From the Portmanteau Theorem [Top70b, Theorem 8.1], if T is
completely regular and if µ∞ ∈ M+

τ (T), a net (µα)α∈A of elements of M+(T)
converges to µ∞ for the narrow topology if and only if it converges to µ∞ for the
weak topology. Consequently, the weak topology and the narrow topology coincide
onM+

τ (T) if and only if T is completely regular. Indeed, if T is completely regular,
the equivalence of both topologies onM+

τ (T) is given by the Portmanteau Theorem
[Top70b, Theorem 8.1]. Conversely, note that the topology induced on T by the
weak topology is the coarsest topology on T such that the bounded τT–continuous
functions are continuous. But this topology coincides with τT if and only if T is
completely regular (see [Eng89, Example 8.1.19]).

Note that the set Cb (T) of bounded continuous functions on an arbitrary Haus-
dorff topological space T may be very poor, even if T is regular, e.g. it may be
equal to the set of constant functions as in [SS78, Example 92] (Hewitt’s condensed
corkscrew). In such a case, the weak topology is only the indiscrete topology
{∅,M+,1(T)}. Another interesting example where Cb (T) is the set of constants
is provided by [SS78, Example 75] (irrational slope topology): The space T is
Hausdorff nonregular, Lusin (because T is countable and every countable union of
Lusin spaces is Lusin), and its compact subsets are metrizable (because T is first
countable, see [Eng89, Theorem 4.2.8]). However, some results for an arbitrary

1Topsøe [Top70b], who seems to be the inventor of the narrow topology, calls it the “weak
topology”. Our terminology is that of Schwartz [Sch73]: this allows us to name “weak topology”
the topology induced by σ(Cb (T)′ , Cb (T)).
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topological space T involve only Cb (T), not the whole topology τT. Considering
only the narrow topology would oblige us to restrict ourselves unnecessarily to
the frame of completely regular spaces. In particular, in Chapter 3 (which is de-
voted to convergence in probability of Young measures), the weak topology will
be much more convenient to use. But, by default, M+(T) is endowed with the
narrow topology.

Let A be a subset of T. The space M+(A) can be considered as a subspace
of M+(T). Indeed, let M+

A(T) be the set of elements µ of M+(T) such that
µ∗(Ac) = 0 (where µ∗ denotes the inner measure associated with µ). The Borel
σ–algebra of A is BA= {B ∩A; B ∈ BT}. With each Borel measure µ ∈ M+(A),
we can associate the Borel measure µ̂ ∈M+

A(T) defined by

∀B ∈ BT µ̂(B) = µ(B ∩A)

(thus, if ψ is the canonical injection from A to T, we have µ̂ = ψ�(µ), where
ψ� µ denotes the image by ψ of the measure µ). Conversely, if µ ∈ M+

A(T), the
restriction µ̆ of the outer measure µ∗ to BA is a Borel measure on A. This is a
mere exercise if one notices that

(1.3.1) ∀B ∈ BT µ̆(B ∩A) = µ(B).

This shows that ˘̂µ = µ for each µ ∈ M+(A) and ̂̆ν = ν for each ν ∈ M+
A(T),

thus µ �→ µ̂ is a bijection from M+(A) to M+
A(T). Furthermore, let (µα)α∈A be

a net in M+(A) and let µ∞ ∈ M+(A). Using again (1.3.1), we see that (µα)α∈A

narrowly converges to µ∞ in M+(A) if and only if (µ̂α)α∈A narrowly converges to
µ̂∞ in M+

A(T). We have thus proved the first half of the following lemma. The
second half is left to the reader.

Lemma 1.3.1 For any subset A of T, the spaceM+(A) (endowed with the narrow
topology) is homeomorphic to the subspaceM+

A(T) of M+(T) through the mapping
µ �→ µ̂.

Furthermore, for any µ ∈ M+
A(T) and for any bounded measurable function

f : T → R, we have
µ(f) = µ̆(f

A
).

In the sequel, we shall identify M+(A) and M+
A(T).

When T is completely regular, many topological properties of the space T also
hold for M+,1

τ (T), endowed with the weak topology. We mention below the topo-
logical properties of M+,1(T) that will be needed in the sequel. Other properties
can be found in e.g. [Kou81, HK99] (see also the bibliography in [Bog98b, Section
8.5]).

The most obvious property is that, if T is completely regular, then the weak
topology on M+,1

τ (T) is also completely regular. Indeed, it is induced by the
semidistances (µ, ν) �→ |µ(f)− ν(f)|, where f runs over the set Cb (T) of bounded
continuous functions on T.
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If T is a metrizable space, then the weak topology on M+(T) is metrizable
(see Section 1.4 about the equality M+

τ (T) = M+(T) when T is not separable).
In particular, if d is a distance which is compatible with the topology of T, then

the weak topology on M+(T) is generated by the Dudley distance ∆
(d)
BL defined

as follows (see [Dud66]): Let BL1(T, d) be the set of bounded Lipschitz functions
f : T → R such that max(‖f‖∞ , ‖f‖L (d)) ≤ 1, where ‖f‖L (d) is the infimum of
all r ≥ 0 such that f is r–Lipschitz for d. We then set, for µ, ν ∈M+,1(T),

∆
(d)
BL(µ, ν) = sup

f∈BL1(T,d)

|µ(f)− ν(f)| .

If T is a separable metric space, there exists a totally bounded distance d which is
compatible with T (see e.g. [Eng89, Par67], actually the condition of separability
is also necessary). In this case, the space Cu(T, d) of d–uniformly continuous
functions on T, endowed with the topology of uniform convergence, is separable.
Similarly, BL1(T, d) is separable. There exists thus a countable set {fk; k ∈ N}
of bounded continuous functions on T (which may be chosen in Cu(T, d) or in
BL1(T, d)) such that the topology ofM+,1(T) =M+,1

τ (T) is the coarsest topology
such that the mappings ν �→ ν(fk) (k ∈ N) are continuous (see [Par67, Dud76,
Dud02]).

Let us also recall that, if T is Polish, then M+,1(T) = M+,1
τ (T) is also Polish

(see e.g. [Par67, Pro56]). Furthermore, if S is a Suslin space and π : S → T

a surjective continuous mapping, then the mapping µ �→ π� µ from M+,1(S) to
M+,1(T) is surjective [Sch73, Theorem 12 page 126], where π� µ denotes the image
by π of the measure µ. Thus, if T is Suslin (resp. Lusin), then M+,1(T) is also
Suslin (resp. Lusin) [Sch73, Theorem 7 page 385].

Thanks to Calbrix–Bešlagić Embedding Theorem (see page 5), we can deduce
a similar conclusion for cosmic regular spaces.

Proposition 1.3.2 If T is cosmic regular, so is M+,1(T).

Proof. From Calbrix–Bešlagić Embedding Theorem, T is a subspace of a Lusin
space S. We have M+,1(T) ⊂M+,1(S) (see Lemma 1.3.1), and M+,1(S) is Lusin,
thus M+,1(T) is cosmic. Furthermore, the space T is completely regular, thus
M+,1(T) is also completely regular.

Let us return to the case when T is a completely regular space. Let D be a set
of continuous semidistances on T which induces the topology τT of T. For each
d ∈ D, let Sd be the quotient metric space (T/d, d̂) and let πd be the canonical
projection T → Sd. The topology τT is the initial topology [Bou71] for the system
(Sd, πd)d∈D, that is, τT is the coarsest topology such that the mappings πd are
continuous. Equivalently, a net (tα)α∈A converges to an element t∞ if and only if,
for each d ∈ D, the net (πd(tα))α∈A converges to πd(t∞).

Lemma 1.3.3 Assume that T is completely regular. Let D be an upwards filtering
set of continuous semidistances on T which induces the topology of T. With the
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above notations, the narrow topology on M+
τ (T) is the initial topology for the

system (M+
τ (Sd), µ �→ (πd)�(µ))d∈D.

Proof. Let (µα)α∈A be a convergent net in M+
τ (T) and let µ∞ be its limit. Let

d ∈ D. Let f be a bounded continuous function on Sd. Then f ◦ πd is a bounded
continuous function on T, thus

lim
α

(πd)� µα(f) = lim
α

µα(f ◦ πd) = µ∞(f ◦ πd) = (πd)� µ∞(f).

Thus ((πd)� µα)α∈A converges to (πd)� µ∞ in M+
τ (Sd).

Conversely, assume that ((πd)� µα)α∈A converges to (πd)� µ∞ in M+
τ (Sd) for

each d ∈ D. We make a slight adaptation of Topsøe’s proof of Portmanteau
Theorem for narrow convergence [Top70b]. Let F ∈ F(T). For each d ∈ D, let us
denote by BL(T, d) the set of bounded d–Lipschitz functions on T. Then we have

F = ∩d∈DF
d
, where F

d
denotes the closure of F with respect to d. But, for each

d ∈ D, we have
1l

F
d = inf

n≥1
fd

n,

where

fd
n(t) = 1− n

(
d(t, F ) ∧ 1

n

)
.

As fd
n ∈ BL(T, d), we thus have 1lF = infH, with

H = {f ∈ Cb (T) ; ∃d ∈ D f ∈ BL(T, d), 1lF ≤ f ≤ 1} .

The set H is downwards filtering, thus

µ∞(F ) = inf
f∈H

µ∞(f) = inf
f∈H

lim
α

µα(f)

≥ lim sup
α

µα(F ).

Remark 1.3.4 (Initial topology and projective limit) With the hypothe-
sis and notations of Lemma 1.3.3, if furthermore T is Suslin and D is an up-
wards filtering set of continuous distances which induces the topology τT, then
the topological space M+(T) is the projective limit (or inverse limit) of the sys-
tem (M+(Sd), µ �→ (πd)�(µ))d∈D (see e.g. [Eng89] about inverse limit of topo-
logical spaces, and [Par67, HJ91] about inverse limits of measures). Indeed, for
each d ∈ D, the set Sd coincides with T, the mapping πd is the identity map-
ping, and the Borel σ–algebra BSd

is the same as BT, thus the sets M+,1(Sd) and
M+,1(T) are equal. Furthermore, as T and Sd are hereditarily Lindelöf, we have
M+,1

τ (Sd) =M+,1(Sd) =M+,1(T) =M+,1
τ (T).
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1.4 Measurable cardinals
and separable Borel measures

We say that a cardinal number m is (real–valued) measurable if, for any set S of
cardinal m, there exists a probability measure on the algebra of all subsets of S

such that every countable subset of S has measure 0.
Clearly ℵ0 is not measurable and, if n is not measurable and m < n, then m is

not measurable. It is known that it is consistent with the usual axioms of math-
ematics (ZFC) to assume that there exists no measurable cardinal. Furthermore,
under the continuum hypothesis, the cardinal c is not measurable (see a short
proof in [Dud02, Appendix C] or in [HJ99]). On the other hand, it seems un-
known whether it is consistent with ZFC to assume that there exists a measurable
cardinal. More details on measurable cardinals can be found in [Jec78].

The assumption that no measurable cardinal exists has nice consequences in
probability theory. We say that a measure µ on the σ–algebra of a metric space T

is separable if there exists a separable Borel subspace T0 of T such that µ(T0) = 1.
Marczewski and Sikorski [MS48] proved that, for a metric space T, the following
conditions are equivalent:

(a) There exists a dense subset of T with non–measurable cardinal.

(b) Every Borel probability measure on T is separable.

Proofs of this result, along with discussions about its consequences, can also be
found in [Bil68, Appendix III] (where it is formulated in a slightly different way)
or in [BK83].

So, we can safely assume that every law µ on any metric space T is separable,
in particular µ is inner regular w.r.t. the totally bounded subsets of T, that is, for
every B ∈ BT and every ε > 0, there exists a totally bounded set K ⊂ A such that
µ(A \K) < ε [Dud02, Theorem 7.1.4]. In particular, we have M+

τ (T) = M+(T)
and the weak and narrow topologies coincide on M+(T).

The price to pay for this nice situation is that the Borel σ–algebra of a nonsepa-
rable metric space is often “too big”, and there are rather “few” Borel probability
measures on a nonseparable metric space T, that is, one is likely to deal with
measures on smaller σ–algebras (see e.g. [Dud76, vdVW96] for examples involving
empirical processes).



Chapter 2

Young measures,
the four stable topologies:
S, M, N, W

2.1 Definitions, Portmanteau Theorem

We call Young measures the elements of the set

Y1(Ω,S, P; T) =
{
µ ∈M+,1(Ω× T,S ⊗ BT); ∀A ∈ S, µ(A× T) = P(A)

}
.

When no confusion can arise, we omit some parts of the information and use
notations such as Y1(T) or Y1(P) or simply Y1.

Young measures generalize random probability measures, random elements,
and they also generalize probability laws on T. Let us have a first look at these
special subsets.

• Y1
dis(T): We denote by Y1

dis(Ω,S, P; T) (for short, Y1
dis(T), Y1

dis(P) or Y1
dis)

the set X
(
M+,1(T)

)
of random elements µ. : ω �→ µω ofM+,1(T). It is very

easy to check that a mapping µ. : ω �→ µω, Ω →M+,1(T), is measurable if
and only if, for each B ∈ BT, the mapping ω �→ µω(B) is measurable.

With each µ. ∈ Y1
dis, we can associate a unique probability measure

µµµ =

∫
Ω

δω ⊗ µω d P(ω) ∈ Y1

(where δω denotes the Dirac measure concentrated on ω), that is, µµµ(A×B) =∫
A

µω(B) d P(ω) for all (A, B) ∈ S × BT. The mapping µ. �→ µµµ is injective,
because we have defined random elements as equivalence classes. We shall
thus identify Y1

dis with a subset of Y1 and call its elements disintegrable Young

19
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measures. If T is a Radon space (that is, if every law on T is Radon), then
Y1

dis = Y1, thanks to the Disintegration Theorem (see [HJ71, Val72, Val73]).

• X(T): With each random element X of T, we can associate the disintegrable
Young measure δX : ω �→ δX(ω). Thus X(T) can be seen as a subset of
Y1

dis(T). We have

δX =

∫
δω ⊗ δX(ω) dP(ω),

the latter notation being more convenient when we need to emphasize the
underlying measure P. Young measures of the form δX will be called de-
generate Young measures. As degenerate Young measures are parametrized
Dirac measures, they are also sometimes called Dirac Young measures.

• M+,1(T): The set M+,1(T) can be embedded in Y1
dis if we associate with

each ν ∈M+,1(T) the constant random measure ω �→ ν. The corresponding
Young measure is µ = P ⊗ ν. Such a measure µ is called a homogeneous
Young measure.

• T: If we identify X(T) and M+,1(T) with their corresponding subsets in
Y1

dis(T), then T will be naturally identified with X(T) ∩M+,1(T).

We shall consider these embeddings from a topological point of view in Section
2.2. The embedding of X(T) in Y1

dis(T) will be studied more in depth in Chapter
3, which is devoted to convergence in probability of random laws.

We endow the set Y1 with four different topologies, called stable topologies,
which coincide in most applications: a strong one τ S

Y1 , two intermediate topologies

τM

Y1 and τN

Y1 , and a weak one τW

Y1 . In the Portmanteau Theorem 2.1.3, we shall

compare them precisely and give some simple necessary and sufficient conditions
for a net to converge in one or another of these stable topologies.

• The topology τ S

Y1 is the coarsest topology for which the functions{
Y1 → R

µ �→ µ(f)

are l.s.c. for every bounded l.s.c. integrand f on Ω× T. This means that a net
(µα)α∈A of elements of Y1 converges to a young measure µ∞ if and only if,
for each normal L1-bounded integrand f , we have lim infα µα(f) ≥ µ∞(f).
We call this topology topology of S–stable convergence (for short S–stable
topology) on Y1. As usual, if we need to precise what is the underlying
topological space, or the underlying probability, we use notations such as
τ S

Y1(T) or τ S

Y1(P). A subbase for τ S

Y1 is given by the sets

U(f, r) =
{
µ ∈ Y1; µ(f) > r

}
where f is a normal L1-bounded integrand and r ∈ R (that is, each open
subset of Y1 is a union of finite intersections of sets U(f, r)).
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• The topology τM

Y1 is the coarsest topology for which the functions{
Y1 → R

µ �→ µ(f)

are continuous for every bounded continuous integrand f on Ω× T. We
call it topology of M–stable convergence (or M–stable topology) on Y1. Thus
(µα)α∈A M–stably converges to µ∞ if and only if, for any bounded continuous
integrand f , we have limα µα(f) = µ∞(f).

• The topology τN

Y1 is the coarsest topology for which the functions{
Y1 → R

µ �→ µ( 1lA ⊗ f)

are l.s.c. for every A ∈ S and every bounded l.s.c. f on T. We call it topology
of N–stable convergence (or N–stable topology) on Y1. A net (µα)α∈A N–
stably converges to µ∞ if and only if, for each A ∈ S, the net (µα(A× .))α∈A

of elements of M+(T) narrowly converges to µ∞(A× .).

• The topology τW

Y1 is the coarsest topology for which the functions{
Y1 → R

µ �→ µ( 1lA ⊗ f)

are continuous for every A ∈ S and every bounded continuous function f on
T. We call it topology of W–stable convergence (or W–stable topology) on Y1.
A net (µα)α∈A W–stably converges to µ∞ if and only if, for each A ∈ S, the
net (µα(A× .))α∈A of elements of M+(T) weakly converges to µ∞(A× .).

We thus have the following obvious arrows, which represent implications:

τ S

Y1–convergence −−−−→ τM

Y1–convergence⏐⏐� ⏐⏐�
τN

Y1–convergence −−−−→ τW

Y1–convergence

(to remember the notations for the two intermediate topologies τ M

Y1 and τN

Y1 , the

reader may think that “M” stands for “medium” and “N” for “narrow”). The
topologies τN

Y1 and τW

Y1 coincide when T is completely regular and the elements of

M+,1(T) are τ–regular, e.g. T is Suslin regular or T is metrisable and contains
a dense subspace with non–measurable cardinal, see Section 1.4 (recall that the
weak and narrow topologies coincide on M+

τ (T) if and only if T is completely
regular, see Section 1.3). Note also that, when T is not completely regular, τ W

Y1 is

not necessarily Hausdorff.
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If (µα)α∈A is a net of elements of Y1 which ∗–stably converges to an element
µ∞ of Y1 (∗ = S, M, N, W), we write

µα ∗–stably−−−−−→ µ∞.

For simplicity, if (Xα) is a net of random elements of T, the expression “(Xα)
∗–stably converges to µ∞” will be used for “(δXα

) ∗–stably converges to µ∞”.
When all four stable topologies coincide, we skip the symbols S, M, N, W or

*, and we write, e.g., that (µα)α stably converges to µ∞, or µα stably−−−−−→ µ∞.

Remark 2.1.1 We shall give later conditions for these four topologies to coincide
on Y1 or on some particular subsets of Y1. This will be done especially in Port-
manteau Theorem for Stable Topology 2.1.3, where it is shown that they coincide
if T is Suslin metrizable, and in Chapter 4 where it is shown e.g. (see Corollary
4.3.7) that, if T is a Suslin regular space, or a completely regular Prohorov space
whose compact subsets are metrizable, these topologies share the same compact
subsets, thus the same convergent sequences. If T has too few continuous func-
tions, e.g. if all continuous functions are constant and T has more than one element
(see Section 1.3), then obviously τ S

Y1 is strictly finer than τM

Y1 , and τN

Y1 is strictly

finer than τW

Y1 . However, in the completely regular case, even if T is Suslin, we

do not know whether the topologies τ S

Y1 , τM

Y1 , τN

Y1 and τW

Y1 can differ.

If in the above definitions we restrict the test functions to be U⊗BT–measurable,
for some sub–σ–algebra U of S, we then speak of U–∗–stable convergence, ∗ =
S, M, N, W. If U �= S, the topology of U–∗–stable convergence is obviously not
Hausdorff. For example, if A ∈ S \ U and if t1 and t2 are distinct elements of T,
the Young measures 1lAδt1 + 1lAcδt2 and EU ( 1lA) δt1 + EU ( 1lAc) δt2 are different,
but they cannot be separated by any set of U⊗BT–measurable functions. Actually,
U–∗–stable convergence provides a bridge between ∗–stable convergence of Young
measures and weak or narrow convergence of their margins on Ω: If U= {∅, Ω}
and ∗ = W, M (resp. ∗ = S, N), a net (µα)α∈A of elements of Y1 U–∗–stably
converges to a Young measure µ∞ if and only if the net of margins (µα(Ω× .))α∈A

in M+,1(T) weakly (resp. narrowly) converges to µ∞(Ω× .).
The terminology of “stable convergence” stems from Rényi [Rén63, RR58],

who observed that this convergence behaves like narrow convergence plus some
nice stability properties (see Proposition 9.2.2). We prefer to use this terminology
rather than that of “narrow convergence of Young measures”, to stress the differ-
ence with the narrow topology on the space of measures on a topological space.
Although, in the definitions, ∗–stable convergence looks like a parametrized narrow
or weak convergence, it will appear in Chapter 3 that ∗–stable convergence gen-
eralizes both narrow or weak convergence and convergence in probability (see the
title of [JM81b]). Furthermore, it is very convenient to say that a sequence (Xn)n

of random variables ∗–stably converges if the sequence (δXn
)n ∗–stably converges.

This is much more convenient than to say that (Xn)n “narrowly converges” (one
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would think that (Xn)n converges in law) or that (Xn)n “weakly converges” (one
would think that (Xn)n converges for σ(L1, L∞)).

The following lemma will be extended in Corollary 2.1.9, in the case ∗ = W.

Lemma 2.1.2 (Stable topology relative to the completed σ–algebra) As-
sume that T is the union of a sequence (Tn)n∈N of second countable Suslin spaces
(for the topology induced by T) which are Borel subsets of T, this is the case if
e.g. T = (E, σ(E, E∗)) or T = (E∗, σ(E∗, E)) for some separable Banach space
E. Let us identify each µ ∈ Y1 with its unique extension in Y1(Ω,S∗

P, P∗). For
∗ = S,M,N,W, the topology τ *

Y1 remains unchanged if we replace (Ω,S, P) by

(Ω,S∗
P, P∗).

Proof. Obvious in view of Lemma 1.2.6.

The following key theorem is an adaptation of the classical Portmanteau Theo-
rem for narrow convergence of laws on a topological space as in [Top70b] (see also
[Bil68] for the metric case). Part G, where W–stable convergence implies S–stable
convergence, is also known as the Semicontinuity Theorem (see also Proposition
2.1.12).

Recall that a portmanteau is a very large suitcase which can contain a lot
of clothes. Using simple compactness arguments, we shall add extensions to this
portmanteau in Theorems 2.1.13, 4.3.8 and 4.5.1 (see also Corollary 2.1.4). A
probabilistic point of view will be presented in Proposition 9.2.2. A synthesis on
the Semicontinuity Theorem is given in Table 1 page 112.

Theorem 2.1.3 (Portmanteau theorem for stable convergence of Young
measures) Recall that T is a Hausdorff topological space. Let (µα)α∈A be a net
of elements of Y1 and let µ∞ ∈ Y1. Let C be a set of nonnegative S–measurable
bounded functions which is stable under multiplication of two elements, which con-
tains the constant function 1, and which generates S (e.g. C may consist in the
indicator functions of the elements of a subset of S which is stable under finite in-
tersection, which contains Ω, and which generates S). If f ∈ C and g is a function
on T, we denote by f⊗g the function on Ω× T defined by (f⊗g)(ω, t) = f(ω)g(t).
For any µ ∈ Y1 and any f ∈ C, we denote by µ(f ⊗ .) the measure ν ∈ M+(T)
defined by ν(B) = µ(f ⊗ 1lB) for any B ∈ BT.

A) The following 6 conditions are equivalent:

1. µα S–stably−−−−−→ µ∞.

2. lim infα µα(f) ≥ µ∞(f) for any normal L1-bounded integrand f .

3. lim supα µα(f) ≤ µ∞(f) for any L1-bounded u.s.c. integrand f .

4. lim infα µα(f) ≥ µ∞(f) for any normal L1-bounded integrand f such
that 0 < f < 1.

5. lim infα µα(G) ≥ µ∞(G) for any G ∈ G.
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6. lim supα µα(F ) ≤ µ∞(F ) for any F ∈ F .

B) Furthermore, each of Conditions 1 to 6 implies Conditions 7 and 8 below,
which are equivalent.

7. µα M–stably−−−−−→ µ∞.

8. limα µα(f) = µ∞(f) for any L1-bounded continuous integrand f .

C) Each of Conditions 1 to 6 implies Conditions 9, 10 and 11 below, which are
equivalent.

9. µα N–stably−−−−−→ µ∞.

10. lim infα µα(f ⊗g) ≥ µ∞(f ⊗g) for any f ∈ C and for any bounded l.s.c.
function g on T.

11. For every f ∈ C, the net (µα(f ⊗ .))α∈A in M+(T) narrowly converges
to µ∞(f ⊗ .).

D) Each of Conditions 1 to 11 implies each of Conditions 12 to 14 below, which
are equivalent. Furthermore, if T is completely regular, if U is any uniformity
on T which is compatible with the topology of T, and if µ∞(Ω× .) ∈ M+

τ (T),
then Conditions 9 to 15 are equivalent.

12. µα W–stably−−−−−→ µ∞.

13. limα µα(f ⊗ g) = µ∞(f ⊗ g) for any f ∈ C and for any bounded contin-
uous function g on T.

14. For every f ∈ C, the net (µα(f ⊗ .))α∈A in M+(T) weakly converges to
µ∞(f ⊗ .).

15. limα µα(f ⊗ g) = µ∞(f ⊗ g) for any f ∈ C and for any bounded U–
uniformly continuous function g on T.

E) Assume that T is hereditarily Lindelöf and regular (thus completely regular).
Assume furthermore that T is separable (or that T contains a dense subspace
with non–measurable cardinal, see Section 1.4 and also Remark 1.1.3). Let
D be a set of semidistances which induces the topology of T and which is σ–
upwards filtering (if we assume furthermore that T is submetrizable, e.g. T

is cosmic regular, then we may take for D a set of distances on T). Then
Conditions 9 to 15 are equivalent to Conditions 16 to 18 below.

16. µα W–stably−−−−−→ µ∞ in Y1(T, d) for any d ∈ D.

17. limα µα(f ⊗ g) = µ∞(f ⊗ g) for any f ∈ C, for any d ∈ D and for any
bounded d–uniformly continuous function g on T.

18. limα µα(f ⊗ g) = µ∞(f ⊗ g) for any f ∈ C, for any d ∈ D and for any
bounded d–Lipschitz function g on T.
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F) Assume that T is Suslin regular. Let D be a set of distances which induces the
topology of T and which is σ–upwards filtering. Then Conditions 9 to 18 are
equivalent to Condition 19 below.

19. µα S–stably−−−−−→ µ∞ in Y1(T, d) for any d ∈ D.

G) Assume that T is metrizable and Suslin. Let d be a distance which is com-
patible with the topology of T. Then Conditions 1 to 19 (with D = {d}) are
equivalent.

We shall give several corollaries later, but let us immediately give the following one,
to compare with Parts D and E. A similar result, without separability condition,
will be given in Proposition 2.1.10.

Corollary 2.1.4 Assume that T is completely regular and separable. Let (µα)α∈A

be a net in Y1 which W–stably converges to a Young measure µ∞ ∈ Y1. Let d be
a continuous semidistance on T and let f be a bounded d–uniformly continuous
integrand. We have

lim
α

µα(f) = µ∞(f).

Proof. Let S be the completion of the quotient space T/d. We denote by π the
canonical mapping T → S. Define the corresponding mapping π on Ω× T:

π :

{
Ω× T → Ω× S

(ω, t) �→ (ω, π(t)).

There exists a bounded uniformly continuous integrand f̂ defined on Ω × S such
that f = f̂ ◦ π. We have

π� (µα)
W–stably−−−−−→ π� (µ∞) .

But S is Polish thus, from Part G of Theorem 2.1.3,

π� (µα)
S–stably−−−−−→ π� (µ∞) .

In particular, we have

lim
α

µα(f) = lim
α

π� (µα) (f̂) = π� (µ∞) (f̂) = µ∞(f).
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Proof of Theorem 2.1.3.

A) 1⇔ 2 follows directly from the definition of S–stable convergence.

2⇔ 3, 2⇒ 4, 5⇔ 6 and 2⇒ 5 are obvious.

5 ⇒ 4. Note that, if g : Ω× T → R is any measurable function such that
0 < g < 1, we have, for any µ ∈ Y1,

1

n

(
1 +

n−1∑
k=1

µ {g > k/n}
)
≥ µ(g) ≥ 1

n

n−1∑
k=1

µ {g > k/n} .

Let f be a normal L1-bounded integrand with 0 < f < 1. We have, for any
integer n ≥ 1,

lim inf
α

µα(f) ≥ lim inf
α

{
1

n

n−1∑
k=1

µα {f > k/n}
}

≥ 1

n

n−1∑
k=1

lim inf
α

µα {f > k/n}

≥ 1

n

n−1∑
k=1

µ∞ {f > k/n} (from Condition 5)

≥ µ∞(f)− 1/n,

thus lim infα µα(f) ≥ µ∞(f).

4 ⇒ 1. If f is a normal L1-bounded integrand such that a < f < b for
some fixed real numbers a and b, Condition 4 applied to (f − a)/(b− a) yields
the result. Assume now that |f(ω, .)| ≤ φ(ω) for some integrable function
φ : Ω → R and for every ω ∈ Ω. Let ε > 0. There exists c > 0 such that∫

φ>c
φ d P < ε. We have, for any index α ∈ A ∪ {∞},

|µα(f 1lφ>c)| ≤ µα(φ 1lφ>c) = P(φ 1lφ>c) < ε,

thus

lim inf
α

µα(f) ≥ lim inf
α

µα(f 1lφ≤c) + lim inf
α

µα(f 1lφ>c)

≥ µ∞(f 1lφ≤c)− ε

= µ∞(f)− µ∞(f 1lφ>c)− ε

≥ µ∞(f)− 2ε.

B) The implications (2 and 3)⇒ 8⇒ 7 are obvious. The implication 7⇒ 8 can
be easily obtained by the same trucation method as for 4⇒ 1.
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C) The implication 2 ⇒ 9 is obvious. Furthermore, in the case when C =
{ 1lA; A ∈ S}, the equivalences 9 ⇔ 10 ⇔ 11 are immediate consequences
of the definition of τN

Y1 and of the definition of narrow convergence onM+(T).

There remains to prove that Conditions 10 and 11 are independent of the
choice of C.

Let us denote by Meas the set of bounded measurable functions on Ω. It is
clear that Condition 11 is implied by

11′. For every f ∈ Meas, the net (µα(f⊗ .))α∈A inM+(T) narrowly converges
to µ∞(f ⊗ .).

So, we only need to prove the implication (11⇒ 11′).

We shall prove this implication by using a Functional Monotone Class The-
orem. A set E of bounded measurable functions on Ω is called a monotone
vector space [Sha88, Appendix A] if (i) it is a vector space over R, (ii) it con-
tains the constant functions and (iii) it is stable under monotone limits of
uniformly bounded sequences. The Monotone Class Theorem asserts that if
E is a monotone vector space and if H is a subset of E which is stable under
multiplication of two elements, then E contains all bounded functions which
are measurable for the σ–algebra generated by H (this theorem is proved in
[DM75, Théorème 21, page 20], with the extra hypothesis that E is stable under
uniform convergence, but it appears that any monotone vector space satisfies
this condition, see [DM83, page 231] or [Sha88]). Let E be the set of elements
f of Meas such that limα µα(f ⊗ g) = µ∞(f ⊗ g) for any bounded continuous
function g on T. We have C ⊂ E, and E is a vector space which contains the
constant functions. To prove that E = Meas, we only need to prove that E
is stable under monotone limits of uniformly bounded sequences. Let (fn)n∈N

be an increasing sequence of elements of E such that f := supn∈N fn ∈ Meas.
By adding a constant, we assume w.l.g. that f0 ≥ 0. Let g be a continuous
function on T, with 0 ≤ g ≤ 1. Let ε > 0. There exists an integer n0 ∈ N such
that P(fn0

) + ε ≥ P(f). We thus have, for any µ ∈ Y1,

0 ≤ µ(f ⊗ g)− µ(fn0
⊗ g) = µ((f − fn0

)⊗ g) ≤ P (f − fn0
) ≤ ε,
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and therefore

lim sup
α

µα(f ⊗ g) ≤ lim
α

µα(fn0
⊗ g) + ε

≤ µ∞(f ⊗ g) + ε

= sup
n∈N

µ∞(fn ⊗ g) + ε

= sup
n∈N

lim
α

µα(fn ⊗ g) + ε

≤ lim inf
α

sup
n∈N

µα(fn ⊗ g) + ε

= lim inf
α

µα(f ⊗ g) + ε.

As ε is arbitrary, this proves that f ∈ E . Thus E = Meas.

D) The implications 7⇒ 12 and 9⇒ 12 are obvious.

The equivalence 13 ⇔ 14 is an immediate consequence of the definitions, as
well as, if C = { 1lA; A ∈ S}, the equivalence 12⇔ 13.

The proof that Condition 14 does not depend on the choice of C is the same
as in Part C.

If T is completely regular and if µ∞(Ω×.) ∈M+
τ (T), Condition 15 is equivalent

to Conditions 11 and 14 by the classical Portmanteau Theorem for narrow
convergence of Borel measures on a topological space (see page 13 and [Top70b,
Theorem 8.1]).

E) As T is hereditarily Lindelöf, we have µ∞(Ω×.) ∈M+
τ (T), thus the conclusions

of Part D hold true.

The equivalence of Conditions 17 and 18 with Condition 16 comes from the
Portmanteau Theorem for narrow convergence of measures on a metric space:
see e.g. [Dud76, Dud02] for the case when T is separable. In the nonseparable
case, the equivalence 17⇔16 is provided by [Top70b, Theorem 8.1], and the
equivalence 18⇔16 by [HJ91, Corollary 7.12].

The implication 12⇒ 16 is obvious. Assume 16, let f ∈ C and let g : T → R

be bounded continuous. From Lemma 1.1.2, there exists a continuous semidis-
tance d ∈ D such that g is d–continuous (from Remark 1.1.1, if T is sub-
metrizable, we can take for d a distance). Thus, by Condition 16, we have
limα µα(f ⊗ g) = µ∞(f ⊗ g), which proves 13.

We now prove G, which we will use in the proof of F. Note that, when T is Suslin,
we have M+(T) =M+

τ (T), which ensures that µ∞(.× T) ∈M+
τ (T).

G) (First step) In this step, T need not be Suslin (but then, we assume that
µ∞(. × T) ∈ M+

τ (T)). As T is separable metrizable, the results of Parts D
and E apply. Thus Conditions 12 to 18 are equivalent. In particular, these
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conditions are independent of the choice of C. We can thus assume without
loss of generality that C = { 1lA; A ∈ S}.
Let us prove that Condition 17 implies

7′. limα µα(f) = µ∞(f) for any bounded uniformly continuous integrand f .

As Condition 17 is equivalent to Condition 12, which is independent of the
choice of d, we shall assume w.l.g. that (T, d) is totally bounded (see [Eng89,
Par67] for the existence of such a distance). Then the space Cu(d), endowed
with the topology of uniform convergence, is separable (this is the main argu-
ment in this part of the proof). Following the notations of [JM81b, JM83], we
denote by Bm the set of bounded measurable functions on Ω× T and we set

B
1
mc = { 1lA ⊗ f ; A ∈ S, f ∈ Cu(d)} ,

B
2
mc = {f =

∑
n∈N

1lAn
⊗ fn;

f ∈ Bm, ∀n, m ∈ N 1lAn
⊗ fn ∈ B

1
mc, (n �= m⇒ An ∩Am = ∅)},

B
3
mc = {f ∈ Bm; ∀ω ∈ Ω f(ω, .) ∈ Cu(d)} .

So, Condition 17 reads

limα µα(f) = µ∞(f) for any f ∈ B
1
mc.

Let f =
∑

n∈N
1lAn

⊗ fn ∈ B
2
mc, with (An)n∈N a measurable partition of Ω,

and let us prove that limα µα(f) = µ∞(f).

Let a = sup(ω,t)∈Ω×T |f(ω, t)|. For each ε > 0, choose an integer n(ε) such

that P(∪i>n(ε)Ai) < ε/a. Let gε =
∑

i≤n(ε) 1lAi
⊗ fi. For any µ ∈ Y1, we have

|µ(f)− µ(gε)| =
∑

i>n(ε)

|µ( 1lAi
⊗ fi)| ≤ ε.

But, for each ε > 0, we also have limα µα(gε) = µ∞(gε). Thus limα µα(f) =
µ∞(f).

Now, let f ∈ B
3
mc. Let (fn)n∈N be a dense sequence in Cu(d) (recall that (T, d)

is a totally bounded metric space). For each ε > 0 and each n ∈ N, set

Bε
n = {ω ∈ Ω; sup

t∈T

|f(ω, t)− fn(t)| ≤ ε}.

Define (Aε
n)n∈N inductively by Aε

0 = Bε
0 and Aε

n+1 = Bε
n+1 \ ∪0≤i≤nBε

i . Let
fε =

∑
n∈N

1lAε
n
⊗ fn. Then fε ∈ B

2
mc, thus limα µα(fε) = µ∞(fε). But we

also have supΩ×T |f − fε| ≤ ε, thus, for any µ ∈ Y1, |µ(f)− µ(fε)| ≤ ε. Thus
limα µα(f) = µ∞(f), which proves Condition 7′.
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G) (Second Step) Note that, in our current setting, Condition 19 is equivalent
to Condition 1. So, to complete the proof of Part G, we only need to prove
the implication 7′ ⇒ 6.

Now, from Lemma 2.1.2, as T is Suslin and second countable, we can assume
w.l.g. that (Ω,S, P) is complete.

Assume 7′ and let F ∈ F . We shall approximate the integrand 1lF by elements
f of B

3
mc such that f ≥ 1lF (recall that B

3
mc is the set of bounded d–uniformly

continuous integrands on Ω× T).

From the Projection Theorem, the set Ω′ = {ω ∈ Ω; F (ω) �= ∅} is S–
measurable. We shall assume w.l.g. that Ω′ = Ω.

Let (σn)n∈N be a Castaing representation of F , that is, each σn is a measurable
mapping from Ω to T and F (ω) is the closure of {σn(ω); n ∈ N} for every
ω ∈ Ω. Let d ∈ D. The function

gd : (ω, t) �→ d(t, F (ω)) = inf
n∈N

d(t, σn(ω))

is an integrand. From Lemma 1.2.2, for each ε > 0, the set

Gd,ε = {(ω, t) ∈ Ω× T; d(t, F (ω)) < ε}
= ∪n∈N {(ω, t) ∈ Ω× T; d(t, σn(ω)) < ε}

is in G. Let ε > 0 and define an uniformly continuous integrand fd,ε by

fd,ε(ω, t) =

⎧⎨⎩ 1 if (ω, t) ∈ F
(1/ε)(ε− gd(ω, t)) if 0 ≤ gd(ω, t) ≤ ε
0 if gd(ω, t) > ε.

We thus have
1lF ≤ fd,ε ≤ 1lGd,ε ,

and

µ∞(F ) = inf
k≥1

µ∞(Gd,1/k)

≥ inf
k≥1

µ∞(fd,1/k)

≥ inf
{
µ∞(f); f ∈ B

3
mc, f ≥ 1lF

}
= inf

{
lim
α

µα(f); f ∈ B
3
mc, f ≥ 1lF

}
≥ lim sup

α

(
inf

{
µα(f); f ∈ B

3
mc, f ≥ 1lF

})
≥ lim sup

α
µα(F ),

which proves Condition 6.
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We can now prove F.

F) As T is cosmic regular, the results of E apply, thus Conditions 9 to 18 are
equivalent. Furthermore, by Part G, for any d ∈ D, 19 is equivalent to 16.

Remark and Definition 2.1.5 (Extension of τ S

Y1 to the space of measures

on (Ω× T,S ⊗BT)). Let us call extended S–stable topology and denote by τ S

M the
coarsest topology on M+(Ω× T,S ⊗BT) such that the mapping µ �→ µ(f) is l.s.c.
for any l.s.c. bounded integrand f .

Similarly, for ∗ = M, N, W, we can define the extended ∗–stable topology τ *

M.
Obviously, Y1 is closed in M+(Ω× T,S ⊗ BT) for τ *

M, ∗ = S, M, N, W.
Note that, in Parts A and B of the proof of Theorem 2.1.3, we did not use

the fact that all elements of Y1 have the same marginal P on Ω; we used this
hypothesis in C and D, when we applied the monotone class theorem, but we can
dodge this part of the proof if we assume a stronger hypothesis on C, e.g. that C
contains all indicator functions 1lA (A ∈ S). If we modify the hypothesis on C
in this way, Theorem 2.1.3 extends to M+,1(Ω× T,S ⊗ BT), with the topologies
induced by τ *

M, ∗ = S, M, N, W.
Furthermore, it is easy to adapt the proof of Theorem 2.1.3 to (M+(Ω× T,S⊗

BT), τ *

M) (see [RdF03]). Besides the above mentionned modification, we only need
to add in Conditions 5 and 6 that limα µα(Ω× T) = µ∞(Ω× T).

The topologies τ S

M and τN

M are particular cases of the w–topology defined by
Topsøe [Top70a] on an abstract set endowed with some pavings K, G and F . We
shall apply Topsøe’s results on compactness in chapter 4. In the case when T is
separable metrizable, the topology τW

M was also investigated by Schäl [Sch75] (with
sometimes topological assumptions on (Ω,S)), under the name of ws–topology. In
the case when T is Polish, the topology τ S

M = τW

M was also studied by Jacod and
Mémin [JM81b] and by Galdéano [Gal97]. More recently, Balder [Bal01] studied
τW

M in the case when T is Suslin regular.

Remark 2.1.6 (W–Stable topology as an initial topology) Actually, in Part
E, we identified each measure µα (α ∈ A ∪ {∞}) with its restriction to the σ–
algebra S ⊗B(T,d), which may be different from S ⊗BT if T is not Suslin. Assume
that T is separable, hereditarily Lindelöf and regular, and let D be a set of semidis-
tances which induces the topology of T and which is σ–upwards filtering. For each
d ∈ D, let πd be the canonical projection of T onto (T, d). Let πd be the mapping
(ω, t) �→ (ω, πd(t)) defined on Ω× T. Then a more precise writing of Condition 16
is

16′. (πd)� µα W–stably−−−−−→ (πd)� µ∞ in Y1(T, d) for any d ∈ D,

where (πd)� µα (α ∈ A ∪ {∞}) denotes the measure image of µ∞ by πd.
The equivalence 16′ ⇔ 12 means that τW

Y1 is the initial topology for the system

(τW

Y1(d),(πd)�), where d runs over D.
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Remark 2.1.7 (W–Stable convergence vs. S–stable convergence in the
Suslin regular case) Parts F and G give a criterion for τ S

Y1 and τW

Y1 to coincide

when T is Suslin regular. Notice first that, when T is Suslin, for each continuous
distance d on T, the σ–algebra Bd coincides with BτT

, thus the sets Y1(d) and
Y1(τT) coincide. Let Id be the identity mapping on Y1. From Remark 2.1.6, τW

Y1

is the initial topology (and even the projective limit) for the system (τ W

Y1(d), Id),

where d runs over D. Clearly, τ S

Y1 is finer than the initial topology (and even the

projective limit) for the system (τ S

Y1(d), Id), where d runs over D. But, for each

d ∈ D, we have τW

Y1(d) = τ S

Y1(d) by Part G. Thus, if T is Suslin regular, the

topologies τW

Y1 and τ S

Y1 coincide if and only if τ S

Y1 is the initial topology for the

system (τ S

Y1(d), Id), where d runs over D.

Corollary 2.1.8 (W–stable convergence for dense subspaces) Assume that
T is a dense subspace of a completely regular space S. Assume furthermore that
M+(T) = M+

τ (T) (e.g. T is hereditarily Lindelöf). For each µ ∈ Y1(T), let
µ̃ ∈ Y1(S) be the measure on Ω × S defined by µ̃(A) = µ(A ∩ (Ω× T)) for any

A ∈ S ⊗ BS. The injection µ �→ µ̃ from
(
Y1(T), τW

Y1(T)
)

to
(
Y1(S), τW

Y1(S)
)

is

a topological embedding, that is, a net (µα)α in Y1(T) W–stably converges to an
element µ∞ of Y1(T) if and only if the net (µ̃α)α W–stably converges to µ̃∞ in
Y1(S).

Proof. Observe that, for any µ ∈ Y1(T), the definition of µ̃ implies that the
measure µ̃(Ω × .) is in M+

τ (S). Let U be a uniformity on S which is compatible
with the topology τS of S. For simplicity, the uniformity on T induced by U will
also be denoted by U . Let Cbu(S,U) (resp. Cbu(T,U)) be the space of bounded
U–uniformly continuous functions on S (resp. on T). Each element f of Cbu(T,U)

has a unique extension f̃ ∈ Cbu(S,U) (e.g. [Bou71, Theorem 2, Page II.20]). Let
ψ be the canonical injection from T to S. For each µ ∈ Y1 and each µ̃–integrable
integrand f on Ω × S, we have µ̃(f) = µ(f ◦ ψ) = µ(f

Ω×T
). Let (µα)α be a net

in Y1(T) and let µ∞ ∈ Y1(T). Using the equivalence 12 ⇔ 15 from Part D of
Theorem 2.1.3 , we get

µα W–stably−−−−−→ µ∞ ⇔ ∀A ∈ S ∀f ∈ Cbu(T,U) µα( 1lA ⊗ f)→ µ∞( 1lA ⊗ f)

⇔ ∀A ∈ S ∀f ∈ Cbu(T,U) µ̃α( 1lA ⊗ f̃)→ µ̃∞( 1lA ⊗ f̃)

⇔ ∀A ∈ S ∀f ∈ Cbu(S,U) µ̃α( 1lA ⊗ f)→ µ̃∞( 1lA ⊗ f)

⇔ µ̃α W–stably−−−−−→ µ̃∞.

Theorem 2.1.3 and its Corollary 2.1.8 also allow us to extend Lemma 2.1.2 to
dense subsets of regular Suslin spaces, for W–stable convergence.
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Corollary 2.1.9 (W–Stable topology relative to the completed σ–algebra)
If T is a dense subspace of a Suslin regular space, then τW

Y1(Ω,S, P) coincides with

τW

Y1(Ω,S∗
P, P∗).

Proof. From Corollary 2.1.8, we can assume w.l.g. that T is Suslin regular. Let
D be any σ–upwards filtering set of distances which induces the topology of T.
From the beginning of Remark 2.1.7, and with the same notations, τ W

Y1(Ω,S, P) is

the initial topology for the system (τW

Y1(Ω,S, P, d), Id), where d runs over D. But,

from Lemma 2.1.2, for each d ∈ D, the topological spaces τ W

Y1(Ω,S, P; T, d) and

τW

Y1(Ω,S∗
P, P∗; T, d) coincide.

The following result gives convergence of W–stably converging nets on some
integrands which are not tensor products. Contrarily to Corollary 2.1.4, no sep-
arability condition is assumed (provided T contains a dense subspace with non–
measurable cardinal, see Section 1.4).

Let d be a continuous semidistance on T. Recall that BL1(T, d) is the set of
bounded Lipschitz functions f : T → [−1, 1] with Lipschitz modulus bounded
by 1 (see page 15). We denote by BL1(Ω, T, d) the space of integrands f such
that f(ω, .) ∈ BL1(T, d) for all ω ∈ Ω and by BL′

1(Ω, T, d) the set of elements
f of BL1(Ω, T, d) which have the form f =

∑n
i=1 1lAi

⊗ gi, where (Ai)1≤i≤n is a
measurable partition of Ω (which depends on f).

Proposition 2.1.10 (W–Stable convergence and Lipschitz integrands)
Let d be a continuous semidistance on T. We assume that T contains a dense
subspace with non–measurable cardinal (Section 1.4) or that there exists a separa-
ble subset T0 of T such that µ∞(Ω × T0) = 1. Let (µα)α∈A be a net in Y1 which
W–stably converges to some µ∞ ∈ Y1. Then we have

lim
α

µα(ϕ ◦ f) = µ∞(ϕ ◦ f)

for each integrand f ∈ BL1(Ω, T, d) and for each continuous function ϕ : [−1, 1]→
R.

Proof. Assuming that T contains a dense subspace with non–measurable cardinal
or that µ∞(Ω×T0) = 1 for some subspace T0 of T, the measure µ∞(Ω× .) is inner
regular w.r.t. the totally bounded subsets of T. Let ε > 0. There exists a totally
bounded subset K of T such that µ∞(Ω×K) > 1− ε. Recall that every Lipschitz
function f ∈ BL1(K) can be extended to a Lipschitz function f ∈ BL1(T, d) (see
e.g. [Dud02, Theorem 6.1.1]).

For any continuous function f on T and any B ⊂ T, let us denote ‖f‖B :=
supx∈B |f(x)|. The set of restrictions to K of elements of BL1(d) is totally bounded

for ‖.‖K (it is a subset of the compact space BL1(K̂, d), where K̂ is the d–
completion of K). For each η > 0, there exist thus g1, . . . , gn ∈ BL1(d) such
that, for each f ∈ BL1(d), we have infi=1,...,n ‖f − gi‖K ≤ η.
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Now, let f ∈ BL1(Ω, T, d) and let ϕ : [−1, 1] → R be a continuous function.
The mapping ϕ is uniformly continuous, thus there exists η > 0 such that, for
all x, y ∈ [−1, 1], if |x− y| ≤ η then |ϕ(x)− ϕ(y)| ≤ ε. For each ω ∈ Ω, we can
find N(ω) ∈ {1, . . . , n} such that

∥∥f(ω, .)− gN(ω)

∥∥
K
≤ η/3. Furthermore, we can

assume that N is measurable, because Lipschitz functions on K are determined by
their values on a countable dense subset of K. For i = 1, . . . , n, let Ai = {N(ω) =
i}, and let g =

∑n
i=1 1lAi

⊗gi. We have g ∈ BL′
1(Ω, T, d) and ‖f(ω, .)− g(ω, .)‖K ≤

η/3 for every ω ∈ Ω.
Let Kη/3 = {x ∈ T; d(x, K) < η/3}. For each ω ∈ Ω, as f(ω, .) and g(ω, .) are

1–Lipschitz, we have

‖f(ω, .)− g(ω, .)‖Kη/3 ≤ 3
η

3
= η,

thus

(2.1.1) ‖ϕ ◦ f(ω, .)− ϕ ◦ g(ω, .)‖Kη/3 ≤ ε.

Let h : T → [0, 1] be a Lipschitz mapping such that h(x) = 1 if x ∈ K and
h(x) = 0 if x �∈ Kη/3 (we can take e.g. h(x) = (1− (3/η)d(x, K)) ∨ 0). We have

lim
α

µα( 1lΩ ⊗ (1− h)) = µ∞( 1lΩ ⊗ (1− h)) ≤ µ∞(Ω×Kc) ≤ ε,

thus there exists α0 ∈ A such that

(2.1.2) α ≥ α0 ⇒ µα( 1lΩ ⊗ (1− h)) ≤ 2ε.

On the other hand, let M = maxx∈[−1,1] |ϕ(x)|. For every ω ∈ Ω, we have
‖ϕ ◦ f(ω, .)− ϕ ◦ g(ω, .)‖

T
≤ 2M . From (2.1.1) and (2.1.2) we thus have, for

α ≥ α0,

|(µα − µ∞) (ϕ ◦ f − ϕ ◦ g)| ≤ (µα + µ∞) (|(ϕ ◦ f − ϕ ◦ g)( 1lΩ ⊗ h)|)
+ (µα + µ∞) (|2M( 1lΩ ⊗ (1− h))|)
≤ (ε + ε) + (4ε + 2ε)M = (2 + 6M)ε.

But we also have limα (µα − µ∞) (ϕ ◦ g) = 0, thus, for α large enough,

|(µα − µ∞) (ϕ ◦ f)| ≤ (3 + 6M)ε,

which yields the result because ε is arbitrary.

We are going to deduce from Proposition 2.1.10 (with ϕ(x) = x) a new criterion
of W–stable convergence. Let d be a continuous distance on T. Let BL(T, d) denote
the vector space of real-valued bounded Lipschitz functions defined on T. It is a
Banach space for the norm

‖f‖BL(T,d) := ‖f‖∞ + sup
{ |f(s)− f(t)|

d(s, t)
; s �= t

}
.
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We denote by BL(Ω, T, d) the set of all integrands f on Ω× T → R such that
there exists a measurable mapping φ : Ω → R

+ with ‖f(ω, .)‖BL(d) ≤ φ(ω) for

every ω ∈ Ω (if T is separable, the mapping ω → ‖f(ω, .)‖BL(d) is measurable,

thus BL(Ω, T, d) is simply the set of integrands f such that f(ω, .) ∈ BL(T, d) for
each ω ∈ Ω).

We denote by BL′(Ω, T, d) the set of elements f of BL(Ω, T, d) which have the
form

f(ω, t) =
n∑

i=1

1lAi
(ω)fi(t),

where (A1, . . . , An) is a measurable partition of Ω and each fi is in BL(T, d). Let
L1

BL(T,d) be the space of Bochner integrable functions defined on (Ω,S, P) with
values in BL(T, d). We have

(2.1.3) BL′(Ω, T, d) ⊂ L1
BL(T,d) ⊂

{
f ∈ BL(Ω, T, d); f is L1-bounded

}
.

Corollary 2.1.11 (W–Stable convergence and Lipschitz integrands) As-
sume that T is metrizable and let d be a distance which is compatible with the
topology of T. Let (µα)α∈A be a net in Y1 and let µ∞ ∈ Y1. The following
conditions are equivalent:

(a) µα W–stably−−−−−→ µ∞.

(b) For each L1-bounded integrand f ∈ BL(Ω, T, d), we have limα µα(f) = µ∞(f).

(c) For each f ∈ L1
BL(T,d), we have limα µα(f) = µ∞(f).

(d) For each integrand f ∈ BL′(Ω, T, d), we have limα µα(f) = µ∞(f).

Proof.
The implications (b)⇒ (c)⇒ (d) are clear from (2.1.3).
The implication (d) ⇒ (a) comes from Part D of Portmanteau Theorem 2.1.3.
Assume (a). Let ε > 0. Let f be an L1-bounded element of BL(Ω, T, d). In

order to show that limα µα(f) = µ∞(f), we have to control both |f(ω, t)| and the
Lipschitz modulus of f(ω, .). From the definition of BL(Ω, T, d), there exists a
measurable function φ : Ω→ R

+ such that ‖f(ω, .)‖BL(d) ≤ φ(ω) for every ω ∈ Ω.

Furthermore, as f is L1-bounded, there exists a P–integrable function ϕ : Ω→ R+

such that |f(ω, t)| ≤ ϕ(ω) for each (ω, t) ∈ Ω × T. We can thus find Ωε ∈ S and
M > 0 such that

P(Ω \ Ωε) < ε, φ 1lΩε
≤M, and

∫
Ω\Ωε

ϕ d P < ε.

Define g ∈ BL(Ω, T, d) by

g(ω, t) =

⎧⎨⎩
1

M
f(ω, t) if ω ∈ Ωε

0 if ω ∈ Ω \ Ωε
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We have g ∈ BL1(Ω, T, d), thus, from Proposition 2.1.10, limα µα(g) = µ∞(g).
Moreover, for any µ ∈ Y1, we have

|µ(f −Mg)| ≤ ε.

As ε is arbitrary, this proves the result.

The following easy consequence of Theorem 2.1.3 and Proposition 2.1.10 is
often useful.

Proposition 2.1.12 (Semicontinuity Theorem) Let (µα)α∈A be a net of el-
ements of Y1 and let µ∞ ∈ Y1. Assume that one of the following conditions is
satisfied:

(a) µα W–stably−−−−−→ µ∞ and f : Ω× T → R
+ is an integrand such that there exists a

continuous distance d on T with f(ω, .) ∈ BL1(T, d) for each ω ∈ Ω.

(b) µα M–stably−−−−−→ µ∞ and f : Ω× T → [0, +∞] is a continuous integrand.

(c) µα N–stably−−−−−→ µ∞, g : Ω→ [0, +∞] is a measurable mapping, h : T → R
+ is an

l.s.c. mapping and f is the integrand g ⊗ h.

(d) µα S–stably−−−−−→ µ∞ and f : Ω× T → [0, +∞] is an l.s.c. integrand.

Then we have
µ∞(f) ≤ lim inf

α
µα(f).

Proof. From Proposition 2.1.10 (in the case (a)) or from Theorem 2.1.3, we have,
for every M ∈ [0, +∞[, µ∞(f ∧M) ≤ lim infα µα(f ∧M).

Assume first that µ∞(f) < +∞. Choose M > 0 such that µ∞(f ∧ M) ≥
µ∞(f)− ε. We then have

µ∞(f) ≤ µ∞(f ∧M) + ε ≤ lim inf
α

µα(f ∧M) + ε ≤ lim inf
α

µα(f) + ε

which yields the result, because ε is arbitrary.
Assume now that µ∞(f) = +∞. For each A > 0, there exists M > 0 such that

µ∞(f ∧M) > A. We then have

A < lim inf
α

µα(f ∧M) ≤ lim inf
α

µα(f).

As A is arbitrary, this proves that lim infα µα(f) = +∞.

In the preceding results, in particular in the Portmanteau Theorem 2.1.3, we
considered mainly conditions on the topological space T, not on (Ω,S). Now, from
Part D, it is easy to deduce the following continuation of Theorem 2.1.3, in the case
when Ω can be endowed with a topology. We show that, in some cases, W–stable



2.1. DEFINITIONS, PORTMANTEAU THEOREM 37

convergence coincides with narrow convergence w.r.t. an appropriate topology on
Ω× T. This result generalizes [Val94, Theorem 3, 2)].

Before we state this result, we need to fix some more vocabulary. Let C be a
set of subsets of Ω. We say that C essentially generates S if S is contained in the
universal completion of the σ–algebra generated by C. We say that S is essentially
countably generated if there exists a countable set of subsets of Ω which essentially
generates S.

Theorem 2.1.13 (Portmanteau Theorem continued: W–stable conver-
gence vs. narrow convergence on the product space) Let (µα)α∈A be a net
in Y1 and let µ∞ ∈ Y1. Assume that there exists a topology τΩ on Ω such that
BτΩ

= S.

A) If τΩ is perfectly normal, the following Conditions 1 and 2 are equivalent:

1. µα W–stably−−−−−→ µ∞.

2. limα µα(f ⊗ g) = µ∞(f ⊗ g) for any bounded τΩ–continuous function f
on Ω and for any bounded τT–continuous function g on T.

B) If furthermore T is the union of a sequence of second countable Suslin spaces
which are Borel subsets of T, or if T is Suslin regular, we can replace in A the
hypothesis BτΩ

= S by

BτΩ

∗ = S∗,

where, as usual, for any σ–algebra A, we denote by A∗ its universal completion.

C) Assume that (T, τT) and (Ω, τΩ) are completely regular topological spaces such
that BτΩ⊗τT

= BτΩ
⊗BτT

(this is the case if τΩ⊗τT is hereditarily Lindelöf, or if
one of the spaces (T, τT) and (Ω, τΩ) is cosmic, see the proof of this theorem).
Assume furthermore that the elements of M+,1(Ω× T, τΩ ⊗ τT) are τ–regular
(this is the case if τΩ ⊗ τT is hereditarily Lindelöf). Then Condition 2 is
equivalent to each of Conditions 3 and 4 below.

3. limα µα(f) = µ∞(f) for any bounded τΩ⊗ τT–continuous function f on
Ω× T.

4. µα narrow−−−−−→ µ∞ in M+,1(Ω× T, τΩ ⊗ τT).

D) In particular, τW

Y1 coincides with the topology induced on Y1 by the topology of

narrow convergence on M+,1(Ω× T, τΩ ⊗ τT) in each of the following cases:

(i) (T, τT) and (Ω, τΩ) are regular cosmic spaces and S is the Borel σ–algebra
of τΩ,

(ii) (T, τT) is a regular Suslin space, (Ω, τΩ) is a regular cosmic space, and
S∗ is essentially generated by τΩ.
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Proof.

A) As τΩ is perfectly normal, the σ–algebra S = BτΩ
is generated by Cb (Ω, τΩ).

The result is thus a direct consequence of Part D of Theorem 2.1.3.

B) Obvious from Lemma 2.1.2 and Corollary 2.1.9.

C) This is a result on narrow and weak convergence. The equivalence between
3 and 4 comes from the fact that, by the classical Portmanteau Theorem
[Top70b], as τΩ ⊗ τT is completely regular, the weak topology and the narrow
topology on M+

τ (Ω×T, τΩ⊗ τT) coincide. The hypothesis BτΩ⊗τT
= BτΩ

⊗BτT

ensures that each µα (α ∈ A ∪ {∞}) is in M+,1(Ω× T, τΩ ⊗ τT). The proof
that BτΩ⊗τT

= BτΩ
⊗ BτT

holds when τΩ ⊗ τT is hereditarily Lindelöf, or when
one of the spaces (T, τT) and (Ω, τΩ) has a countable Borel network, can be
found in [BC93, Exercice 3.18, with solution] (see also [FJW96] where it is
proved that, if (Ω, τΩ) is a regular space, then BτΩ⊗τT

= BτΩ
⊗ BτT

holds for
any regular space (T, τT) if and only if (Ω, τΩ) has a countable Borel network).

If (T, τT) and (Ω, τΩ) are metrizable, the equivalence between 3 and 2 is proved
in [vdVW96, Corollary 1.4.5]. Assume now that (T, τT) and (Ω, τΩ) are com-
pletely regular. Clearly, 3 implies 2. Assume 2 and let DΩ (resp. DT) be an
upward filtering set of continuous distances which induces the topology of Ω
(resp. T). For any d ∈ DΩ and any d′ ∈ DT, define the distance d ⊗ d′ by
d⊗ d′((ω1, t1), (ω2, t2)) = d(ω1, ω2)∨ d′(t1, t2). Then D = {d⊗ d′; d ∈ DΩ, d ∈
DT} is an upwards filtering set of distances that induces τΩ ⊗ τT. From the
metrizable case, we have, for any d⊗ d′ ∈ D,

µα narrow−−−−−→ µ∞ in M+,1(Ω× T, d⊗ d′ ∈ D).

The conclusion follows from Lemma 1.3.3.

D) Obvious.

Remark 2.1.14 In Part D, (Y1(T), τW

Y1) is a closed subspace of M+(Ω× T) en-

dowed with its narrow topology.

2.2 Special subspaces of Young measures,
denseness of the space X of random variables

In this section, we consider the topological subspaces M+,1(T), T and X (T) (see
page 20 how they are imbedded in Y1

dis). The subspaces of p–integrable Young
measures will be considered in another section (Section 2.4), because we shall
endow them with new stable topologies wich are not induced by the topologies
τ *

Y1 .
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For the spaces M+,1(T) and T, we compare their usual topologies with the
topology induced by τ *

Y1 , ∗ = S, M, N, W: We shall see that τT is the topology

induced on T by τ *

Y1 and that, when T is completely regular, the narrow topology

on M+,1(T) is also induced by τ *

Y1 .

For X(T), it is only in Chapter 3 that we will compare its natural topology
(that is, the topology of convergence in P–probability) with the topology induced
by τ *

Y1 , ∗ = S, M, N, W. We prove in this section that, in a quite general case,

X(T) is dense in Y1 for τ *

Y1 , ∗ = S, M, N, W.

Proposition 2.2.1 (∗–Stable topology on M+,1(T)) The narrow topology on
M+,1(T) is induced by τN

Y1 and the weak topology on M+,1(T) is induced by τW

Y1 .

Proof. Let g be a bounded l.s.c. function on T and let A ∈ S. Let f = 1lA ⊗ g.
Then the function f̃ : T → R defined by

f̃(t) =

∫
Ω

f(ω, t) d P(ω)

is bounded l.s.c. Conversely, any bounded l.s.c. function g can be written g = f̃ ,
with f(ω, t) = g(t) = ( 1lΩ ⊗ g)(ω, t). Let (µα)α∈A be a net in M+,1(T) and let
µ∞ ∈ M+,1(T). For the time of the proof let us distinguish between each µα

(α ∈ A ∪ {∞}) and the constant disintegrable Young measure µµµα : ω �→ µα. We
have, for each α ∈ A ∪ {∞},

µµµα(f) =

∫
Ω

f(ω, t) dµα(t) d P(ω) = µα(f̃).

Thus lim infα∈A µµµα(f) ≥ µµµ∞(f) if and only if lim infα∈A µα(f̃) ≥ µ∞(f̃), and one
deduces easily the first part of the proposition.

The same reasoning shows that the topology induced on M+,1(T) by τW

Y1 co-

incides with the weak topology.

Corollary 2.2.2 (∗–Stable topology on T) The topology τT is induced by τN

Y1 .

If T is completely regular, it is also induced by τW

Y1 .

Proof. Indeed, the restriction to T of the narrow topology on M+,1(T) is τT.

The subspace X (T) : Denseness Theorem The following result is essential
in applications. Since the origins of the theory of Young measures, it is well-
known that, if P is nonatomic and T is metrizable and compact, then X is dense
in Y1 [You37, pages 226–228] (actually, Young measures were constructed as the
completion of X in an appropriate uniformity). This result has been extended by
Balder [Bal84b] to the case when T is a completely regular Suslin space and P is
nonatomic. We give below a slight generalization, with T non necessarily regular.
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Theorem 2.2.3 (Denseness Theorem) Assume that T is Radon and that the
compact subsets of T are metrizable (e.g. T is Suslin). Assume furthermore that
P is nonatomic. Then X is dense in Y1 for τ *

Y1 , ∗ = S,M,N,W.

Our proof of Theorem 2.2.3 relies on the denseness result in the case when T is
Suslin metrizable. For the convenience of the reader, we also give the proof of
Theorem 2.2.3 in this well-known case.

Proof.

Step 1: Suslin metrizable case. In this case, know by Part G of Theorem
2.1.3 that τ S

Y1 = τM

Y1 = τN

Y1 = τW

Y1 . Let µ ∈ Y1. Let d be a distance which is

compatible with the topology of T. We only need to show that, for any ε > 0,
any finite subset {A1, . . . , An} of S and any subset {f1, . . . , fn} of BL1(T, d),
there exists a random element X of T such that, for each i = 1, . . . , n, we have∣∣∣µ( 1lAi

⊗ fi)−
∫

Ai
fi ◦X d P

∣∣∣ < ε. Considering the measurable partition of Ω

generated by the set Ai, and taking a smaller ε > 0, we can assume that, for
i �= j, we have Ai = Aj or Ai ∩ Aj = ∅. Furthermore, we only need to define
X on each Ai. So, the problem reduces to the search, for any ε > 0, any A ∈ S
and any finite subset {f1, . . . , fn} of BL1(T, d), of a random element X such that∣∣µ( 1lA ⊗ fi)−

∫
A

fi ◦X d P
∣∣ < ε. Let ν := µ(A× .) ∈ M+(T). The set of convex

combinations of Dirac measures is dense in M+,1(T), thus there exist a finite
subset {t1, . . . , tm} of T and positive coefficients α1, . . . αm such that

∑m
k=1 αk =

ν(T) = P(A) and such that we have ∆
(d)
BL(ν,

∑m
k=1 αkδtk

) < ε (where ∆
(d)
BL is the

Dudley distance). Now, as P has no atom, we can find a measurable partition
C1, . . . , Cm of A such that P(Ck) = αk for k = 1, . . . , m. Then we only need to
set X(ω) = tk on Ck for k = 1, . . . , m.

Step 2: general case. We only need to prove the theorem for ∗ = S.

Let µ ∈ Y1. Let V be a neighbourhood of µ in Y1 for τ S

Y1 . We can assume

w.l.g. that

V =
{
ν ∈ Y1; ∀i = 1, . . . , n ν(fi) > µ(fi)− ε

}
,

where n is a positive integer, f1, . . . , fn are l.s.c. integrands such that 0 ≤ fi ≤ 1
for all i = 1, . . . , n and ε > 0.

As T is Radon, the measure µ(Ω × .) is tight. Let K ∈ K be such that
µ(Ω × K) > 1 − ε/2. Let µ̃ = µ

Ω×K
be the restriction of µ on Ω × K. Let

η = µ(Ω ×K). Let P̃ = µ̃(. × T) = µ(. ×K). We have P̃(Ω) = η ∈ ]1− ε/2, 1],

P̃ ≤ P and µ̃ ≤ µ (that is, P̃(A) ≤ P(A) for any A ∈ S and µ̃(A) ≤ µ(A) for any

A ∈ B). In particular, P̃ is nonatomic.

Now, the measure (1/η)µ̃ is an element of Y1(Ω,S, (1/η)P̃; K). Consider the
following neighbourhood of (1/η)µ̃:

Ṽ =
{
ν ∈ Y1(Ω,S, (1/η)P̃;K); ∀i = 1, . . . , n ν(fi) > µ̃(fi)− ε/2

}
.
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From the denseness result for metrizable compact spaces, there exists a random
element X of K such that the measure

∫
δω ⊗ δX(ω) d(1/η)P̃(ω) is an element of

Ṽ , that is, for i = 1, . . . , n,

1

η

∫
fi(ω, X(ω)) dP̃(ω) >

1

η
µ(fi 1lΩ×K)− ε/2.

As 0 ≤ fi ≤ 1, we thus have∫
fi(ω, X(ω)) dP(ω) ≥

∫
fi(ω, X(ω)) dP̃(ω)

> µ(fi 1lΩ×K)− ηε/2

> µ(fi)− ηε/2− ε/2 ≥ µ(fi)− ε.

Thus
∫

δω ⊗ δX(ω) dP(ω) is in V .

Remark 2.2.4 If T is metrizable, another construction, using the martingale con-
vergence theorem, can be found in [RdFZ02].

When random elements of T converge in Y1, it might be interesting to know
whether the limit µ is also a random element of T. The following criterion was
given by Ziȩba.

Theorem 2.2.5 (Ziȩba Criterion [Ziȩ85]) Assume that BT is countably gen-
erated. Let µ ∈ Y1

dis. The following conditions are equivalent:

(a) There exists X ∈ X such that µ = δX (from the identifications we made, this
can be written: µ ∈ X).

(b) ∀A×B ∈ S ⊗ BT

µ(A×B) > 0 ⇒
(
∃A′ ⊂ A P(A′) > 0, ∀ω ∈ A′ µω(B) = 1

)
.

We shall need the following easy lemma.

Lemma 2.2.6 Let ν ∈ M+,1(T). Assume that ν �∈ T, that is, ν is not a Dirac
measure. Assume furthermore that BT is generated by a sequence (B1, B2, . . . ).
Then there exists an integer n such that ν(Bn) > 0 and ν(Bc

n) > 0.

Proof. Indeed, assume that the conclusion of Lemma 2.2.6 is false. For each
n ≥ 1, let Cn be the finite partition generated by B1, . . . , Bn. Then, for each n,
one can find Cn ∈ Cn such that ν(Cn) = 1. Necessarily (Cn)n is decreasing. Let
C = ∩nCn. We have ν(C) = 1. But C is an atom of BT, thus, as T is Hausdorff,
C is a singleton {t}, and we have ν = δt.

Proof of Theorem 2.2.5. The necessary part is obvious. Assume now that
µ �∈ X. Then there exists A0 ∈ S, P(A0) > 0, such that, for every ω ∈ A0, µω is
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nondegenerate, that is, µω �∈ T. Let (B1, B2, . . . ) be a sequence which generates
BT. From Lemma 2.2.6, the random variable

N(ω) = inf {n ∈ N
∗; µω(Bn) > 0 and µω(Bc

n) > 0}

has finite values on A0. There exists thus an integer n such that P {N = n} >
0. Let A = {N = n} . Now, for each A′ ⊂ A such that P(A′) > 0, we have
µ(A′ ×Bn) > 0 but µω(Bn) < 1 for all ω ∈ A′. Thus (b) is not satisfied.

Corollary 2.2.7 ([Ziȩ85]) Assume that BT is countably generated. Let µ ∈ Y1
dis.

For any measure Q on (Ω,S) which is absolutely continuous w.r.t. P, let dQ/d P
denote the Radon–Nikodým derivative of Q w.r.t. P. The following conditions are
equivalent:

(a) There exists X ∈ X such that µ = δX .

(b) For each B ∈ BT such that µ(Ω×B) > 0, let QB denote the measure µ(.×B).
Then, almost everywhere, dQB/d P takes its values in {0, 1}.

(c) For each B ∈ B such that µ(B) > 0, let Q
B

denote the measure µ((.×T )∩B).
Then, almost everywhere, dQ

B
/d P takes its values in {0, 1}.

Proof. The implication (a)⇒(c) is straightforward, with

dQ
B

d P
(ω) = 1lB(ω, X(ω))

for B ∈ B, and (b) is a particular case of (c). Now, assume (b). Let B ∈ BT such
that µ(Ω × B) > 0. Let h = dQB/d P, with values in {0, 1}. Let A ∈ S such
that µ(A × B) > 0. Let A′ = {ω ∈ A; h(ω) > 0} = {ω ∈ A; h(ω) = 1}. We have
P(A′) > 0 thus µω(B) = 1 for P–almost every ω ∈ A′. From Theorem 2.2.5, (a) is
thus satisfied.

2.3 Properties of (Y1, τW

Y1) related to the topology
of T

Metrizability From Corollary 2.2.2, the space T is a subspace of (Y 1, τN

Y1).

Thus, for (Y1, τN

Y1) to be metrizable, it is necessary that T be metrizable.

Proposition 2.3.1 Assume that T is separable and metrizable, and that S is
essentially countably generated. Then τW

Y1 = τN

Y1 is metrizable (thus, if furthermore

T is Suslin, then τ S

Y1 = τW

Y1 is metrizable).
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Proof. By Corollary 2.1.9, we can assume w.l.g. that S is countably generated.

Let d be a distance which is compatible with the topology of T. Let ∆
(d)
BL be

the Dudley distance on M+(T) associated with d. Let (An) be a sequence in S
which generates S. For each n ∈ N, let Cn = {Cn

0 , . . . , Cn
m(n)} be the partition of

Ω generated by A0, . . . , An (we skip of it all subsets with P–probability 0). We
rename the elements of C = ∪nCn so as to have C = {C1, . . . , Cn, . . . }. We define
a distance δ : Y1 × Y1 → [0, 1] by

δ(µ, ν) =
∑
n≥1

2−n sup
f∈BL1(T,d)

|µ( 1lCn
⊗ f)− ν( 1lCn

⊗ f)|

=
∑
n≥1

2−n∆
(d)
BL(µ(Cn × .), ν(Cn × .)).

Let (µα)α∈A be a net in Y1 which W–stably converges to µ∞ ∈ Y1. Then, for
each n ∈ N, the net (µα(Cn× .))α∈A converges in M+,1(T) to µ∞(Cn× .) (for the
Dudley distance), thus the net (supf∈BL1(T,d) |µα( 1lCn

⊗ f)− µ∞( 1lCn
⊗ f)|)α∈A,

with values in [0, 1], converges to 0. Therefore the net (δ(µα, µ∞))α∈A converges
to 0.

Conversely, assume that (δ(µα, µ∞))α∈A converges to 0. Then Condition 18 in
Theorem 2.1.3 is satisfied, thus (µα)α∈A W–stably converges to µ∞ ∈ Y1.

Submetrizability

Corollary 2.3.2 Assume that there exists a separable metrizable topology τ0 on T

which is coarser than the original topology τ of T, and such that τ and τ0 have the
same Borel sets. Assume furthermore that S is essentially countably generated.
Then τW

Y1 is submetrizable.

Proof. If τ and τ0 have the same Borel sets, they have the same Young measures,
and we have τW

Y1 (τ0) ⊂ τW

Y1 (τ).

Suslin property and Polishness

Proposition 2.3.3 Assume that T is Suslin regular and that S is standard, that
is, there exists a Polish topology τΩ on Ω such that S = BτΩ

. Then (Y1, τW

Y1) =

(Y1, τN

Y1) is Suslin regular. If furthermore T is Polish, then (Y1, τW

Y1) = (Y1, τ S

Y1)

is Polish.

Proof. From Theorem 2.1.13 and Remark 2.1.14, the space (Y 1, τW

Y1) is a closed

subspace of M+,1(Ω× T, τΩ ⊗ τT) endowed with the narrow topology. But the
space M+,1(Ω× T, τΩ ⊗ τT) is Suslin regular, thus (Y1, τW

Y1) is also Suslin regular.

If furthermore T is Polish, then M+,1(Ω× T, τΩ ⊗ τT) is Polish, thus (Y1, τW

Y1) is

Polish too.
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2.4 Integrable Young measures and Lp
E

spaces

In this section, we are given a real number p ≥ 1 and we assume that T is com-
pletely regular and that its topology is defined by a set D of semidistances. We are
going to define the subspace Y1,p

D of p–integrable Young measures. On this space,
new “stable” topologies are defined, using integrands satisfying some growth con-
dition related to p instead of bounded integrands. Another topology on this space
will be investigated (for p = 1) in Section 3.4.

The restriction to X(T) yields the spaces Xp
(T,D). The space Lp

E
of Bochner p–

integrable functions with values in a Banach space E is a particular case of Xp
(T,D)

space.
We say that a Young measure µ ∈ Y1 is p–integrable (relatively to D) if we

have

∀d ∈ D
∫

Ω×T

d(a, t)p dµ(ω, t) < +∞

for some (equivalently for all) a ∈ T. A p–integrable Young measure is also said
to be of order p. If p = 1, we simply say that µ is integrable. We denote by Y 1,p

D
the set of p-integrable Young measures relatively to D. If D has a single element
d, we simplify notations by writing Y1,p

d instead of Y1,p
{d}. Also, if d stems from a

seminorm ‖.‖, we shall use notations such as Y1,p
‖.‖ .

The space Y1,p
D ∩ X is naturally denoted by Xp

(T,D) or Xp
D and its elements

are called p–integrable random elements (relatively to D). Obviously, if E is a
Banach space and if d is the distance associated with the norm of E, the space
Xp

(E,d) is nothing but the space Lp
E

of Bochner E–valued p–integrable functions.

Similarly, Young measures extend Bochner integrable random elements of locally
convex topological spaces.

We can define new stable topologies τ *

p,D, on Y1,p
D , with ∗ = S, M, N, W, by re-

placing the boundedness condition on the test integrands by a condition of growth
of order p. For example, let τW

p,D be the coarsest topology on Y1,p
D such that, for

each d ∈ D, the functions {
Y1 → R

µ �→ µ( 1lA ⊗ f)

are continuous for every A ∈ S and every continuous function f on T satisfying

|f(t)| ≤ 1 + d(a, t)p

for some fixed a ∈ T.
The topology τW

p,‖.‖, when T ⊂ Rn, has been considered (with different defini-

tions) by Schonbek [Sch82], Ball [Bal89c], Kinderlehrer and Pedregal [KP94] (see
also [Rou97] about these three papers), by Piccinini and Valadier [PV95], by Art-
stein [Art01a, Art01b], Artstein and Popa [AP03], and by Dedecker and Merlevède
[DM02].
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We shall see in Theorem 2.4.3 that, if T is a Banach space (E, ‖.‖), the restric-
tion of τW

p,‖.‖ to Lp
E

is the strong topology of the vector space Lp
E
. Unfortunately, the

sum of random elements and the multiplication of a random vector by a scalar do
not admit continuous extensions on the space Y1,p

‖.‖ (Ω,S, P; E) of integrable Young

measures on T. Multivalued extensions which keep some of the properties of these
operations are constructed in [Art01a, Art01b, AP03].

If the elements of D are bounded, Y1,p
D is nothing but the familiar space Y1,

and we have τW

p,D = τW

Y1 .

Let us now introduce a notion of uniform integrability which will help us
to characterize τW

p,D–convergence. We say that a set Y ⊂ Y1,p
D is uniformly p–

integrable (relatively to D) if, for every d ∈ D,

lim
R→+∞

sup
µ∈Y

∫
Ω×{d(a,.)>R}

d(a, t)p dµ(ω, t) = 0

for some (equivalently, for any) a ∈ T. We say that a net (µα)α∈A of elements of
Y1,p
D is asymptotically uniformly p–integrable (relatively to D) if, for every d ∈ D,

lim
R→+∞

lim sup
α

∫
Ω×{d(a,.)>R}

d(a, t)p dµα(ω, t) = 0

for some (or any) a ∈ T. If A = N, (µα)α∈A is asymptotically uniformly p–
integrable if and only if it is uniformly p–integrable.

For every d ∈ D, we denote by Lip1(d) the set of d–Lipschitz functions on T,
with Lipschitz modulus not greater than 1.

Proposition 2.4.1 (Various characterizations of τW

p,D–convergence) Let

(µα)α∈A be a net in Y1,p
D , and let µ∞ ∈ Y1,p

D . Let a be some fixed element of T. We
assume that T contains a dense subspace with non–measurable cardinal (Section
1.4) or that there exists a separable subset T0 of T such that µ∞(Ω×T0) = 1. The
following conditions are equivalent:

1. (µα)α∈A converges to µ∞ for τW

p,D.

2. µα W–stably−−−−−→ µ∞ and limα

∫
Ω×T

d(a, t)p dµα((ω, t)) =
∫
Ω×T

d(a, t)p dµ∞((ω, t))

for every d ∈ D.

3. µα W–stably−−−−−→ µ∞ and (µα)α∈A is asymptotically uniformly p–integrable.

4. limα µα(f) = µ∞(f) for every integrand f : Ω× T → R
+ such that f1/p(ω, .)

∈ Lip1(d) for each ω ∈ Ω and f(., a) ∈ L1(P).

5. limα µα( 1lA ⊗ f) = µ∞( 1lA ⊗ f) for every A ∈ S and for every function
f : T → R

+ such that f1/p ∈ Lip1(d).
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Remark 2.4.2 Analogous characterizations for the other stable topologies τ *

p,D
can be easily obtained, except for Conditions 4 and 5, which are specific to τ W

p,D.
A proof of 3⇒ 1 for τ S

p,D in a particular case will be given in Lemma 6.2.2.
Note also that Condition 4 applies in particular to Hölder continuous integrands

f (relatively to d) of order p with bounded modulus, that is, integrands f satisfying

supd(t,s) 
=0

|f(ω, t)− f(ω, s)|
d(t, s)p

≤M for some M > 0 and for all ω ∈ Ω.

Proof of Proposition 2.4.1. We shall first prove 1 ⇒ 2 ⇒ 3 ⇒ 1 and then
3⇒ 4⇒ 5⇒ 2.

The implication 1⇒ 2 is obvious.

Let us assume 2. Let d ∈ D. Let ε > 0. There exists R such that∫
Ω×{t∈T; d(a,t)>R}

d(a, s)
p
dµ∞(ω, s) < ε/2.

For every ρ > 0, let us denote Bd (a, ρ) = {t ∈ T; d(a, t) < ρ}. Let h : T → [0, 1]
be a continuous function such that 1lBd(a,R) ≤ h ≤ 1lBd(a,R+1). We have∫

Ω×T

(1− h(t)) d(a, t)
p
dµ∞(ω, t) < ε/2.

From W–stable convergence of (µα)α to µ∞, we also have

lim
α

∫
Ω×T

h(t) d(a, t)
p
dµα(ω, t) =

∫
Ω×T

h(t) d(a, t)
p
dµ∞(ω, t).

From Condition 2 and the above convergence,

lim
α

∫
Ω×T

(1− h(t)) d(a, t)
p
dµα(ω, t) =

∫
Ω×T

(1− h(t)) d(a, t)
p
dµ∞(ω, t),

hence, for α large enough,∫
Ω×{t∈T; d(a,t)>R+1}

d(a, t)
p
dµα(ω, t) < ε,

which proves 3.

Assume now 3 and let us prove 1. Let d ∈ D, let A ∈ S and let f : T → R

be a continuous function such that |f(t)| ≤ 1 + d(a, t)p for each t ∈ T. Let ε > 0.
There exists R > 0 and α0 ∈ A such that

(2.4.1) ∀α ∈ A ∪ {∞} α ≥ α0 ⇒
∫

Ω×{t∈T; d(a,t)>R}
1 + d(a, t)

p
dµα(ω, t) < ε.
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Let h : T → R be a continuous function such that 1l{d(a,.)≤R} ≤ h ≤ 1l{d(a,.)≤R+1}.
Let h̃ = 1lΩ ⊗ h. By W–stable convergence, we have

(2.4.2) lim
α

µα(( 1lA ⊗ f) h̃) = µ∞(( 1lA ⊗ f) h̃).

But we also have

| 1lA ⊗ f | (1− h̃) ≤ (1 + d(a, .)p) 1l{d(a,.)>R}

thus, from (2.4.1),

(2.4.3) ∀α ∈ A ∪ {∞} α ≥ α0 ⇒ µα(|( 1lA ⊗ f)(1− h̃)|) ≤ ε.

Condition 1 follows immediately from (2.4.2) and (2.4.3).

We now prove 3 ⇒ 4. Assume again 3. Let d ∈ D and let f : Ω× T → R
+

be an integrand such that f 1/p(ω, .) ∈ Lip1(d) for each ω ∈ Ω and f(., a) ∈ L1(P).
Let ε > 0. Let R > 0 and α ∈ A such that, for each α ∈ A satisfying α ≥ α0 or
for α =∞,

(2.4.4)

∫
Ω×{d(a,.)>R}

d(a, t)p dµα(ω, t) <
ε

2p−1
.

We can assume also that R is large enough such that

(2.4.5)

∫
Ω×{d(a,.)>R}

f(ω, a) dµ∞(ω, t) <
ε

2p
.

Let h : T → R be a continuous function such that 1lB(a,R] ≤ h ≤ 1lB(a,R+1], where

B (a, ρ] = {t ∈ T; d (t, a) ≤ ρ}. We can assume furthermore that h1/p ∈ BL1(T, d).
For all (ω, t) ∈ Ω× T, we have f 1/p(ω, t) ≤ f1/p(ω, a)+d(a, t), thus, from convexity
of x �→ |x|p,

(2.4.6) f(ω, t) ≤ 2p−1f(ω, a) + 2p−1d(a, t)p.

Let Ωε ∈ S such that f(., a) is bounded on Ωε and such that

(2.4.7)

∫
Ωc

ε

2p−1f(ω, a) + 2p−1(R + 1)p d P(ω) < ε.

We have, for all α ∈ A,

|(µ∞ − µα) (f)| ≤ |(µ∞ − µα) (f( 1lΩε
⊗ h))|

+

[
µ∞(f( 1lΩc

ε
⊗ h)) + µα(f( 1lΩc

ε
⊗ h))

]
(2.4.8)

+

[
µ∞(f( 1lΩ ⊗ (1− h)) + µα(f( 1lΩ ⊗ (1− h))

]
.
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Let us estimate the first part of the right hand side of (2.4.8). Let

M = sup
ω∈Ωε

2p−1f(ω, a) + 2p−1(R + 1)p.

From (2.4.6), we have

M ≥ sup
(ω,t)∈Ωε×B(a,R+1]

f(ω, t).

For each ω ∈ Ωε, f1/p(ω, .)( 1lΩε
⊗ h)1/p(ω, .) is bounded by M 1/p and d–Lispchitz

with Lipschitz modulus 1 + M 1/p. From Proposition 2.1.10, with ϕ(x) = xp, we
thus have
(2.4.9)

lim
α
|(µ∞ − µα) (f( 1lΩε

⊗ h))| = lim
α

∣∣∣(µ∞ − µα)
(
ϕ ◦

(
f( 1lΩε

⊗ h)
)1/p

)∣∣∣ = 0.

For the second part of the right hand side of (2.4.8), we have, from (2.4.6) and
(2.4.7),

µ∞(f( 1lΩc
ε
⊗ h)) + µα(f( 1lΩc

ε
⊗ h)) ≤ 2

∫
Ωc

ε

2p−1f(ω, a) + 2p−1(R + 1)p d P(ω) < 2ε.

(2.4.10)

For the third part in (2.4.8), we have, by W–stable convergence and (2.4.5),

lim
α

∫
f(., a)⊗ (1− h) dµα =

∫
f(., a)⊗ (1− h) dµ∞ <

ε

2p
,

thus we can take α0 large enough such that, for all α ≥ α0,

(2.4.11)

∫
Ω×T

f(ω, a)(1− h(t)) dµα(ω, t) <
ε

2p−1
.

Using (2.4.4), (2.4.6), and (2.4.11), we have, for every α ∈ A such that α ≥ α0

and for α =∞,

µα(f( 1lΩ ⊗ (1− h)))

≤ 2p−1

∫
Ω×T

f(ω, a)(1− h(t)) dµα(ω, t)

+ 2p−1

∫
Ω×{d(a,.)>R}

d(t, a)p dµα(ω, t)

≤ 2ε,

thus, for α ≥ α0,

µ∞(f( 1lΩ ⊗ (1− h))) + µα(f( 1lΩ ⊗ (1− h))) ≤ 4ε.(2.4.12)
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Substituting (2.4.9), (2.4.10) and (2.4.12) in (2.4.8) yields

lim
α

µα(f) = µ∞(f),

which proves 4.

The implication 4 ⇒ 5 is obvious. Finally, assume 5 and let us prove 2.
Let d ∈ D. Applying 5 to 1lΩ ⊗ d(a, .)p shows that limα

∫
Ω×T

d(a, t)p dµα((ω, t))

=
∫
Ω×T

d(a, t)p dµ∞((ω, t)). There remains to prove that µα W–stably−−−−−→ µ∞. Let

A ∈ S and let f ∈ BL1(d), with f ≥ 0. Let ε > 0. The functions x �→ xp and
x �→ x1/p are uniformly continuous on [0, 1], thus there exists η > 0 such that

(2.4.13) ∀x, y ∈ [0, 1] |x− y| ≤ η ⇒ |xp − yp| ≤ ε

and there exists δ > 0, with δ < η/3, such that

(2.4.14) ∀x, y ∈ [0, 1] |x− y| ≤ δ ⇒
∣∣∣x1/p − y1/p

∣∣∣ ≤ η

3
.

The measure µ∞(A × .) is inner regular w.r.t. the totally bounded subsets of T

(see Section 1.4), thus there exists a totally bounded subset K of T (relatively
to d) such that µ∞(A × (T \ K)) < ε. For any continuous function g on T and
any B ⊂ T, let us denote ‖g‖B := supx∈B |g(x)|. The set of restrictions to K
of elements of BL1(d) is totally bounded for ‖.‖K , thus there exists g ∈ BL1(d),
with g ≥ 0, such that

∥∥f1/p − g
∥∥

K
≤ η/3. Let Kδ = {t ∈ T; d(t, K) < δ}. As

f, g ∈ BL1(T, d), we have , using (2.4.14),∥∥∥f1/p − g
∥∥∥

Kδ
≤ η

3
+

η

3
+ δ ≤ η

and thus, from (2.4.13),

(2.4.15) ‖f − gp‖Kδ ≤ ε.

Let h : T → [0, 1] be a continuous function such that 1lK ≤ h ≤ 1lKδ . We can
assume that h1/p is d–Lispschitz. From (2.4.15), we have

(2.4.16) ‖(f − gp)h‖
T
≤ ε.

To shorten notations, for every µ ∈ Y1, we shall denote the measure µ(A × .) ∈
M+(T) by µA. For all α ∈ A we have, from (2.4.16),

(2.4.17) |(µ∞
A − µα

A)((f − gp)h)| ≤ 2ε.

On the other hand, from Condition 5, we have

(2.4.18) lim
α
|(µ∞

A − µα
A)(gph)| = 0
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because gh1/p is d–Lipschitz. Also, as µα
A(1) = µ∞

A (1) = P(A) and µα
A(h) →

µ∞
A (h), we have

(2.4.19) lim
α

µα
A(1− h) = µ∞

A (1− h) ≤ µ∞
A (Ω \K) ≤ ε.

We thus have, using (2.4.17), (2.4.18) and (2.4.19),

lim sup
α

|(µ∞
A − µα

A)(f)| ≤ lim sup
α

|(µ∞
A − µα

A)((f − gp)h)|

+ lim
α
|(µ∞

A − µα
A)(gph)|

+ lim sup
α

(µ∞
A + µα

A)(1− h)

≤ 4ε,

and this proves 2.

Theorem 2.4.3 (The subspace Xp
(T,D)) Assume that T is hereditarily Lindelöf

and regular (thus completely regular). Assume furthermore that T is separable (or
that T contains a dense subspace with non–measurable cardinal, see Section 1.4).

(a) The restriction to Xp
(T,D) of the topology τW

p,D is induced by the semidistances

∆(d)
p (d ∈ D) defined by

∆(d)
p (X, Y ) =

(∫
Ω

d(X, Y )p d P

)1/p

.

(b) Furthermore, if T is Radon and its compact subsets are metrizable (e.g. T is
Suslin) and if P is nonatomic, then Xp

(T,D) is dense in Y1,p
D .

Proof.
(a) Topology induced on Xp

(T,D). Let (Xα)α ∈ A be a net in Xp
(T,D) and let X∞ ∈

Xp
(T,D). Assume that ∆(d)

p (Xα, X∞)→ 0 for each d ∈ D. We will check Condition

3 of Proposition 2.4.1. Let d ∈ D. We then have

(2.4.20) lim
α

E (d(Xα, X∞)p) = 0,

thus, using Hölder’s inequality,

lim
α

E (d(Xα, X∞)) = 0.

For any f ∈ BL1(T, d) and any A ∈ S, we thus have

lim
α

E (| 1lAf(Xα)− 1lAf(X∞)|) ≤ lim
α

E ( 1lAd(Xα, X∞)) = 0.
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From Part E of Theorem 2.1.3, this proves that (δXα
)α W–stably converges to

δX∞ . Let a ∈ T. Let ε > 0 and let R > 0 such that

(2.4.21) E
(
1l{t∈T; d(a,t)>R}(X∞) d(a, X∞)p

)
< ε.

Let us define a continuous truncation function θ by

θ(x) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

0 if x ≥ R + 1,

R−R(x−R) if R ≤ x ≤ R + 1,

x if −R ≤ x ≤ R,

−R + R(x + R) if −R− 1 ≤ x ≤ −R,

0 if x ≤ −R− 1.

From (2.4.21), we have

(2.4.22) E (d(a, X∞)p − θp(d(a, X∞))) < ε.

On the other hand, as (δXα
)α W–stably converges to δX∞ , we also have

lim
α

E (θp (d(a, Xα))) = E (θp (d(a, X∞))) ,

thus, using (2.4.20),

(2.4.23) lim
α

E (d(a, Xα)p − θp (d(a, Xα))) = E (d(a, X∞)p − θp (d(a, X∞))) .

From (2.4.22) and (2.4.23), we have

lim
α

E (d(a, Xα)p − θp(d(a, Xα))) < ε

which proves that (δXα
)α is asymptotically uniformly p–integrable. Thus, from

Proposition 2.4.1, (δXα
)α converges to δX∞ for τW

p,D.

Conversely, assume that δXα
converges to δX∞ for τW

p,D. For each d ∈ D, define
an integrand fd : Ω× T → R by fd(ω, t) = d(X∞(ω), t)p. Using Condition 4 of
Proposition 2.4.1, we have∫

Ω

d(Xα, X∞)p d P = δXα
(fd) = δXα

(fd)− δX∞(fd) → 0,

thus ∆(d)
p (δXα

, δX∞) converges to 0.

(b) Denseness of Xp
(T,D). Fix an element a in T. Let µ ∈ Y1,p

D . Let ε > 0.

Let d1, . . . , dn ∈ D and, for each i ∈ {1, . . . , n} let Ai ∈ S and fi : T → R

such that |fi| ≤ 1 + di(a, .)p. For each i ∈ {1, . . . , n} and for each R > 0, let
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B
(i)
R = {t ∈ T; di(a, t) ≤ R}. As T is Radon, we can find a compact subset K of

T such that µ(Ω×Kc) < ε/2. We can find R > 0 such that K ⊂ ∩1≤i≤nB
(i)
R and

(2.4.24) ∀i ∈ {1, . . . , n}
∫

Ω×
“

T\B
(i)
R

” 1 + di(a, t)p dµ(ω, t) < ε.

For each i ∈ {1, . . . , n}, let gi : T → [−R, R] be defined by

gi(t) =

⎧⎪⎨⎪⎩
R if fi(t) ≥ R,

fi(t) if −R ≤ fi(t) ≤ R,

−R if fi(t) ≤ −R.

The functions gi are bounded continuous thus, from the Denseness Theorem 2.2.3,
there exists X ∈ X such that

(2.4.25) ∀i ∈ {1, . . . , n}
∣∣∣∣∫

Ω×T

( 1lAi
⊗ gi) d (µ− δX)

∣∣∣∣ < ε.

Furthermore, the proof of Theorem 2.2.3 shows that we can assume without loss
of generality that X takes its values in K, thus
(2.4.26)

∀i ∈ {1, . . . , n}
∫

Ω

1lAi
(ω)gi(X(ω)) dP(ω) =

∫
Ω

1lAi
(ω)fi(X(ω)) dP(ω).

We thus have, using (2.4.24), (2.4.25) and (2.4.26),∣∣∣∣∫
Ω×T

( 1lAi
⊗ fi) d (µ− δX)

∣∣∣∣ ≤ ∣∣∣∣∫
Ω×T

( 1lAi
⊗ gi) d (µ− δX)

∣∣∣∣
+

∫
Ω×T

( 1lAi
⊗ (fi − gi)) dµ

≤ 2ε,

which proves the denseness result.



Chapter 3

Convergence in probability
of Young measures (with
some applications to stable
convergence)

We assume in this chapter that T contains a dense subspace with non–measurable
cardinal (see Section 1.4). This assumption will not be recalled in the hypothesis
of the theorems, but we shall mention it every time we use it.

The main results of Sections 3.1, 3.2 and 3.3 appear (in a metric setting) in
[CRdF04].

3.1 Stable convergence
versus convergence in probability

We shall compare here ∗–stable convergence of disintegrable Young measures
(mainly W–stable convergence) with convergence in probability of the associated
random laws. Actually, this comparison will be continued with some by–products
of the results of the other sections.

Convergence in probability of random elements Let us recall Hoffmann–
Jørgensen’s definition of convergence in (Baire) probability [HJ91, HJ98]. We say
that a net (Xα)α∈A of random elements of T converges in probability to a random
element X∞ if, for any bounded continuous function f : T → R, we have

(3.1.1) lim
α

∫
Ω

|f(Xα)− f(X∞)| d P = 0.

53
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It is not difficult to show that, for any bounded real random variable Y , we have

(3.1.2)

∫
Ω

|Y | d P ≥ sup
A∈S

∣∣∣∣∫
A

Y d P

∣∣∣∣ ≥ 1

2

∫
Ω

|Y | d P,

thus (3.1.1) is equivalent to

(3.1.3) lim
α

∫
A

(f(Xα)− f(X∞)) d P = 0 uniformly in A ∈ S.

We shall see later (see Theorem 3.1.2) and Corollary 3.2.2), that, if T is completely
regular separable, W–stable convergence coincides on X with convergence in prob-
ability. This means that we can replace the expression “uniformly in A ∈ S” in
(3.1.3) by “for each A ∈ S”.

One immediately notices that this notion of convergence in probability depends
only on the bounded continuous functions on T, not on the whole topology τT. Con-
vergence in probability means convergence with respect to the topology induced

by the semidistances ∆
(df )
prob, where f runs over the space C (T, [0, 1]) of continuous

functions from T to [0, 1] and, for all X, Y ∈ X, ∆
(df )
prob(X, Y ) = E (|f(X)− f(Y )|).

We denote by τprob (X(T)) this topology. The topology induced by τprob (X) on T

is generated by the semidistances df (t, s) = |f(t)− f(s)|, thus it is the coarsest
topology such that the elements of C (T, [0, 1]) be continuous. This topology is
coarser than τT and it coincides with τT if and only if T is completely regular (see
[Eng89, Example 8.1.19]).

Actually, Hoffmann–Jørgensen also defined in [HJ98] a stronger notion of con-
vergence in probability, which always induces τT, but we shall not consider it here.
Note also that Hoffmann–Jørgensen’s definitions and theory also apply to non–
necessarily measurable random elements of a non–necessarily Hausdorff space.

In the case when the topology of T is induced by a family D of semidistances,
Hoffmann–Jørgensen’s definition coincides with the usual one ([HJ91, Theorem
7.4] or [HJ98, Corollary 4.7]):

Hoffmann–Jørgensen’s characterization of convergence in probability
Assume that the topology of T is induced by a family D of semidistances (and that T

contains a dense subspace with non–measurable cardinal). The following assertions
are equivalent:

(a) (Xα)α∈A converges in probability to X∞ (in the sense given above).

(b) limα P {d(Xα, X∞) > ε} = 0 for all d ∈ D and for all ε > 0.

(c) limα E (d(Xα, X∞) ∧ 1) = 0 for all d ∈ D.

If d is a semidistance on T, we shall denote by ∆
(d)
prob the semidistance on X

defined by

∆
(d)
prob(X, Y ) = E (d(Xα, X∞) ∧ 1) .
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If the topology of T is induced by a family D of semidistances, then τprob (X) is

induced by the semidistances ∆
(d)
prob (d ∈ D). Note that if d is a distance on T, then

∆
(d)
prob is a distance on X(T), and if d is compatible with the topology of T, then

∆
(d)
prob is compatible with the topology τprob (X). If (Xα)α∈A is a net of random

elements which converges in probability to a random element X∞, we write

Xα
prob−−−−−→ X∞.

Proposition 3.1.1 Assume that T is a subset of a completely regular space S.
Then τprob (X(T)) is the restriction on X(T) of the topology τprob (X(S)).

If furthermore T is a closed Gδ–subset of S, or if T is a closed subset of S and
S is hereditarily Lindelöf, then X(T) is τprob (X(S))–closed in X(S).

Proof. The first part of Proposition 3.1.1 is clear, in view of the above Hoffmann–
Jørgensen characterization of convergence in probability in completely regular
spaces.

Assume that T is a closed subset of S, and let (Xα)α∈A be a net in X(T) which
converges in probability to a random element X∞ of S.

Assume first that T is a Gδ–subset of S. Let (Gn)n∈N be a decreasing sequence
of open subsets of S such that ∩n∈NGn = T. Take for each n ∈ N a continuous
function fn on S such that fn = 1 on T and fn = 0 on Gc

n. We can furthermore
assume that (fn)n is decreasing and 0 ≤ fn ≤ 1 for every n. We have fn ◦Xα = 1
for every n ∈ N and every α ∈ A, thus, for every n ∈ N, we have∫

Ω

fn ◦X∞ d P = lim
α

∫
Ω

fn ◦Xα d P = 1,

which proves that X∞(ω) ∈ T for P–almost every ω ∈ Ω.

Assume now that S is hereditarily Lindelöf. The law L (X∞) is thus τ–regular.
Furthermore, the law L (Xα) of Xα converges in M+,1(S) to L (X∞). As S is
completely regular and T is closed we thus have, from the usual Portmanteau
Theorem [Top70b, Theorem 8.1],

P {X∞ ∈ T} = L (X∞) (T) ≥ lim sup
α

L (Xα) (T) ≥ 1.

Convergence in probability of Young measures We endow M+,1(T) with
the weak topology (see page 13) and we consider the topology τprob

(
X(M+,1(T))

)
on the space Y1

dis(T) ∼ X(M+,1(T)). We denote this topology by τprob

(
Y1

dis(T)
)
,

for short τprob

(
Y1

dis

)
if no ambiguity is to fear. The weak topology on M+,1(T) is

induced by the family of semidistances df (µ, ν) = |µ(f)− ν(f)|, where f runs over
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C(T, [0, 1]) thus the topology τprob

(
Y1

dis

)
is induced by the semidistances ∆

(df )
prob

(f ∈ C(T, [0, 1])), that is, we have

µα prob−−−−−→ µ∞ ⇔
[
∀f ∈ C (T, [0, 1]) lim

α

∫
Ω

|µα
ω(f)− µ∞

ω (f)| d P(ω) = 0

]
.

Using (3.1.2), we see that the semidistance ∆
(df )
prob is equivalent to the semidistance

∆̃
(f)
prob defined, for all µ, ν ∈ Y1

dis, by

(3.1.4) ∆̃
(f)
prob(µ, ν) = sup

A∈S
|µ( 1lA ⊗ f)− ν( 1lA ⊗ f)| .

Now, we see that (3.1.4) still has a meaning if µ or ν is not disintegrable (actually,
it has a meaning for any µ and any ν in M+(Ω× T)). Thus we can extend to Y1

the topology τprob

(
Y1

dis

)
, using the semidistances ∆̃

(f)
prob defined by (3.1.4). This

extended topology of convergence in probability will be denoted by τprob

(
Y1

)
.

For each µ ∈ Y1 and each A ∈ S, let us define a finite measure µA on T by

µA = µ(A× .).

From (3.1.4), we see that a net (µα)α∈A in Y1 converges in probability to a Young
measure µ∞ if and only if we have

(3.1.5) ∀f ∈ C (T, [0, 1]) lim
α

sup
A∈S

|µα
A(f)− µ∞

A (f)| = 0,

that is, (µα
A)α∈A weakly converges to µ∞ uniformly in A ∈ S for the uniformity

on M+(T) induced by the semidistances (µ, ν) �→ |µ(f)− ν(f)|, f ∈ C(T, [0, 1]).

Comparing (3.1.4) or (3.1.5) with Condition 13 in Theorem 2.1.3, we immedi-
ately get Part 1 of the following theorem. Part 3 extends a result of Jacod and
Mémin [JM81b] for Polish spaces (see also [Let98, FGT00] and, in the case T = R,
the remark of Dellacherie [Del78] which follows the paper of Meyer [Mey78]). The
result of Part 3 will be further improved in Corollary 3.2.2.

Theorem 3.1.2 (Comparison of τprob

(
Y1

dis

)
and τW

Y1)

1. The topology τprob

(
Y1

)
is finer than τW

Y1 .

2. τprob

(
Y1

dis

)
is strictly finer than τW

Y1 if and only if T has more than one element

and (Ω,S, P) has a nonatomic part.

3. If T is completely regular, both topologies coincide on X(T).

4. If T is regular cosmic, then X(T) is τprob

(
Y1

dis

)
–closed in X

(
M+,1(T)

)
= Y1

dis.
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Remark 3.1.3 Recall that we have proved in Theorem 2.2.3 that, if T is Radon
and its compact subsets are metrizable (e.g. if T is Suslin), and if P is nonatomic,
then X is τW

Y1–dense in Y1. This results contrasts with Part 4 of Theorem 3.1.2.

We shall see with Corollary 3.2.2 that, when T is regular Suslin, the relation
between τprob

(
Y1

)
and τW

Y1 is similar to the relation between the topology U
of uniform convergence and the Skorokhod topology J1 on the Skorokhod space
D[0, 1] (see e.g.[Bil68, Page 150]): U is finer than J1, but if (xn)n J1–converges to
x and x ∈ C[0, 1], then (xn)n U–converges to x. Furthermore, C[0, 1] is a closed
subset of D for U , but it is dense in D for J1.

Before we prove Theorem 3.1.2, let us consider the following example, which
shows that a sequence (µn) of random elements ofM+,1(T) may converge S–stably
to a random probability µ∞ without being convergent in probability.

Example 3.1.4 (Rademacher sequence in a topological space) Assume
that T has at least two distinct elements a and b and assume that (Ω,S, P) has
no atom. We can build an independent sequence (rn)n≥1 of T–valued random
elements such that P{rn = a} = P{rn = b} = 1/2 for every n.

First, the sequence (δrn
)n≥1 S–stably converges to the Young measure µ =

1/2(δa + δb). Indeed, let S be the set {a, b} endowed with the discrete topology
{∅, {a}, {b}, S}. As S is a closed subspace of T, it is straightforward to check
that (Y1(S), τ S

Y1(S)) is a topological subspace of (Y1(T), τ S

Y1(T)). Thus, we only

need to prove that (δrn
)n≥1 S–stably converges to µ in Y1(S). The space S is

Polish. From Part G of Portmanteau Theorem for Stable Topology 2.1.3, we thus
only need to prove that (δrn

)n≥1 W–stably converges to µ in Y1(S). Let A ∈ S
and let f : S → R be a function (necessarily, f is bounded and continuous!). If
f(a) = f(b), we have δrn

( 1lA ⊗ f) = P(A)f(a) = µ( 1lA ⊗ f) for every n ≥ 1.
Assume that f(a) �= f(b). Using a translation and a rescaling, we assume without
loss of generality that f(a) = −1 and f(b) = 1. For n ≥ 1, set Xn = f ◦ rn. We
have, from Bessel’s inequality,

E ( 1lA) = E
(
1l2A

)
≥

∑
n≥1

〈Xn, 1lA〉2,

thus (〈Xn, 1lA〉)n converges to 0 and we have

lim
n≥1

δrn
( 1lA ⊗ f) = lim

n≥1
E (Xn 1lA) = 0 =

1

2
(f(a) + f(b)) P(A) = µ( 1lA ⊗ f).

In order to show that (rn)n≥1 does not converge in probability to µ, let us
consider again a bounded function f on T such that f(a) = −1 and f(b) = 1. The
function Φf : M+,1(T) → R defined by Φf (ν) = ν(f) is bounded continuous, but
we have, for any n ≥ 1 and any ω ∈ Ω,∣∣Φf

(
δrn(ω)

)
− Φf (µω)

∣∣ =
∣∣f(rn(ω))− 1

2
(f(a) + f(b))

∣∣ = |f(rn(ω))| = 1.
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Proof of Theorem 3.1.2.
1. Let (µα)α∈A be a net in Y1 which converges in probability to µ∞ ∈ Y1, that

is,
∀f ∈ C(T, [0, 1]) lim

α
sup
A∈S

|µα( 1lA ⊗ f)− µ∞( 1lA ⊗ f)| = 0.

From Part D of Theorem 2.1.3, we have µα W–stably−−−−−→ µ∞.

2. If T has only one element, τprob

(
Y1

)
and τW

Y1 coincide obviously. If (Ω,S, P)

has no nonatomic part, let A1, . . . , An, . . . be the atoms of (Ω,S, P). Let ε > 0.
There exists an integer N such that P(∪n≤NAn) ≥ 1− ε. Let (µα)α∈A be a net in
Y1 which W–stably converges to µ∞ ∈ Y1. We then have, for every f ∈ C (T, [0, 1])
and for every α ∈ A,

∆̃
(f)
prob(µα, µ∞) ≤ sup

A∈S,A⊂∪n≤N An

|µα( 1lA ⊗ f)− µ∞( 1lA ⊗ f)|+ 2ε

≤
∑
n≤N

|µα( 1lAn
⊗ f)− µ∞( 1lAn

⊗ f)|+ 2ε.

Thus (µα)α∈A converges in probability to µ∞.
Conversely, assume that T has at least two elements a and b and that (Ω,S, P)

has an atomic part Ω0. If Ω0 = Ω, the proof that τprob

(
Y1

dis

)
is strictly finer than

τW

Y1 is provided by Example 3.1.4. Let us show that the general case amounts

to this particular case. Let S
Ω0

be the σ–algebra {A ∩ Ω0; A ∈ S} and let P
Ω0

be the restriction of P to S
Ω0

. Let P0 be the probability on (Ω0,S
Ω0

) defined

by P0 = 1
P(Ω0)

P
Ω0

. Then (Ω0,S
Ω0

, P0) has no atoms, thus we can construct a

T–valued Rademacher sequence (rn)n on (Ω0,S
Ω0

, P0), such that P0{rn = a} =

P0{rn = b} = 1/2. We extend rn to Ω by setting rn(ω) = a for every ω ∈ Ω \ Ω0.
The sequence (δrn

)n W–stably converges to the Young measure µ ∈ Y1
dis defined

by

µω =

{
1/2(δa + δb) if ω ∈ Ω0

δa if ω ∈ Ω \ Ω0.

But (δrn
)n does not converge in probability because, otherwise, its restriction to

Ω0 would converge in P0–probability.
3. We only need to prove that, on X, W–stable convergence implies convergence

in probability. Let (Xα)α∈A be a net of elements of X which W–stably converges
to an element X∞ of X. Let D be a set of continuous semidistances which induces
the topology of T and such that each element d of D satisfies d ≤ 1. Let d ∈ D.
Let g ∈ BL1(Ω, T, d) be defined by

g(ω, t) = d(t, X∞(ω)).

Proposition 2.1.10 yields

lim
α

∫
d(Xα, X∞) d P = lim

α

∫
g dδXα

=

∫
g dδX∞ = 0,
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thus (Xα)α∈A converges in probability to X∞.
4. Assume that T is regular cosmic. Then, from Proposition 1.3.2, M+,1(T) is

regular cosmic, thus perfectly normal. As T is closed in M+,1(T), it is thus a Gδ

subset of M+,1(T). We thus only need to apply Proposition 3.1.1.

Using Part D of Theorem 2.1.13, we immediately get the following link between
convergence in probability and narrow convergence of random elements.

Corollary 3.1.5 (Convergence in probability and narrow convergence on
the subspace X(T)) Assume that T is cosmic regular (thus completely regular)
and S is the Borel σ–algebra of a cosmic regular topology τΩ on Ω, or that T is
Suslin regular and S is essentially generated by a cosmic regular topology τΩ on Ω.
Let (Xn)n (n ∈ N) and X∞ be random elements of T. Then (Xn)n∈N converges in
probability to X∞ if and only if the sequence of probability laws (δXn

)n converges
to δX for the narrow convergence on M+,1(Ω× T).

Corollary 3.1.6 (Random laws seen as degenerate Young measures on
M+,1(T)) Assume that T is cosmic regular. Then τprob

(
Y1

dis

)
is the restriction to

X
(
M+,1(T)

)
of τW

Y1(M+,1(T)).

In other words, τprob

(
Y1

dis

)
is the coarsest topology on Y1

dis such that, for each
bounded continuous function Φ on M+,1(T) and each A ∈ S, the mapping µ �→∫

A
Φ(µω) d P(ω) is continuous.

Proof. From Proposition 1.3.2, M+,1(T) is cosmic regular, thus it is separable,
hereditarily Lindelöf and completely regular. The result follows by applying Part
3 of Theorem 3.1.2 to the space M+,1(T).

Remark 3.1.7 If T is cosmic regular, we can thus compare τ W

Y1 and τprob

(
Y1

dis

)
as follows. Let (µα)α∈A be a net in Y1 and let µ∞ ∈ Y1. If f ∈ C (T, [0, 1]), we
denote as usual by Φf the bounded continuous function ν �→ ν(f) on M+,1(T).
We thus have

µα prob−−−−−→ µ∞ ⇔
[
∀A ∈ S ∀Φ ∈ C

(
M+,1(T), [0, 1]

)(3.1.6)

lim
α

∫
A

Φ(µα
ω) d P(ω) =

∫
A

Φ(µ∞
ω ) d P(ω)

]
(and then, for each Φ ∈ C

(
M+,1(T), [0, 1]

)
, the latter convergence is uniform in

A ∈ S), whereas

µα W–stably−−−−−→ µ∞ ⇔
[
∀A ∈ S ∀f ∈ C(T, [0, 1])

(3.1.7)

lim
α

∫
A

Φf (µα
ω) d P(ω) =

∫
A

Φf (µ∞
ω ) d P(ω)

]
.
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The main difference between (3.1.6) and (3.1.7) is that, in (3.1.7), the test functions
Φf act linearly on M+,1(T).

To show that the Rademacher functions (or the degenerate Young measures
associated with them) do not converge in probability (see Example 3.1.4), we can
take T = {−1, 1} and consider a (bounded continuous) function Φ on M+,1(T)

such that Φ(δ−1) = Φ(δ1) = 1 and Φ

(
1

2
δ−1 +

1

2
δ1

)
= 0.

Remark 3.1.8 We can consider Y1
dis(T) as a subset of Y1

dis

(
M+,1(T)

)
in two

different ways.

1. In the first way, we identify T with the closed subset {δt; t ∈ T} of M+,1(T).
If µ ∈ Y1(T), we associate with µ a Young measure µ̃ ∈ Y1

(
M+,1(T)

)
, defined

by

µ̃(A×B) = µ(A× {t ∈ T; δt ∈ B}) ∼ µ(A× (B ∩ T))

for any A ∈ S and any B ∈ BM+,1(T). The measure µ̃ is thus the image of
µ by (ω, t) �→ (ω, δt). It is easy to check that the topology τW

Y1(M+,1(T)) on

{µ̃; µ ∈ Y1 (T)} coincides with the topology induced by the mapping µ �→ µ̃,
that is, the mapping µ �→ µ̃ is an embedding of Y1(T) in Y1

(
M+,1(T)

)
.

2. In the second way, we see each random probability µ ∈ Y1
dis(T) as a degenerate

Young measure onM+,1(T), that is, we identifyM+,1(T) with the closed subset
{δµ; µ ∈M+,1(T)} of M+,1(M+,1(T)). Each µ ∈ Y1

dis(T) is identified with the
disintegrable degenerate Young measure µ = δµ ∈ Y1

(
M+,1(T)

)
, defined by

µ(A×B) =

∫
A

δµω
(B) d P(ω) = P (A ∩ {ω ∈ Ω; µω ∈ B}) .

Thus µ is the image of P by the mapping ω �→ µω.

In Corollary 3.1.6, we chose the second way, that is, we identified Y 1
dis(T) with

{µ; µ ∈ Y1(T)}. Assume that T is a cosmic regular space with more than one
element and that (Ω,S, P) has no atom. From Theorem 3.1.2, it follows that,
under this identification, the topology τW

Y1(T) is strictly coarser than the topology

induced on Y1(T) by τW

Y1(M+,1(T)).

Here is a small complement to Theorem 3.1.2.

Proposition 3.1.9 (∗–Stable convergence vs. convergence in probability
on the subspace X(T)) The topology induced on X by τM

Y1 is finer than that of

convergence in probability, which is finer than the topology induced by τ W

Y1 .

Proof. We have already proved in Theorem 3.1.2 that the topology of convergence
in probability on X is finer than the topology induced by τ W

Y1 .
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Let (Xα)α∈A be a net of elements of X which M–stably converges to an element
X∞ of X. Let f : T → R be a bounded continuous function. Let g be the integrand
on Ω× T defined by

g(ω, t) = |f(t)− f(X∞(ω))| .
For each ω ∈ Ω, the function g(ω, .) is continuous. From the definition of M–stable
convergence, we have

lim
α

∫
Ω

g(ω, Xα(ω)) d P(ω) =

∫
Ω

g(ω, X∞(ω)) d P(ω) = 0,

thus (Xα)α∈A converges in probability to X∞.

3.2 Parametrized Dudley distances

In this section, in the case when τT is induced by an upwards filtering family
D of semidistances, we provide a family of semidistances on Y1, indexed by D,
which induces τprob

(
Y1

)
(see Theorems 3.2.1 and 3.2.3). We also continue the

comparison of τprob

(
Y1

)
with τM

Y1 or τW

Y1 (see Corollary 3.2.2 and Remark 3.2.4).

First, we fix some new notations. Let d be a continuous semidistance on T.
Recall (see page 33) that BL1(Ω, T, d) denotes the space of integrands f such that
f(ω, .) ∈ BL1(T, d) for all ω ∈ Ω and that BL′

1(Ω, T, d) denotes the set of elements
f of BL1(Ω, T, d) which have the form f =

∑n
i=1 1lAi

⊗ gi, where (Ai)1≤i≤n is a
measurable partition of Ω (which depends on f). We set, for all µ, ν ∈ Y 1

dis,

∆
(d)
BL(µ, ν) =

∫
Ω

∆
(d)
BL(µω, νω) d P(ω).

We call ∆
(d)
BL the parametrized Dudley semidistance associated with d.

Theorem 3.2.1 Assume that T is completely regular. Let D be an upwards filter-
ing set of continuous semidistances which induces the topology of T. The topology

τprob

(
Y1

dis

)
is induced by the family

(
∆

(d)
BL

)
d∈D

and we have, for each d ∈ D and

all µ, ν ∈ Y1
dis,

(3.2.1) ∆
(d)
BL(µ, ν) = sup

f∈BL1(Ω,T,d)

(µ(f)− ν(f)) = sup
f∈BL′

1(Ω,T,d)

(µ(f)− ν(f)) .

Furthermore, if d is a distance, then ∆
(d)
BL is a distance on Y1

dis.

Proof. We know from Section 1.3 that the topology of M+,1(T) is induced by

the family (∆
(d)
BL)d∈D of semidistances, and that, if d is a distance, then ∆

(d)
BL

is a distance on M+,1(T). The corresponding results for (∆
(d)
BL)d∈D come from
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Hoffmann–Jørgensen’s characterization of convergence in probability (see page 54)
and from the fact that we have, for each d ∈ D (with horrific notations !)

∆
(d)
BL = ∆

(∆
(d)
BL)

prob .

Now, we have to prove (3.2.1). Let d ∈ D. Let µ, ν ∈ Y1
dis. We have

sup
f∈BL′

1(Ω,T,d)

(µ(f)− ν(f)) ≤ sup
f∈BL1(Ω,T,d)

(µ(f)− ν(f))

≤
∫

Ω

sup
f∈BL1(Ω,T,d)

(µω(f(ω, .))− νω(f(ω, .))) d P(ω)

≤
∫

Ω

∆
(d)
BL(µω, νω) d P(ω).

There remains to prove the converse inequalities. By an obvious factorization
to a quotient space, we can assume w.l.g. that d is a distance. Let ε ∈ ]0, 1]. The
measures µ(Ω× .) and ν(Ω× .) are inner regular w.r.t. the totally bounded subsets
of T (see Section 1.4), thus there exists a totally bounded subset K of T such that

(3.2.2) µ(Ω×K) ≥ 1− ε and ν(Ω×K) ≥ 1− ε.

For any continuous function f on T and any B ⊂ T, let us denote ‖f‖B :=
supt∈B |f(t)|. The set of restrictions to K of elements of BL1(T, d) is totally

bounded for ‖.‖K (it is a subset of the compact space BL1(K̂, d), where K̂ is the
d–completion of K). There exist thus h1, . . . , hn ∈ BL1(T, d) such that, for each
h ∈ BL1(T, d), we have inf i=1,...,n ‖h− hi‖K ≤ ε. For every ω ∈ Ω, there exists
N(ω) ∈ {1, . . . , n} such that

µω(hN(ω) 1lK)− νω(hN(ω) 1lK) ≥ sup
h∈BL1(T,d)

(µω(h 1lK)− νω(h 1lK))− 2ε.

Obviously, we can assume that N is measurable. We have, for every ω ∈ Ω,

∆
(d)
BL(µω, νω) ≤ µωKc + νωKc + sup

h∈BL1(T,d)

(µω(h 1lK)− νω(h 1lK))

≤ µωKc + νωKc + µω(hN(ω) 1lK)− νω(hN(ω) 1lK) + 2ε

≤ 2µωKc + 2νωKc + µω(hN(ω))− νω(hN(ω)) + 2ε.(3.2.3)

Using (3.2.2) and (3.2.3), we thus have∫
Ω

∆
(d)
BL(µω, νω) d P(ω) ≤ 2µ (Ω×Kc) + 2ν (Ω×Kc)

+

∫
Ω

µω(hN(ω))− νω(hN(ω)) d P(ω) + 2ε

≤ sup
f∈BL′

1(Ω,T,d)

(µ(f)− ν(f)) + 6ε
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because the mapping (ω, t) �→ hN(ω)(t) is in BL′
1(Ω, T, d). As ε is arbitrary, this

shows that we have∫
Ω

∆
(d)
BL(µω, νω) d P(ω) = sup

f∈BL′
1(Ω,T,d)

(µ(f)− ν(f)) .

The following corollary extends the result of Part 3 of Theorem 3.1.2.

Corollary 3.2.2 (Convergence in probability implied by W–stable con-
vergence) Assume that T is completely regular. Let (µα)α∈A be a net in Y1

dis and
let X ∈ X. Then (µα)α∈A W–stably converges to µ∞ = δX if and only if (µα)α∈A

converges in probability to δX .

Proof. We know from Part 1 of Theorem 3.1.2 that, on Y1
dis, convergence in

probability implies W–stable convergence.
Assume that (µα)α∈A W–stably converges to µ∞ = δX . Let D be an upwards

filtering set of continuous semidistances which induces the topology of T. We can
assume that each element d of D satisfies d ≤ 1. Let d ∈ D.

For each f ∈ BL1(Ω, T, d), we have∣∣∣∣∫ f(ω, t) d(µα
ω − µ∞

ω )(t) d P(ω)

∣∣∣∣ =

∣∣∣∣∫ (∫
f(ω, t)− f(ω, X(ω)) dµα

ω(t)

)
d P(ω)

∣∣∣∣
≤

∫ (∫
|f(ω, t)− f(ω, X(ω))| dµα

ω(t)

)
d P(ω)

≤
∫

d(t, X(ω)) dµα(ω, t).

Let g ∈ BL1(Ω, T, d) be defined by g(ω, t) = d(t, X(ω)). As (µα)α∈A W–stably
converges to µ∞ = δX , we have, using Proposition 2.1.10,

lim
α

∫
g dµα =

∫
g dµ∞ =

∫
d(X, X) d P = 0.

We thus have

sup
f∈BL1(Ω,T,d)

∫
f(ω, t) d(µα

ω − µ∞
ω )(t) d P(ω)

≤
∣∣∣∣∫ g(ω, t) d(µα

ω − µ∞
ω )(t) d P(ω)

∣∣∣∣→ 0.

In the case when T is completely regular, Theorem 3.2.1 yields a natural exten-
sion of the topology τprob

(
Y1

dis

)
of convergence in probability to the whole space

Y1, and the results of the Comparison Theorem 3.1.2 continue to apply to this
extended topology.
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Theorem 3.2.3 (Extended parametrized Dudley distances) Assume that
T is completely regular and let D be an upwards filtering set of continuous semidis-
tances which induces the topology of T. For each d ∈ D and for all µ, ν ∈ Y1, the
last equality in (3.2.1) remains valid if µ or ν are not disintegrable, that is, we
have

sup
f∈BL1(Ω,T,d)

(µ(f)− ν(f)) = sup
f∈BL′

1(Ω,T,d)

(µ(f)− ν(f)) .

Thus we can take (3.2.1) as a definition of the semidistances ∆
(d)
BL on the whole

space Y1. Furthermore, the extended topology of convergence in probability on Y1

(see page 56) is induced by the extended semidistances ∆
(d)
BL (d ∈ D).

In particular, the topology induced on Y1 by the extended semidistances ∆
(d)
BL

(d ∈ D) does not depend on D.

Proof. Let d ∈ D and let µ, ν ∈ Y1. We have

sup
f∈BL1(Ω,T,d)

(µ(f)− ν(f)) ≥ sup
f∈BL′

1(Ω,T,d)

(µ(f)− ν(f)) .

Let us prove the converse inequality. Considering a quotient space, we can assume
w.l.g. that d is a distance. Let S be the d–completion of T. For simplicity of
notations, we identify µ and ν with their unique extensions in Y 1(S), and we
identify each Lipschitz function on T with its unique extension on S (otherwise,
we could use notations similar to those of the proof of Corollary 2.1.8). Assuming
that T contains a dense subspace with non–measurable cardinal, we can find a
Polish subspace S0 of S such that µ(Ω × S0) = ν(Ω × S0) = 1. The Young
measures µ and ν on S0 are disintegrable elements of Y1(S0). We thus have, from
Theorem 3.2.1,

sup
f∈BL1(Ω,T,d)

µ(f)− ν(f) = sup
f∈BL1(Ω,S,d)

µ(f)− ν(f)

≤ sup
f∈BL1(Ω,S0,d)

µ(f)− ν(f)

= sup
f∈BL′

1(Ω,S0,d)

µ(f)− ν(f).

But, from a theorem of Kirszbraun and McShane, each Lispchitz function on S0

can be extended into a Lipschitz function on S with same Lipschitz modulus (see
[Dud76, Theorem 7.3] or [Dud02, Theorem 6.1.1]). We thus have

sup
f∈BL1(Ω,T,d)

µ(f)− ν(f) ≤ sup
f∈BL′

1(Ω,S,d)

µ(f)− ν(f)

= sup
f∈BL′

1(Ω,T,d)

µ(f)− ν(f).

This proves that the last equality in (3.2.1) remains valid in Y 1.
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Now, let τ ′
prob

(
Y1

)
be the topology induced by the semidistances ∆

(d)
BL (d ∈ D),

and let us show that τ ′
prob

(
Y1

)
= τprob

(
Y1

)
. If ∆ is a semidistance on a space T

and t ∈ T and ε > 0, let us denote by B∆ (t, ε) the open ball for ∆ with center t
and radius ε. With this notation, we only need to prove that

(i) each ball B
∆

(d)
BL

(µ, r) contains a finite intersection of balls B e∆(fi)

prob

(µ, ρi)

(ii) each ball Be∆(f)
prob

(µ, ρ) contains a finite intersection of balls B
∆

(di)

BL

(µ, ri).

To prove (i), let µ ∈ Y1, let d ∈ D, and let r > 0. Assuming that T contains
a dense subspace with non–measurable cardinal, we can find a finite subset K=
{t1, . . . , tn} of T such that

µΩ

(
∪t∈KBd

(
t,

r

8

))
≥ 1− r

16
,

where µΩ = µ(Ω× .). For i = 1, . . . , n, let

Ui = Bd

(
ti,

r

8

)
and Vi = Bd

(
ti,

r

4

)
.

Let
U = ∪1≤i≤nUi and V = ∪1≤i≤nVi.

Let
V0 = T \

(
∪1≤i≤nBd

(
ti,

r

8

])
(where Bd (t, ρ] denotes the closed d–ball with center t and radius ρ), and let
(fi)0≤i≤n be a partition of unity subordinated to the open cover (Vi)0≤i≤n (such
a partition of unity can be constructed e.g. in the quotient space T/d and then
lifted to T). Now, let ν ∈ Y1 satisfying

∆̃
(f0)
prob(µ, ν) ≤ r

16

and
∀i = 1, . . . , n ∆̃

(fi)
prob(µ, ν) ≤ r

4n
.

First, observe that we have

(3.2.4) νΩ(f0) = (νΩ − µΩ)(f0) + µΩ(f0) ≤
r

16
+ µΩ(U c) ≤ r

8
.

Let g ∈ BL1(Ω, T, d). We have, for i = 1, . . . , n,

(3.2.5) ∀ω ∈ Ω ∀t ∈ Vi |g(ω, t)− g(ω, ti)| ≤
r

4
.

Let us make a small technical remark. Let u : Ω → [−1, 1] and h : T → [−1, 1]
be two bounded measurable functions. Let λ be the measure (µ − ν)(. ⊗ h) on
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(Ω,S). Let (λ+, λ−) be the Jordan decomposition of λ. There exist two sets S1

and S2 in S such that S1 ∩ S2 = ∅, S1 ∪ S2 = Ω, and λ+(S2) = 0 = λ−(S1). Let

Ah = (S1 ∩ {u ≥ 0}) ∪ (S2 ∩ {u ≤ 0}) .

We then have

(µ− ν)(u⊗ h) = λ(u) ≤ λ( 1lAh
) = (µAh

− νAh
)(h) ≤ sup

A∈S
|(µA − νA)(h)| .

(3.2.6)

Now, to avoid heavy notations, let us identify each fi with the corresponding
integrand 1lΩ⊗fi. Similarly, let us identify each g(., ti) with the integrand (ω, t) �→
g(ω, ti). Using (3.2.4), (3.2.5) and (3.2.6), we then get

(µ− ν)(g) =

n∑
i=0

(µ− ν)(gfi)

≤
n∑

i=1

(µ− ν)(gfi) + µΩ(f0) + νΩ(f0)

≤
n∑

i=1

(µ− ν)(g(., ti)fi) +
n∑

i=1

(µ− ν)((g − g(., ti))fi) +
r

8
+

r

8

≤
n∑

i=1

sup
A∈S

|(µA − νA)(fi)|+
n∑

i=1

µ(|g − g(., ti)| fi)

+
n∑

i=1

ν(|g − g(., ti)| fi) +
r

4

≤ n
r

4n
+

r

4
µ(

n∑
i=1

fi) +
r

4
ν(

n∑
i=1

fi) +
r

4

≤ r

4
+

r

4
+

r

4
+

r

4
= r.

Setting ρ0 =
r

16
and ρi =

r

4n
for i = 1, . . . , n, this yields

∩n
i=0Be∆(fi)

prob

(µ, ρi) ⊂ B
∆

(d)
BL

(µ, r) .

To prove (ii), let µ ∈ Y1, let f ∈ C (T, [0, 1]) and let ρ > 0. We can assume
without loss of generality that ρ < 1. Some surgery on ρ will be necessary.

First Step For each t ∈ T, as D is upwards filtering, we can find ηt > 0 and an
element dt of D such that

(3.2.7) ∀s ∈ T dt(s, t) < ηt ⇒ |f(s)− f(t)| < ρ/8.
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Let us denote by ∂dB the boundary of a subset B of T w.r.t. a semidistance d. As
the set of positive numbers r such that

µΩ∂dtBdt
(t, r) > 0

is at most countable, we can choose ηt such that

(3.2.8) µΩ∂dtBdt
(t, ηt) = 0.

Let
Ut = Bdt

(t, ηt/2) and Vt = Bdt
(t, ηt) .

We have T = ∪t∈TUt, thus, from τ–regularity of µΩ (assuming that T contains
a dense subspace with non–measurable cardinal), we can find a finite subset K=
{t1, . . . , tn} of T such that

(3.2.9) µΩ (∪t∈KUt) ≥ 1− ρ

8
.

Let δ ∈ D such that δ ≥ dt for every t ∈ K. Set

η = min
t∈K

ηt, U = ∪t∈K Ut and V = ∪t∈K Vt.

We can find a function h ∈ BL1(T, δ) such that h = η/2 on U and h = 0 on V c,
e.g. take hδ(s) = (η/2− δ(s, U))

+
. We have 1lU ≤ (2/η)h ≤ 1lV thus, for any

ν ∈ Y1,

ν ∈ B
∆

(δ)
BL

(µ, ηρ/16)⇒ νΩ(V ) ≥ 2

η
νΩ(h) ≥ 2

η
µΩ(h)− 2

η
|νΩ(h)− µΩ(h)|

≥ µΩ (U)− 2

η
∆

(δ)
BL(µ, ν)

> 1− ρ

8
− 2

η

ηρ

16
= 1− ρ

4
.(3.2.10)

Second Step We construct a partition (Vi)1≤i≤n of V by setting

V1 = Vt1 ,

Vi+1 = Vti+1
\ ∪j≤iVtj

(1 ≤ i ≤ n− 1).

For each ε > 0 and each i = 1, . . . , n, let

V ε
i = Bδ (Vi, ε) and (V c

i )ε = Bδ (V c
i , ε) .

From (3.2.8), each Vi has µΩ–negligible δ–boundary, thus µΩ(Vi) = infε>0 µΩ(V ε
i ).

We can thus choose ε ∈ ]0, 1[ such that

(3.2.11) ∀i = 1, . . . , n µΩ (V ε
i \ Vi) ≤

ρ

8n
and µΩ ((V c

i )ε \ V c
i ) ≤ ρ

8n
.
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Let us now find a proper bound on ∆
(δ)
BL(ν, µ) so as to make each |(µA − νA) (Vi)|

small enough.
For each i = 1, . . . , n, let gi and hi in BL1(T, δ) be defined by

gi(t) = (ε− δ(t, Vi))+

hi(t) =
(
ε− δ(t, ∂δVi)

)
+

for all t ∈ T. We have 0 ≤ hi ≤ gi ≤ ε, gi = ε on Vi, gi = 0 on (V ε
i )c and hi = 0

on (V ε
i )c ∪ ((V c

i )ε)c.

If ν ∈ Y1 satisfies ∆
(δ)
BL(µ, ν) < ερ/16n, we have, for each i = 1, . . . , n and each

A ∈ S, ∣∣∣∣(µA − νA)

(
gi

ε

)∣∣∣∣ <
1

ε

ερ

16n
=

ρ

16n
(3.2.12) ∣∣∣∣(µA − νA)

(
hi

ε

)∣∣∣∣ <
1

ε

ερ

16n
=

ρ

16n
.(3.2.13)

Furthermore, under the same hypothesis, we also have, using (3.2.11) and (3.2.12),

(νA − µA)(Vi) ≤ νA

(gi

ε

)
− µA(Vi)

= (νA − µA)
(gi

ε

)
+ µA

(gi

ε
1lV c

i

)
≤ (νA − µA)

(gi

ε

)
+ µA (V ε

i \ Vi)

≤ ρ

16n
+

ρ

8n
≤ ρ

4n

and, using (3.2.11), (3.2.12) and (3.2.13),

(µA − νA)(Vi) = (µA − νA)
(gi

ε

)
− (µA − νA)

(gi

ε
1lV c

i

)
≤ (µA − νA)

(gi

ε

)
+ νA

(
hi

ε

)
− µA

(gi

ε
1lV c

i

)
= (µA − νA)

(gi

ε

)
+ (νA − µA)

(
hi

ε

)
+ µA

(
hi

ε
− gi

ε
1lV c

i

)
≤ (µA − νA)

(gi

ε

)
+ (νA − µA)

(
hi

ε

)
+ µA ((V c

i )ε \ V c
i )

≤ ρ

16n
+

ρ

16n
+

ρ

8n
=

ρ

4n
.

If ν ∈ Y1 satisfies ∆
(δ)
BL(µ, ν) < ερ/16n, we thus have, for each i = 1, . . . , n and

each A ∈ S,

(3.2.14) |(µA − νA)(Vi)| ≤
ρ

4n
.
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Third Step We now gather the results of the preceding steps.
Let

α = min {ηρ/16, ερ/16n} .

Let ν ∈ B
∆

(δ)
BL

(µ, α). Using (3.2.7), (3.2.9), (3.2.10), and (3.2.14), we thus have,

for any A ∈ S,

|µA(f)− νA(f)| ≤ µΩ(V c) + νΩ(V c) + |µA(f 1lV )− νA(f 1lV )|
<

ρ

2
+

∑
1≤i≤n

|(µA − νA)(f 1lVi
− f(ti) 1lVi

)|

+
∑

1≤i≤n

f(ti) |(µA − νA)(Vi)|

≤ ρ

2
+

ρ

8

∑
1≤i≤n

(µA + νA)(Vi) +
∑

1≤i≤n

|(µA − νA)(Vi)|

≤ ρ

2
+

ρ

4
+

ρ

4

that is,

∆̃
(f)
prob(µ, ν) ≤ ρ.

Remark 3.2.4 (W–stable topology vs. convergence in probability) As-
sume that T is hereditarily Lindelöf and regular (thus completely regular), e.g.
T is a regular cosmic space. Let D be an upwards filtering set of semidistances
which induces the topology of T. From Theorem 3.2.3, τprob

(
Y1

)
appears to be

the topology of uniform convergence on the sets BL1(Ω, T, d), (d ∈ D), whereas,
from Theorem 2.1.3 (see Condition 18) and Proposition 2.1.10, τ W

Y1 is the topology

of pointwise convergence on ∪d∈DBL1(Ω, T, d).

3.3 Fiber Product Lemma and applications

The results of this section are consequences of Theorem 3.2.1.
Let S and T be topological spaces and let µ ∈ Y1

dis(Ω, S) and ν ∈ Y1
dis(Ω, T).

We call fiber product of µ and ν the measure µ ⊗ ν ∈ Y1
dis(Ω, S× T) defined by

(µ ⊗ ν)ω = µω ⊗ νω

for every ω ∈ Ω. Note that, in such a general setting, the measure µ ⊗ ν may not
be defined on S ⊗BS×T, because the inclusion BS ⊗BT ⊂ BS×T may be strict. We
have already seen that BS⊗BT = BS×T when S×T is hereditarily Lindelöf or when
one of the spaces S and T has a countable network (see Theorem 2.1.13.C). It is
also well-known that, if S or T is first countable, then every measure on BS ⊗ BT
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can be extended to a Borel measure on S×T (see [GP84, Proposition 7.10], slightly
generalized in [BC93, Exercice 10.9, with solution]). If µω and νω are Radon, then
µω ⊗ νω can be extended in a unique way to a Radon measure on BS×T [Sch73,
Theorem 17 page 63].

The following theorem generalizes a classical result [Fis70, Bal88, Val90b,
Val94, Tat02]. In these papers (except in [Tat02]), (να)α W–stably converges
to a degenerate Young measure, but, from Corollary 3.2.2, this assumption is
contained in Hypothesis (1ii) below.

Theorem 3.3.1 (Fiber product lemma)

1. Let S and T be topological spaces such that S×T is hereditarily Lindelöf regular
(e.g. S and T are regular cosmic spaces). Let (µα)α∈A be a net in Y1

dis(S) and
(να)α∈A be a net in Y1

dis(T) (with the same index set). Assume that

(i) (µα)α∈A W–stably converges to µ∞ ∈ Y1
dis(S),

(ii) (να)α∈A converges in probability to ν∞ ∈ Y1
dis(T).

Then (µα ⊗ να)α∈A W–stably converges to µ∞ ⊗ ν∞.

2. If furthermore (µα)α converges in probability, then (µα ⊗ να)α converges in
probability to µ∞ ⊗ ν∞.

It is not very much less general to assume in Theorem 3.3.1 that S and T are
separable: Recall that it is not known whether there exist nonseparable hereditarily
Lindelöf regular spaces (see Remark 1.1.3).

Proof of Theorem 3.3.1.
1. From Part E of the Portmanteau Theorem 2.1.3, the first part of Theorem

3.3.1 only needs to be proved in the case when S and T are metrizable spaces
(assuming that S× T contains a subspace with non–measurable cardinal). Let dS

and dT be distances which are compatible with the respective topologies of S and
T. For all (s, t), (s′, t′) ∈ S× T, set

d((s, t), (s′, t′)) = max {dS(s, s
′), dT(t, t′)} .

Let A ∈ S and let f : S × T → [0, 1] be an element of BL1(S× T, d). For each
α ∈ A ∪ {∞}, each ω ∈ Ω and each t ∈ T, let

gα(ω, t) = 1lA(ω)

∫
S

f(s, t) dµα
ω(s).

Then gα ∈ BL1(Ω, T, dT), thus, from (1ii) and Theorem 3.2.1,

lim
α

sup
β∈A

∣∣∣∣∫ gβ d(να − ν∞)

∣∣∣∣ = 0.
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In particular, we have

lim
α

∫
1lA(ω)f(s, t) dµα

ω(s) d(να
ω − ν∞

ω )(t) d P(ω) = lim
α

∫
gα d(να − ν∞) = 0.

(3.3.1)

Set h(ω, s) = 1lA(ω)
∫

f(s, t) dν∞
ω (t) for all (ω, s) ∈ Ω×S. Then h is in BL1(Ω, S, dS),

thus, from (1i) and Proposition 2.1.10, we also have

lim
α

∫
1lA(ω)f(s, t) dµα

ω(s) dν∞
ω (t) d P(ω) = lim

α

∫
h dµα =

∫
h dµ∞

=

∫
1lA(ω)f(s, t) d (µ∞ ⊗ ν∞) (ω, s, t).(3.3.2)

Using (3.3.1) and (3.3.2), we immediately get

lim
α

∫
1lA(ω)f(s, t) dµα ⊗ να(ω, s, t)

= lim
α

∫
1lA(ω)f(s, t) dµα

ω(s) d(να
ω − ν∞

ω )(t) d P(ω)

+ lim
α

∫
1lA(ω)f(s, t) dµα

ω(s) dν∞
ω (t) d P(ω)

=

∫
1lA(ω)f(s, t) d(µ∞ ⊗ ν∞)(ω, s, t),

which proves that (µα ⊗ να)α∈A W–stably converges to µ∞ ⊗ ν∞.

2. Assume now that (µα)α converges in probability to µ∞. To prove the second
part of Theorem 3.3.1, using Theorem 3.2.1, we can again assume without loss of
generality that S and T are metrizable spaces such that S×T contains a subspace
with non–measurable cardinal. Let f ∈ BL1(Ω, S× T, d), where the distance d on
S× T is defined in the same way as in the the proof of Part 1. Set

gα(ω, t) =

∫
S

f(ω, s, t) dµα
ω(s)

for all α ∈ A ∪ {∞}, ω ∈ Ω and t ∈ T. We have gα ∈ BL1(Ω, T, dT), thus, for any
α ∈ A,

(3.3.3) |(να − ν∞) (gα)| ≤ ∆
(dT)
BL (να, ν∞).

Set h(ω, s) =
∫

f(ω, s, t) dν∞
ω (t) for all (ω, s) ∈ Ω× S. We have h ∈ BL1(Ω, S, dS)

and

(3.3.4) |(µα − µ∞) (h)| ≤ ∆
(dS)
BL (µα, µ∞).
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But we have (µα ⊗ να − µ∞ ⊗ ν∞) (f) = (να − ν∞) (gα) + (µα − µ∞) (h). From
(3.3.3) and (3.3.4), we thus obtain

|(µα ⊗ να − µ∞ ⊗ ν∞) (f)| ≤ |(να − ν∞) (gα)|+ |(µα − µ∞) (h)|
≤ ∆

(dT)
BL (να, ν∞) + ∆

(dS)
BL (µα, µ∞).

This is valid for any f ∈ BL1(Ω, S× T, d), thus we have

∆
(d)
BL(µα ⊗ να, µ∞ ⊗ ν∞) ≤ ∆

(dT)
BL (να, ν∞) + ∆

(dS)
BL (µα, µ∞).

Remark 3.3.2 The hypothesis that S×T be hereditarily Lindelöf regular is used
for two reasons: firstly, to ensure that the fiber products µα ⊗ να are Young mea-
sures, secondly, to use Part E of the Portmanteau Theorem 2.1.3, which reduces
the proof of W–stable convergence in S× T to the proof of W–stable convergence
w.r.t. each product semidistance.

It is possible to replace this hypothesis by assuming that S and T are metrizable
spaces and that there exist separable subspaces S0 of S and T0 of T such that
µ∞(Ω× S0) = ν∞(Ω× T0) = 1. The reasoning is the same and we skip it.

Counterexample 3.3.3 ([Val94]) The convergence in probability in the hypoth-
esis (1ii) of Theorem 3.3.1 cannot be weakened to W–stable convergence. For ex-
ample, let µn = δrn

and νn = δrn
be degenerate Young measures associated with

the sequence of Rademacher variables with values in {−1, 1}. Then

µ∞ ⊗ ν∞ =
1

4
(δ−1 + δ1) ⊗ (δ−1 + δ1) =

1

4
(δ(−1,−1) + δ(−1,1) + δ(1,−1) + δ(1,1)),

but (µn ⊗ νn)n converges to
1

2
(δ(−1,−1) + δ(1,1)).

Counterexample 3.3.4 The hypothesis (1i) and the conclusion of Part 1 of The-
orem 3.3.1 cannot be weakened into U–∗–stable convergence for any sub–σ–algebra
U of S. Consequences of this phenomenon will appear in Chapter 9, see Remark
9.4.9.

For example, assume that (1i) and (1ii) hold for the U–∗–stable convergence,
with U = {∅, Ω}. Assume furthermore that Ω = T = [0, 1] and that, for each
ω ∈ [0, 1], we have

µ∞
ω ⊗ ν∞

ω =

{
δ0 ⊗ δ0 if ω ≤ 1/2,

δ1 ⊗ δ1 if ω > 1/2.

Take for P the Lebesgue measure on [0, 1] and let µ′ be defined by

µ′
ω =

{
δ1 if ω ≤ 1/2,

δ0 if ω > 1/2.
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We have µ′(Ω× .) = µ∞(Ω× .), thus the net (µα)α U–stably converges to µ′ (the
limit in U–stable convergence is not unique). But µ′ ⊗ ν∞(Ω×.) �= µ∞ ⊗ ν∞(Ω×.)
and thus (µα ⊗ να)α∈A does not U–stably converge to µ∞ ⊗ ν∞. Indeed, let
f : [0, 1]× [0, 1] → [0, 1] be a continuous function such that f(0, 0) = f(1, 1) = 0
and f(1, 0) = f(0, 1) = 1. We have

µ∞ ⊗ ν∞( 1lΩ ⊗ f) =

∫
f(s, t) dµ∞

ω (s) dν∞
ω (t) d P(ω)

=
1

2
f(0, 0) +

1

2
f(1, 1) = 0,

whereas

µ′ ⊗ ν∞( 1lΩ ⊗ f) =
1

2
f(1, 0) +

1

2
f(0, 1) = 1.

Typical applications of Theorem 3.3.1 make use of the following corollary. In
view of these applications, this corollary is given for nets of functions, but it can
be extended without further difficulties to nets of Young measures. The first
apparitions of similar results seem to be [Mog66], [Fis70, Théorème 5] and [Fis71]
([Mog66] only considered a special case of stable convergence, called Rényi–mixing,
see the definition in Chapter 9).

Corollary 3.3.5 Let S1 and S2 be topological spaces such that S1 × S2 is hered-
itarily Lindelöf regular (e.g. S1 and S2 are regular cosmic spaces). Let Φ be a
continuous mapping from S1 × S2 to the topological space T. Let (Xα)α∈A be
a net in X(S1) and (Yα)α∈A be a net in X(S2) (with same index set). For ev-
ery α ∈ A, let Zα = Φ(Xα, Yα). Let Φ : Ω × S1 × S2 → Ω× T be defined by
Φ(ω, s1, s2) = (ω, Φ(s1, s2)). Assume that

(i) (δXα
)α∈A W–stably converges to µ∞ ∈ Y1

dis(S1),

(ii) (Yα)α∈A converges in probability to Y∞ ∈ Y1
dis(S2).

Let λ∞ = Φ�

(
µ∞ ⊗ δY∞

)
. Then (δZα

)α∈A W–stably converges to λ∞.

The proof of Corollary 3.3.5 is obvious in view of Theorem 3.3.1 and the following
very easy lemma.

Lemma 3.3.6 Let S and T be topological spaces. Let Φ : S → T be continuous.
Let (µα)α∈A be a net in Y1(S) which W–stably converges to µ∞ ∈ Y1(S). Let
Φ : (ω, s) �→ (ω, Φ(s)) and, for each µ ∈ Y1(S), let µ̃ = (Φ)�(µ). Then (µ̃α)α∈A

W–stably converges to µ̃∞ in Y1(T).

Proof. Let A ∈ S and let g : T → [0, 1] be bounded continuous. We have

µ̃∞( 1lA ⊗ g) = µ∞(
( 1lA ⊗ g) ◦ Φ

)
= µ∞(

1lA ⊗ (g ◦ Φ)
)

= lim
α

µα
(
1lA ⊗ (g ◦ Φ)

)
= lim

α
µα

(
( 1lA ⊗ g) ◦ Φ

)
= lim

α
µ̃α( 1lA ⊗ g).
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3.4 Parametrized Lévy–Wasserstein distances and
L1

E spaces

We define and study new semidistances on the space of integrable Young measures,
in the same spirit as in the definition of the parametrized Dudley semidistances,
that is, uniform convergence on an appropriate set of integrands. The difference
between the topology constructed in this way and the topology τ W

1,D defined in

Section 2.4 is similar to that between τprob

(
Y1

dis

)
and τW

Y1 .

Assume that T is regular and let D be a set of continuous semidistances on T.
Let µ ∈ Y1. Recall that µ is integrable relatively to D if, for all d ∈ D and for
some (equivalently, for all) t0 ∈ T, we have µ(d(t0, .)) < +∞. We denote by Y1,1

dis,D
the space of integrable (relatively to D) disintegrable Young measures.

Let d ∈ D. Recall that Lip1(d) is the set of d–Lipschitz functions on T, with
Lipschitz modulus not greater than 1. Let Lip

1
(d) be the set of integrands f such

that f(ω, .) ∈ Lip1(d) for each ω ∈ Ω and such that f(., t0) is integrable for some

(or any) t0 ∈ T. We define the semidistance ∆
(d)
LW on Y1,1

dis,D by

∆
(d)
LW(µ, ν) = sup

f∈Lip
1
(d)

(µ(f)− ν(f)) .

If d is a distance, then ∆
(d)
LW is a distance on Y1,1

dis,D.

We denote by τ1,D the topology on Y1,1
dis,D defined by the semidistances ∆

(d)
LW,

d ∈ D. As BL1(Ω, T, d) ⊂ Lip
1
(d) for every d ∈ D, the topology τ1,D is finer

than the topology induced on Y1,1
dis,D by the topology of convergence in probability

τprob

(
Y1

dis

)
.

Now, let t0 be some arbitrarily fixed element of T and let L̃ip
1
(d) be the set

of elements f of Lip
1
(d) such that f(ω, t0) = 0 for every ω ∈ Ω. If f ∈ Lip

1
(d),

then the integrand f̃ defined by f̃(ω, t) = f(ω, t) − f(ω, t0) is in L̃ip
1
(d), and

µ(f) − ν(f) = µ(f̃) − ν(f̃) for all µ, ν ∈ Y1,1
dis,d, because µ and ν have the same

margin on Ω. Thus we have also

(3.4.1) ∆
(d)
LW(µ, ν) = sup

f∈ gLip
1
(d)

(µ(f)− ν(f)) .

Similarly, let B̃L1(Ω, T, d) be the set of elements f of BL1(Ω, T, d) such that
f(ω, t0) = 0 for every ω ∈ Ω. We have, for any µ, ν ∈ Y1,

(3.4.2) ∆
(d)
BL(µ, ν) = sup

f∈ gBL1(Ω,T,d)

(µ(f)− ν(f)) .

For each f ∈ L̃ip
1
(d∧ 1), we have |f(ω, t)| = |f(ω, t)− f(ω, t0)| ≤ 1 for all (ω, t) ∈

Ω× T, thus f ∈ B̃L1(Ω, T, d). But, for each f ∈ B̃L1(Ω, T, d), we have, for all
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(ω, t1, t2) ∈ Ω × T × T, |f(ω, t1)− f(ω, t2)| ≤ 2, thus f ∈ L̃ip
1
(d ∧ 2). We thus

have the inclusions

L̃ip
1
(d ∧ 1) ⊂ B̃L1(Ω, T, d) ⊂ 2L̃ip

1
(d ∧ 1),

which imply, using (3.4.1) and (3.4.2),

(3.4.3) ∆
(d∧1)
LW ≤ ∆

(d)
BL ≤ 2∆

(d∧1)
LW .

Thus the topology τprob

(
Y1

dis

)
on Y1 is induced by the semidistances ∆

(d∧1)
LW , d ∈ D.

Kantorovich–Rubinštein Theorem For any µ, ν ∈ M+,1(T), let D(µ, ν) be
the set of probability laws π on T × T with margins µ and ν. The set D(µ, ν) is
closed for the narrow topology on M+,1(T× T). From a general result of Kawabe
[Kaw94], if T is regular and if µ and ν are τ–regular, D(µ, ν) is compact (if µ and
ν are tight, this is obvious because then D(µ, ν) is tight). In particular, if T is a
regular hereditarily Lindelöf space, D(µ, ν) is compact for all µ, ν ∈M+,1(T).

Recall the Kantorovich–Rubinštein Theorem (see e.g. [Dud02, Rac91, RR98]):
If T is a separable metric space, if d is a distance which is compatible with τT,
and if

∫
d(t0, .) dµ < +∞ and

∫
d(t0, .) dν < +∞, we have

sup
f∈Lip1(d)

(µ(f)− ν(f)) = inf
π∈D(µ,ν)

∫
T×T

d(t, t′) dπ(t, t′).

Furthermore, as T is regular hereditarily Lindelöf, an easy compactness argument
shows that the infimum in the right hand side is attained.

For any µ, ν ∈ Y1, let D(µ, ν) be the set of probability laws π on Ω × T × T

such that π(.× .× T) = µ and π(.× T× .) = ν. Set

∆
(d)
KR(µ, ν) = inf

π∈D(µ,ν)

∫
Ω×T×T

d(t, t′) dπ(ω, t, t′).

Theorem 3.4.1 (Parametrized Kantorovich–Rubinštein Theorem) Assume
that T is Suslin regular. Let d be a continuous semidistance on T. For any
µ, ν ∈ Y1,1

dis,d, we have

∆
(d)
LW(µ, ν) = ∆

(d)
KR(µ, ν).

Furthermore, the infimum in the definition of ∆
(d)
KR(µ, ν) is attained, that is, there

exists π ∈ D(µ, ν) such that ∆
(d)
KR(µ, ν) =

∫
Ω×T×T

d(t, t′) dπ(ω, t, t′).

Let us first prove the following lemma, which is interesting in itself.

Lemma 3.4.2 Let d be a continuous distance on T. Assume that (T, d) is sepa-
rable. Let B∗ be the universal completion of the σ–algebra BM+,1(T)×M+,1(T). For

any µ, ν ∈M+,1(T), let

r(µ, ν) = inf
π∈D(µ,ν)

∫
d(t, t′) dπ(t, t′) ∈ [0, +∞].
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The function r is B∗–measurable. Furthermore, the multifunction

K :

{
M+,1(T)×M+,1(T) → K

(
M+,1(T× T)

)
(µ, ν) �→

{
π ∈ D(µ, ν);

∫
d(t, t′) dπ(t, t′) = r(µ, ν)

}
has a B∗–measurable selection.

Proof. First, we can assume w.l.g. that T is Polish. Indeed, let S be the d–
completion of T. For each µ ∈ M+,1(T) (resp. µ ∈ M+,1(T× T)), let us denote
by µ̂ the law on S (resp. S× S) defined by µ̂(B) = µ(B ∩ T) for all B ∈ BS (resp.
µ̂(B) = µ(B∩ (T×T)) for all B ∈ BS×S). From Lemma 1.3.1, the mapping µ �→ µ̂
is an homeomorphism fromM+,1(T) to the spaceM+,1

T
(S) of laws µ on S satifying

µ∗(Tc) = 0 (resp. fromM+,1(T× T) to M+,1
T×T

(S× S) satifying µ∗((T×T)c) = 0).
For all (µ, ν) ∈M+,1(T), let

D̂(µ, ν) = {π̂; π ∈ D(µ, ν)} .

One easily checks that we have, with obvious notations,

D̂(µ, ν) = D(µ̂, ν̂).

Furthermore, from Lemma 1.3.1, we have, again with obvious notations,

r(µ, ν) = inf
π∈D(µ,ν)

∫
T×T

d(t, t′) dπ(t, t′) = infbπ∈D(bµ,bν)

∫
S×S

d(t, t′) dπ̂(t, t′) = r(µ̂, ν̂).

Using again Lemma 1.3.1, this yields

K(µ, ν) =

{
π ∈ D(µ, ν);

∫
S×S

d(t, t′) dπ̂(t, t′) = r(µ̂, ν̂)

}
= Ψ−1K(µ̂, ν̂),

where Ψ is the homeomorphism π �→ π̂ from M+,1(T× T) to M+,1
T×T

(S× S).
So, we assume from now on that T is Polish. We have D = Φ−1, where Φ is

the continuous mapping

Φ :

{
M+,1(T× T) → M+,1(T)×M+,1(T)
λ �→ (λ(.× T), λ(T× .)).

Therefore, the graph gph (D) of D is a closed subset of the Polish space
(
M+,1(T)

×M+,1(T)
)
×M+,1(T× T).

Now, the mapping

ψ :

{
M+,1(T× T) → [0, +∞]
π �→

∫
T×T

d(t, t′) dπ(t, t′)

is l.s.c. because it is the supremum of the continuous mappings π �→ π(d∧n), n ∈ N

(if d is bounded, ψ is continuous). From the Projection Theorem, as T is Suslin and
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as gph (D) is in the Borel σ–algebra of the Polish space
(
M+,1(T)×M+,1(T)

)
×

M+,1(T× T), the mapping

r : (µ, ν) �→ inf {ψ(π); π ∈ D(µ, ν)}

is B∗–measurable: Indeed, we have

∀α ∈ R {(µ, ν); r(µ, ν) < α}
= πM+,1(T)×M+,1(T) {((µ, ν), π) ∈ gph (D) ; ψ(π) < α} .

For each (µ, ν) ∈M+,1(T)×M+,1(T), we have

K(µ, ν) = {π ∈ D(µ, ν); ψ(π) = r(µ, ν)} .

The multifunction K has nonempty compact values because D has nonempty
compact values and ψ is l.s.c. Let

F :

{ (
M+,1(T)×M+,1(T)

)
×M+,1(T× T) → R

((µ, ν), π) �→ ψ(π)− r(µ, ν).

The mapping F is B∗ ⊗ BM+,1(T×T)–measurable. Furthermore, the graph of K is

gph (K) = {((µ, ν), π); µ = π(.× T), ν = π(T× .), F ((µ, ν), π) = 0}
= gph (D) ∩ F−1(0)

∈ B∗ ⊗ BM+,1(T×T).

As (T, d) is Suslin, this proves that K is B∗–LV–measurable (see Remark 1.2.1).
Thus K has a B∗–measurable selection.

Proof of Theorem 3.4.1. First, we can reduce the proof to the case when d
is a distance. Indeed, let (T̂, d̂) be the quotient metric space and π the canonical

projection T → T̂. The space Lip1(d) can be identified in an obvious way with

Lip1(T̂, d̂) because, for any f ∈ Lip1(d), if d(t, t′) = 0, |f(t)− f(t′)| = 0. We shall

denote by f̂ the corresponding element of Lip1(T̂, d̂). Furthermore, the mapping

λ �→ π�(λ), M+,1(T, τT) → M+,1(T̂, d̂) is surjective because T and T̂ are Suslin
[Sch73, Theorem 12 page 126]. Let π be the mapping (ω, t) �→ (ω, π(t)). We have

∆
(d)
LW(µ, ν) = sup

f∈Lip
1
(d̂)

π�(µ− ν)(f̂)

and

∆
(d)
KR(µ, ν) = inf

π∈D(π�(µ),π�(ν))

∫
Ω×T̂×T̂

d̂(t, t′) dπ(ω, t, t′).
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We assume now that (T, d) is a (Suslin) metric space. The proof will be done
in three steps.

Step 1
From Lemma 3.4.2, and with the same notations, the mapping

G : ω �→ inf
π∈D(µω,νω)

∫
T×T

d(t, t′) dπ(t, t′) = r(µω, νω)

is S∗–measurable (indeed, the mapping ω �→ (µω, νω) is measurable for S∗ and B∗

because it is measurable for S and BM+,1(T)×M+,1(T)). Since µ, ν ∈ Y1,1
dis,d, we have

G(ω) < +∞ almost everywhere. Let us prove that ∆
(d)
KR(µ, ν) =

∫
Ω

G(ω) d P(ω).
First, as T is Radon, π is disintegrable, and we have, for any π ∈ D(µ, ν),∫

Ω

(∫
T

d(t, t′) dπω(t, t′)
)

d P(ω) ≥
∫

Ω

G(ω) d P(ω),

thus ∆
(d)
KR(µ, ν) ≥

∫
Ω

G(ω) d P(ω). But, from Lemma 3.4.2, the multifunction
ω �→ D(µω, νω) has a B∗–measurable selection ω �→ λω such that, for every ω ∈ Ω,

G(ω) =
∫

T×T
d(t, t′) dλω(t, t′). We thus have ∆

(d)
KR(µ, ν) ≤

∫
Ω×T×T

d(t, t′) dλ(ω, t, t′)
=

∫
Ω

G(ω) d P(ω).

Step 2 This is the shortest and main step. Let Ω0 be the almost sure set on
which G(ω) < +∞. From the usual Kantorovich–Rubinštein Theorem, we have,
for every ω ∈ Ω0,

(3.4.4) G(ω) = sup
g∈Lip1(d)

(µω(g)− νω(g)) = sup
g∈Lip1(d), g(t0)=0

(µω(g)− νω(g)) .

Step 3 To conclude the proof, we only need to prove the equality ∆
(d)
LW(µ, ν) =∫

Ω
G(ω) d P(ω). For every f ∈ Lip

1
(d), we have

∫
f d(µ− ν) ≤

∫
Gd P by (3.4.4),

thus ∆
(d)
LW(µ, ν) ≤

∫
Ω

Gd P . Now, let ε > 0. Let µ̃ and ν̃ be the finite measures on
T defined by

µ̃(B) =

∫
Ω×B

d(t0, t) dµ(ω, t) and ν̃(B) =

∫
Ω×B

d(t0, t) dν(ω, t)

for any B ∈ BT. Let T0 be a totally bounded subset of T containing t0 such that
µ̃(Tc

0) ≤ ε and ν̃(Tc
0) ≤ ε. For any f ∈ Lip

1
(d), we have

(3.4.5)

∣∣∣∣∫
Ω

(µω − νω)(f(ω, .)) d P(ω)−
∫

Ω

(µω − νω)(f(ω, .) 1lT0
) d P(ω)

∣∣∣∣
=

∣∣∣∣∫
Ω

(µω − νω)(f(ω, .) 1lTc
0
) d P(ω)

∣∣∣∣ ≤ 2ε.
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Set, for all ω ∈ Ω0,

G′(ω) = sup
g∈Lip1(d), g(t0)=0

(µω − νω)(g 1lT0
).

We thus have

(3.4.6)

∣∣∣∣∫
Ω0

Gd P−
∫

Ω0

G′ d P

∣∣∣∣ ≤ 2ε.

From a theorem of Kirszbraun and McShane, each Lipschitz function on T0 can
be extended into a Lipschitz function on T with the same Lipschitz modulus (see
[Dud76, Theorem 7.3] or [Dud02, Theorem 6.1.1]). Thus we have, for any ω ∈ Ω0,

G′(ω) = sup
g∈Lip1(T0,d), g(t0)=0

(µω − νω)
T0

(g).

Let (gn)n be a sequence which is dense for ‖.‖∞ in Cb (T0)∩{g ∈ Lip1(T0, d); g(t0)
= 0}. We have G′(ω) = supn(µω − νω)

T0

(gn). Extend each gn into a function

gn ∈ Lip1(T, d) and set, for all (ω, t) ∈ Ω0 × T,

N(ω) = inf
{
n; (µω − νω)

T0

(gn) ≥ G′(ω)− ε
}

and f(ω, t) = gN(ω)(t).

We then have, using (3.4.5) and (3.4.6),

∆
(d)
LW(µ, ν) ≥

∫
Ω0×T

f d(µ− ν) ≥
∫

Ω0×T0

f d(µ− ν)− 2ε

≥
∫

Ω0

G′ d P−3ε ≥
∫

Ω0

Gd P−5ε.

Let us formulate Theorem 3.4.1 in the particular case of degenerate Young
measures.

Corollary 3.4.3 Assume that T is Suslin regular. Let d be a continuous semidis-
tance on T. For any X, Y ∈ X1

(T,d), we have

∆
(d)
LW(X, Y ) := sup

f∈Lip
1
(d)

∫
Ω

f(ω, X(ω))− f(ω, Y (ω)) d P(ω) =

∫
Ω

d(X, Y ) d P .

In particular, if D is an upwards filtering set of continuous semidistances which
defines the topology of T, Corollary 3.4.3 and Theorem 2.4.3 imply that the topolo-
gies τ1,D et τW

1,D coincide on X1
(T,D).
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A Vitali Theorem Let us now go back to the relations between convergence in

Y1,1
dis,D for the semidistances ∆

(d)
LW (d ∈ D) and convergence in probability.

Theorem 3.4.4 (Vitali Convergence Theorem for random laws) Assume
that T is completely regular. Let D be an upwards filtering set of continuous
semidistances which defines the topology of T. Let (µα)α∈A be a net in Y1,1

dis,D and

let µ∞ ∈ Y1,1
dis,D. The following assertions are equivalent:

(a) (µα)α∈A converges to µ∞ in Y1,1
dis,D

(b) µα prob−−−−−→ µ∞ and (µα)α∈A is asymptotically uniformly integrable relatively

to D.

Proof.
(a)⇒(b). We already know that convergence in Y1,1

dis,D implies convergence in
probability. Furthermore, for any t0 ∈ T, the mapping (ω, t) �→ d(t0, t) is in
Lip

1
(d). Let ε > 0. Let a > 0 such that∫

Ω×{d(t0,.)>a}
d(t0, t) dµ∞(ω, t) < ε.

We can furthermore choose a such that

µ∞ {(ω, t); d(t0, t) = a} = 0.

We then have, by narrow convergence of (µα(Ω× .))α to µ∞(Ω× .),

lim
α

µα {(ω, t); d(t0, t) > a} = µ∞ {(ω, t); d(t0, t) > a} .

Now, we have

d(t0, t) 1l{d(t0,.)>a}(t) = d(t0, t)− d(t0, t) ∧ a + a 1l{d(t0,.)>a}(t),

and the mapping (ω, t) �→ d(t0, t) ∧ a is also in Lip
1
(d). We thus have∫

Ω×{d(t0,.)>a}
d(t0, t) dµα(ω, t) =

∫
Ω×T

d(t0, t) dµα −
∫

Ω×T

d(t0, t) ∧ a dµα

+ aµα {(ω, t); d(t0, t) > a}

→
∫

Ω×T

d(t0, t) dµ∞ −
∫

Ω×T

d(t0, t) ∧ a dµ∞

+ aµ∞ {(ω, t); d(t0, t) > a}

=

∫
Ω×{d(t0,.)>a}

d(t0, t) dµ∞(ω, t)

< ε,



3.4. PARAMETRIZED LÉVY–WASSERSTEIN DISTANCES 81

thus (µα)α∈A is asymptotically uniformly integrable.
(b)⇒(a). Let d ∈ D. Let ε > 0 and t0 ∈ T. Let a > 0 such that

lim sup
α

∫
Ω×{d(t0,.)>a}

d(t0, t) dµα(ω, t) < ε

and ∫
Ω×{d(t0,.)>a}

d(t0, t) dµ∞(ω, t) < ε.

Set B = {t ∈ T; d(t0, t) ≤ a}. For any f ∈ Lip, let f |a be the bounded Lipschitz
integrand (f ∧ a) ∨ −a. We have, using (3.4.1), and for α large enough,

∆
(d)
LW(µα, µ∞) = sup

f∈ gLip
1
(d)

|µα(f)− µ∞(f)|

≤ sup
f∈ gLip

1
(d)

∣∣∣µα(f |a)− µ∞(f |a)
∣∣∣

+

∫
Ω×T

∣∣∣f − f |a
∣∣∣ dµα +

∫
Ω×T

∣∣∣f − f |a
∣∣∣ dµ∞

≤ sup
f∈ gLip

1
(d)

∣∣∣µα(f |a)− µ∞(f |a)
∣∣∣

+

∫
Ω×Bc

d(t0, t) dµα(ω, t) +

∫
Ω×Bc

d(t0, t) dµ∞(ω, t)

≤ sup
f∈ gLip

1
(d)

∣∣∣µα(f |a)− µ∞(f |a)
∣∣∣ + 2ε.

The conclusion follows from the fact that, from Theorem 3.2.1, we have

lim
α

sup
f∈ gLip

1
(d)

∣∣∣µα(f |a)− µ∞(f |a)
∣∣∣ = 0.

Remark 3.4.5 Assume that T is hereditarily Lindelöf and regular. Let D be a
family of semidistances which defines the topology of T. Recall that τ W

1,D is the

topology on Y1,1
dis,D defined by the semidistances |µ(f)− ν(f)|, f ∈ Lip

1
(d), d ∈ D

(see Proposition 2.4.1). We have the following continuous inclusions, represented
by arrows: (

Y1,1
dis,D, τ1,D

)
−−−−→

(
Y1

dis, τprob

(
Y1

dis

))⏐⏐� ⏐⏐�(
Y1,1

dis,D, τW

1,D
)
−−−−→

(
Y1

dis, τ
W

Y1

)
.
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The lower horizontal arrow comes from Proposition 2.4.1 and the vertical arrow on
the right hand side comes from Theorem 3.1.2. If the elements of D are bounded,
the horizontal arrows represent equalities of topological spaces.



Chapter 4

Compactness

In this chapter, we focus on compactness for the S–stable topology because the τ S

Y1–

compact subsets of Y1 can be characterized in a rather simple way (see Theorem
4.3.5) and because they are also compact for all coarser Hausdorff topologies on
Y1. In some cases (see Corollary 4.3.7) all stable topologies appear to have the
same compact subsets.

4.1 Preliminary remarks and definitions

Recall that a subset K of a topological space T is net–compact if every net of ele-
ments of K admits a subnet which converges in T, or equivalently, if every universal
net of elements of K is convergent in T (see [Kel55] about subnets and universal
nets). We say that K is relatively compact if it is contained in a compact subset
of T. Thus every relatively compact subset of T is net–compact. The converse
implication is true if T is regular (see the proof in [PV95] or [OW98]). We say
that K is sequentially relatively compact if every sequence of elements of K admits a
convergent subsequence. If, furthermore, the limit of the convergent subsequence
always lies in K, we say that K is sequentially compact (this terminology is not
entirely consistent, because, if K is sequentially relatively compact, its closure is
not necessarily sequentially compact). In the case when T is metrizable, it is well-
known that K is sequentially compact if and only if it is compact. Similarly, if
T is metrizable, K is sequentially relatively compact if and only if it is relatively
compact. Indeed, if K is sequentially relatively compact, let (tn)n be a sequence
in the closure C of K. For each n, let sn ∈ K such that d(tn, sn) ≤ 1/n (where
d is a distance that metrizes T). Then the convergence of any subsequence of
(tn)n is equivalent to the convergence (to the same limit) of the subsequence of
(sn)n which has the same indexes. Thus every subsequence of (tn)n has a further
subsequence which converges in C.

Let T be a set and let τ and τ0 be two Hausdorff topologies on T such that

83
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τ0 ⊂ τ . Let K be a τ–relatively compact subset of T. Then τ and τ0 coincide on
K. Indeed, the τ–closure C of K is τ–compact, thus τ and τ0 coincide on C.

When we need to prove sequential compactness of compact subsets of Y 1,
the following lemma can be used to dodge the assumption that S be essentially
countably generated.

Lemma 4.1.1 (Sequential relative compactness deduced from relative
compactness) Let K be a τ S

Y1–relatively compact subset of Y1. Assume that there

exists a separable metrizable topology τ0 on T which is coarser than the original
topology τT of T, and such that τT and τ0 have the same Borel sets. Then K is
sequentially relatively compact.

Proof. Let C be the τ S

Y1–closure of K in Y1. Then the topologies τ S

Y1(τT) and τ S

Y1(τ0)

coincide on C. So, we can assume without loss of generality that T is metrizable
and separable.

Let S be a Polish space containing T. Then we have

S ⊗ BT = {B ∩ (Ω× T); B ∈ S ⊗ BS}.

With each measure µ ∈ Y1(T), we can associate the measure µµµ ∈ Y1(S) defined
by µµµ(B) = µ(B ∩ (Ω×T)) for any B ∈ S ⊗BS, and we have µ(A) = µµµ∗(A) for any
A ∈ S ⊗ BT, which proves that the mapping Φ : µ �→ µµµ is a bijection from Y1(T)
to the subspace of elements ν of Y1(S) which satisfy ν∗(Ω × T) = 1. Using e.g.
Condition 6 of the Portmanteau Theorem 2.1.3, we see that Φ is continuous, thus
the restriction of Φ on C is a homeomorphism from C to the compact subset Φ(C)
of Y1(S). So, we only need to show that Φ(C) is sequentially compact, that is, we
can assume that T is Polish.

We can associate with each µ ∈ Y1(T) a disintegration ω �→ µω, because T

is Polish. It is well-known that the space M+,1(T) is metrizable separable (see
e.g. [Par67, Theorem 6.2]). Thus the Borel σ–algebra generated by each mapping
ω �→ µω is countably generated. Let (µn)n∈N be a sequence of elements of K.
Let S0 be the σ–algebra generated by the mappings ω �→ µn

ω. Let Q be the
restriction of P on S0. Let π be the canonical projection (that is, the restriction)
of Y1(Ω,S, P; T) onto Y1(Ω,S0, Q; T). The mapping π is obviously continuous,
thus π(K) is compact. From Proposition 2.3.1, the space Y1(Ω,S0, Q) (endowed
with τW

Y1 = τ S

Y1), is metrizable, thus π(K) is sequentially compact. There exists a

Young measure ρ ∈ Y1(Ω,S0, Q; T) and a subsequence (λn)n∈N of (µn)n∈N such
that (π(λn))n∈N converges to ρ.

Let A ∈ S and let f be a bounded continuous function on T. We denote by
ES0

P the conditional expectation w.r.t. S0 and P. We have∫
1lA ⊗ f dλn =

∫
1lA(ω)λn

ω(f) d P(ω) =

∫
ES0

P ( 1lA)(ω)λn
ω(f) d Q(ω)

→
∫

ES0

P ( 1lA)(ω)ρω(f) d Q(ω) =

∫
1lA(ω)ρω(f) d P(ω)
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In view of Condition 13 in the Portmanteau Theorem 2.1.3, this shows that (λn)n∈N

converges to the Young measure

λ :

{
B → [0, 1]
B �→

∫
ρω(B(ω)) d P(ω).

We shall prove later, in Proposition 4.5.2, a converse implication.
In this chapter, we do not study directly compactness in spaces of p–integrable

Young measures. However, compactness criteria can be easily obtained through
the following proposition (as in Section 2.4, we give only the result for τ W

p,D, but
the same method would yield similar results for other topologies τ *

p,D).

Proposition 4.1.2 (Compact subsets of Y1,p
D ) Assume that T is completely

regular and that its topology τT is defined by a set D of semidistances. Let p > 0.
Let Y ⊂ Y1,p

D . The following conditions are equivalent:

(a) The set Y is net–compact for τW

p,D.

(b) The set Y is net–compact for τW

Y1 and uniformly p–integrable relatively to D.

Proof. Assume (a). Then Y is net–compact for τW

Y1 . Assume furthermore that

for some d ∈ D, Y is not uniformly p–integrable relatively to d. Let a ∈ T. There
exists ε > 0 such that, for each R > 0, we can find µR ∈ Y with

(4.1.1)

∫
Ω×{t∈T; d(a,.)>R}

d(a, t)p dµR(ω, t) ≥ ε.

From net–compactness of Y for τW

p,D, there exists a subnet (µRα)α of (µR)R which

converges to some µ ∈ Y1,p
D for τW

p,D. But from Theorem 2.4.1, this implies that

(µRα)α is asymptotically uniformly p–integrable, which contradicts (4.1.1). Thus
Y is uniformly p–integrable relatively to D.

Conversely, if we assume (b), every universal net of elements of Y is τ W

Y1–

convergent and uniformly p–integrable relatively to D, thus, from Theorem 2.4.1,
it converges for τW

p,D.

4.2 Necessary and sufficient condition when T is
separably submetrizable: Topsøe Criterion

Under the hypothesis that T is separably submetrizable and (Ω,S, P) is complete,
we shall now adapt to Young measures a compactness criterion of Topsøe [Top70a].
The main results from this section are proved in [RdF03], in the more general
setting of the space M+(Ω× T) endowed with the topology τ S

M (see Remark and
Definition 2.1.5, page 31).
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We call paving on Ω× T any nonempty set of subsets of Ω× T. We now list
some properties of the pavings G and K that we shall need later. We present them
in a similar way as in [Top70a].

Lemma 4.2.1 (Properties of G and K) Assume that T is Suslin submetrizable
and (Ω,S, P) is complete.

I. K contains ∅ and is closed under finite unions and countable intersections,
II. G contains ∅ and is closed under finite unions and finite intersections (ac-

tually, G is also closed under countable unions, but we shall not need it),
III. K \G ∈ K for all K ∈ K and for all G ∈ G,
IV. G separates the sets in K, that is, for any pair K1, K2 of disjoint elements

of K, we can find a pair G1, G2 of disjoint elements of G such that K1 ⊂ G1 and
K2 ⊂ G2.

V’. The set Y1 is uniformly σ–smooth on G at ∅ w.r.t. K, that is, for any
countable family (Ki)i∈I of elements of K which filters downwards to ∅, we have

inf
i∈I

sup
µ∈Y1

inf
G∈G, G⊃Ki

µ(G) = 0

(we say that (Ki)i∈I filters downwards to ∅ if ∩i∈IKi = ∅ and if, for any i ∈ I
and any j ∈ I, there exists k ∈ I such that Kk ⊂ Ki ∩Kj).

Remark 4.2.2 Note that we do not have Property V of [Top70a], that is, semi–
compactness of K (a paving C is said to be semi–compact if, for any countable
family of elements of C which has an empty intersection, there exists a finite
subfamily which has an empty intersection). We shall see however that the weaker
Property V’ is sufficient to yield the same conclusion as in Theorem 4 of [Top70a].

Proof of Lemma 4.2.1. Actually, only Properties IV and V’ need a proof. Note
however that III holds because T is Hausdorff, which entails that K ⊂ F (recall
that, in a non–Hausdorff space, a compact subset need not be closed).

We denote by d a continuous distance on T and by τ0 the topology (coarser
than τT) generated by d.

Proof of IV. Let K1, K2 be disjoint elements of K.
Assume first that K1 and K2 have nonempty values. For each ω ∈ Ω, K1(ω)

and K2(ω) are compact for τ0, thus d(K1(ω), K2(ω)) > 0. Furthermore, as
(Ω,S, P) is complete, the function φ : ω �→ d(K1(ω), K2(ω)) is S-measurable.

Indeed, let T̃ be the d–completion of T. Then, for i = 1, 2, the set Ki is an
element of S ⊗ BeT, thus, from (iii) of Remark 1.2.1, page 7, we have

{ω ∈ Ω; Ki(ω) ∩ U �= ∅} ∈ S

for any open subset U of T. But, from Theorem III.9 in [CV77], this is equivalent
to each of the following properties:

• for each t ∈ T, the function ω �→ d(t, Ki(ω)) is S–measurable,
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• there exists a sequence (ϕi
n)n∈N of S–measurable mappings Ω→ T such that,

for every ω ∈ Ω, ϕi
n(ω) ∈ Ki(ω) and Ki(ω) is the τ0–closure of {(ϕi

n(ω)); n ∈
N}.

Thus φ = infm,n∈N d(ϕ1
m, ϕ2

n) is S–measurable.
Now set, for i = 1, 2,

Gi =

{
(ω, t) ∈ Ω× T; d(t, Ki(ω)) <

φ(ω)

3

}
.

It is clear that G1 ∩ G2 = ∅ and that, for i = 1, 2, we have Ki ⊂ Gi and Gi(ω)
(i = 1, 2) is τT–open for each ω ∈ Ω. Furthermore, for each n ∈ N, the function

gi
n : (ω, t) �→ d

(
ϕi

n(ω), t
)
− φ(ω)

3

is S ⊗ BT–measurable, thus Gi = ∪n∈N(gi
n)−1([−∞, 0[) belongs to S ⊗ BT.

Let us now allow each Ki to have empty values. From the Projection The-
orem (see page 7), as (Ω,S, P) is complete, the sets {ω ∈ Ω; Ki(ω) �= ∅} are
S-measurable. Consider the S-measurable sets

Ω0 = {ω ∈ Ω; K1(ω) = ∅ and K2(ω) = ∅},
Ω1 = {ω ∈ Ω; K1(ω) = ∅ and K2(ω) �= ∅},
Ω2 = {ω ∈ Ω; K1(ω) �= ∅ and K2(ω) = ∅},
Ω3 = {ω ∈ Ω; K1(ω) �= ∅ and K2(ω) �= ∅}.

The same arguments as above show the existence of two disjoint elements G′
1 and

G′
2 of G, contained in Ω3 × T, such that Ki ∩ (Ω3 × T) ⊂ G′

i (i = 1, 2). To prove
Property IV, we only need to set

Gi(ω) =

⎧⎪⎪⎨⎪⎪⎩
∅ if ω ∈ Ω0,
∅ if ω ∈ Ωi

T if ω ∈ Ω3−i,
G′

i(ω) if ω ∈ Ω3.

Proof of V’. Let (Ki)i∈I be a countable family of elements of K which filters
downwards to ∅. For each ω ∈ Ω, (Ki(ω))i∈I is a family of compact subsets of
T which filters downwards to ∅, thus there exists an element i of I such that
Ki(ω) = ∅. We can enumerate the elements of I: I = {i0, i1, . . . }, and we can
endow I with the ordering associated with this enumeration: i0 ≤ i1 ≤ . . . . For
each ω ∈ Ω, let us denote by α(ω) the smallest i such that Ki(ω) = ∅. Using the
Projection Theorem as in the proof of Property IV, we see that, for each i ∈ I,
the set

Ai = {ω ∈ Ω; α(ω) = i} = (πΩ(Ki))
c ∩

⋂
j≤i−1

πΩ(Kj)
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is measurable. Thus the family (Ai)i∈I is a measurable partition of Ω. For each
integer n ∈ N, let Ωn = Ai0 ∪ · · · ∪ Ain

. As (Ki)i∈I filters downwards to ∅, there
exists an element j1 of I such that Kj1 ⊂ Ki0 ∩Ki1 . We then have Kj1(ω) = ∅ on
Ai0 ∪ Ai1 = Ω1. By induction, we can construct a sequence (Kjn

)n≥1 such that
Kjn

(ω) = ∅ on Ωn.

Now, we have ∪n∈NΩn = Ω. Let ε > 0. Let n ≥ 1 such that P(Ωn) ≥ 1 − ε.
Let Gn = Ωc

n × T. We have Kjn
⊂ Gn and µ(Gn) = P (Ωc

n) ≤ ε for every µ ∈ Y1.
This shows that

inf
i∈I

sup
µ∈Y1

inf
G∈G, G⊃Ki

µ(G) ≤ ε.

As ε is arbitrary, this proves Property V’.

We can now give an adaptation of Topsøe’s compactness criterion ([Top70a,
Corollary 2], see also [Top74, OW98]). If C and E are two pavings on Ω× T, we
say that E dominates C if each element of C is contained in some element of E .

Theorem 4.2.3 (Topsøe Criterion) Assume that T is Suslin submetrizable and
(Ω,S, P) is complete. Let K be a subset of Y1. Then K is τ S

Y1–net–compact if and

only if, for any subfamily G′ of G which dominates K and for each ε > 0, there
exists a finite subfamily G ′′ of G′ such that, for every µ ∈ K, we can find G ∈ G ′′

such that µ(Gc) < ε.

Proof. It is a simple adaptation of the proof of Topsøe’s Theorem 4 and Corollary
2 in [Top70a]. We only need to show that Property V in [Top70a] (see remark
4.2.2) can be replaced by our Property V’. We use here the definitions of [Top70a].

The “only if” part of the proof is exactly as in [Top70a], and does not rely on
Properties I to V. For the “if” part, Property V is used in [Top70a] (in the proof of
Theorem 4) in the following way. Let (µα)α∈A be a universal net in K. We define
a set function ν : G → [0, 1] by

(4.2.1) ∀G ∈ G ν(G) = lim
α

µα(G).

The mapping ν is monotone (that is, G ⊂ G′ ⇒ ν(G) ≤ ν(G′)), additive (that is,
G ∩ G′ = ∅ ⇒ ν(G ∪ G′) = ν(G) + ν(G′)) and subadditive (that is, ν(G ∪ G′) ≤
ν(G) + ν(G′)). Then Property V is only used (through Theorem 2 of [Top70a]) to
ensure that the formula

(4.2.2) ∀B ∈ B µ(B) = sup
K⊂B, K∈K

inf
G∈G, G⊃K

ν(G)

defines a measure µ ∈M+(Ω× T). But, from [Top70a, Theorem 2], this result also
holds true if ν is σ–smooth at ∅ w.r.t. K, and this last property is an immediate
consequence of V’.
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Remark 4.2.4 (Extension to M+(Ω× T)) We can extend Theorem 4.2.3 to
the set M+(Ω× T) and the topology τ S

M (see Remark and Definition 2.1.5, page
31) by adding the condition that (πΩ)�(K) must be net–compact in the strong

topology τs on M+(Ω), that is, the coarsest topology such that, for each A ∈ S,
the mapping µ �→ µ(A), M+(Ω)→ R, is continuous.

Indeed, if a net (µα)α∈A of elements of M+(Ω× T) converges for τ S

M to some
limit µ, then its projection ((πΩ)�(µ

α))α∈A on M+(Ω) converges to (πΩ)�(µ) for

τs, thus, if K ⊂ M+(Ω× T) is net–compact for τ S

M, (πΩ)�(K) is net–compact for
τs.

Conversely, assume that (πΩ)�(K) is net–compact for τs and that K satisfies the
condition given in Theorem 4.2.3. Let (µα)α∈A be an universal net in K. Define
the monotone additive and subadditive mapping ν as above, using formula (4.2.1).
Let (Ki)i∈I be a countable family of elements of K which filters downwards to ∅.
Define the sets Ωn and the subsequence (Kjn

)n as in the proof of Part V’ of Lemma

4.2.1. The net
(
(πΩ)� µα

)
α∈A

converges for τs to a measure λ ∈M+(T). We have

inf
i∈I

inf
G∈G, G⊃Ki

ν(G) = inf
i∈I

inf
G∈G, G⊃Ki

lim
α∈A

µα(G)

≤ inf
n∈N

inf
G∈G, G⊃Kjn

lim
α∈A

µα(G)

≤ inf
n∈N

lim
α∈A

µα(Gn)

= inf
n∈N

λ(Ωc
n) = 0,

thus ν is σ–smooth at ∅ w.r.t. K. Using Properties I to IV of Lemma 4.2.1, we
deduce from [Top70a, Theorem 2] that (4.2.2) defines a measure on (Ω× T,B)
which satisfies µ ≤ ν. We then prove that (µα)α∈A converges to µ as in the proof
of [Top70a, Theorem 4].

Note that, if furthermore (πΩ)�(K) is relatively compact for τs, then a slight
modification of the proof of Lemma 4.2.1 shows that Property V’ still holds true
on K, that is, for any countable family (Ki)i∈I of elements of K which filters
downwards to ∅, we have

inf
i∈I

sup
µ∈K

inf
G∈G, G⊃Ki

µ(G) = 0.

Indeed, with the notations of the proof of Lemma 4.2.1, we have, by Dini Theo-
rem, limn→∞ supµ∈K µ(Ωc

n × T) = 0, because the mappings µ �→ µ(Ωc
n × T) are

continuous for τs. We can then deduce the net–compactness of K as in Theorem
4.2.3.

The extension of Theorem 4.2.3 obtained in this way includes the compactness
criteria of Schäl [Sch75, Theorem 3.10], Jacod and Mémin [JM81b] and Balder
[Bal01] for τW

M, see [RdF03].
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4.3 Flexible tightness and strict tightness:
Prohorov Criterion

Tightness and Prohorov spaces Recall that a subset K of M+,1(T) is said
to be (uniformly) tight if, for each ε > 0, there exists a compact subset K of T

such that supµ∈K µ(Kc) ≤ ε. Every tight subset of M+,1
t (T) is relatively com-

pact ([Top70a, Top70b], Theorem 9.1). In the case where each compact subset of
M+,1

R (T) is tight, T is said to be a Prohorov space. J. Hoffmann–Jørgensen [HJ72]
has shown that every Čech complete space (that is, every space which is a Gδ sub-
set of some compact space) is Prohorov (in particular every completely metrizable
space and every locally compact space are Prohorov), and furthermore that every
locally convex topological space which is the inductive limit of a sequence of closed
Prohorov linear subspaces is Prohorov. The most general sufficient conditions for
a Hausdorff space to be Prohorov are given in [Bou96, Bou98, Bou02]. Other
references on Prohorov spaces are the surveys [Top74], [Whe83] and [Bog98b, Sec-
tion 8.3]. The result of Ma�lgorzata Wójcicka [Wój87] is particularly interesting
in our context and we shall use it later: If T is completely regular and Prohorov,
the space M+,1(T) is also Prohorov. If T is a completely regular Čech complete
space, then K(T) is also completely regular Čech complete (see [Eng89, page 285]),
thus K(T) is Prohorov. If E is an infinite dimensional Banach space and E

∗ its
topological dual, the weak topology σ(E, E∗) and the weak∗ topology σ(E∗, E) are
never Prohorov [Fer94].

Flexible tightness and strict tightness Let K ⊂ Y1.

• We say that K is flexibly tight if, for each ε > 0, there exists K ∈ K such
that

sup
µ∈K

µ(Kc) < ε.

• We say that K is strictly tight if, for each ε > 0, there exists a compact subset
K of T such that

sup
µ∈K

µ(Ω×Kc) < ε.

In other words, K is strictly tight if and only if the set (πT)� K of margins on

T of elements of K is a tight subset of M+,1(T).

It is clear that, if K is strictly tight, it is flexibly tight. We shall prove later that
the converse implication holds in some important cases.

Let us put in a lemma a simple observation.

Lemma 4.3.1 Assume that the compact subsets of T are metrizable. Let µ ∈ Y1

such that {µ} is strictly tight. Then µ ∈ Y1
dis.
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Proof. For each integer n ≥ 1, let Kn ∈ K such that µ(Ω×Kn) ≥ 1 − 1/n. Let
T0 = ∪n≥1Kn. We can identify µ with a measure on Ω× T0, and the space T0 is
a countable union of Suslin spaces, thus it is Suslin, thus it is Radon.

We give below some characterizations of strict tightness and flexible tightness.
We start with strict tightness. Recall that a function f : T → [0, +∞] is inf–

compact if, for any M ∈ [0, +∞[, the set {t ∈ T; f(t) ≤M} is compact. Every
inf-compact function is l.s.c., thus Borel.

Theorem 4.3.2 (Equivalence theorem for strict tightness) Let Y ⊂ Y1.
The following conditions are equivalent:

(a) Y is strictly tight.

(b) There exists an inf–compact function h : T → [0, +∞] such that

sup
µ∈Y

µ( 1lΩ ⊗ h) < +∞.

Furthermore, if Y ⊂ Y1
dis, then these conditions are equivalent to the following

one:

(c) For each ε > 0, there exists a tight subset Kε of M+,1(T) such that, for any
µ ∈ Y,

P∗ {ω ∈ Ω; µω ∈ Kε} ≥ 1− ε.

Remarks 4.3.3

1. If the compact subsets of T are metrizable and if Y is a strictly tight subset of
Y1, then, from Lemma 4.3.1, each element of Y is disintegrable and Condition
(c) holds true.

2. If T is Prohorov, Condition (c) means that the set of random measures {µ. ; µ ∈
K} is tight in the usual sense for random elements of a topological space. This
condition is taken as a definition in e.g. [Jak88].

Proof of Theorem 4.3.2. The equivalence of (a) and (b) is well-known: see
Exercice 10 of §5 in [Bou69]. The proof may be found in [Jaw84, Val90b, Bal95]
(in fact a more general form is proved there, see Remark 4.3.4 below).

(b) ⇒ (c). Let ε > 0. Let h as in (b), and let M = supµ∈Y µ( 1lΩ ⊗ h). Let

Kε =

{
ν ∈M+,1(T); ν(h) ≤ M

ε

}
.

From [Bou69, Exercice 10 of §5], Kε is a tight subset of M+,1(T). For each µ ∈ Y,
let

Ωµ
ε = {ω ∈ Ω; µω �∈ Kε} .
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We have

P(Ωµ
ε ) ≤ ε

M

∫
µω(h) d P(ω) ≤ ε.

(c) ⇒ (a). Let ε > 0. There exists a tight subset Kε/2 of M+,1(T) and, for
each µ ∈ Y, a measurable set Ωµ,ε ∈ S such that P(Ωµ,ε) ≥ 1− ε/2 and, for each
ω ∈ Ωµ,ε, µω ∈ Kε/2. Let K ∈ K such that ν(K) ≥ 1− ε/2 for every ν ∈ Kε/2. We
then have, for every µ ∈ Y,

µ(Ω×K) ≥
∫

Ωµ,ε

µω(K) d P(ω) ≥ (1− ε/2)2 ≥ 1− ε.

Remark 4.3.4 (Equivalence theorem for flexible tightness) Let Y ⊂ Y1.
The following conditions are equivalent (see [Bal84a, Jaw84, Val90b, Bal95]):

(a) Y is flexibly tight.

(b) There exists an inf–compact integrand h : Ω× T → [0, +∞] such that

sup
µ∈Y

µ(h) < +∞.

Tightness and relative compactness in (Y1, τ S

Y1) As a consequence of Topsøe

Criterion (Theorem 4.2.3), we easily get Part A of the following theorem. This
result was proved by Balder [Bal89a], in the case when T is a Suslin regular space.
The converse Part B follows easily from the definition.

Theorem 4.3.5 (Prohorov Criterion)

A) (Direct Prohorov Criterion)

1. Assume that the compact subsets of T are metrizable. Any strictly tight
subset of Y1 is τ S

Y1–relatively compact and τ S

Y1–sequentially relatively
compact.

2. If furthermore T is Suslin submetrizable, any flexibly tight subset of Y1

is τ S

Y1–relatively compact and τ S

Y1–sequentially relatively compact.

B) (Converse Prohorov Criterion) Assume that T is Prohorov and that fur-
thermore M+,1(T) = M+,1

t (T) (e.g. T is Suslin Prohorov). Then every τN

Y1–

relatively compact subset of Y1 is strictly tight.
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Proof. Let K ⊂ Y1.

A) 1 For each integer n ≥ 1, let Kn ∈ K(T) such that, for every µ ∈ K,
µ(Ω × Kn) ≥ 1 − 1/n. Let T0 = ∪nKn. The space T0 is a countable
union of Lusin spaces, thus it is Lusin. Furthermore, we have µ(Ω ×
T0) = 1 for every µ ∈ K, thus we can consider K as a strictly tight
subset of Y1(T0). But, for any subset T

′ of T, the topology τ S

Y1(T′) is

finer than the topology induced by τ S

Y1(T). Thus we only need to prove

that K is τ S

Y1(T0)
–relatively compact and τ S

Y1(T0)
–sequentially relatively

compact. Furthermore, T0 is a countable union of second countable
Suslin spaces which are Borel subsets of T0, thus, from Lemma 2.1.2,
we have τ S

Y1(T0)
= τ S

Y1(Ω,S∗
P,P∗,T0)

. Thus 1 is a consequence of 2.

2 Denote as usual by (Ω,S∗
P, P∗) the P–completion of (Ω,S, P). The topol-

ogy τ S

Y1(Ω,S∗
P,P∗) is finer than τ S

Y1(Ω,S,P), thus we only need to prove the

result when (Ω,S, P) is complete. To do that, observe first that the τ S

Y1–

closure K of K is also tight. From Theorem 4.2.3, K is τ S

Y1–net–compact.

Indeed, let G′ be a subfamily of G which dominates K and let ε > 0.
There exists Kε ∈ K such that µ(Kc

ε) < ε for each µ ∈ K. Choose an
element Gε of G′ such that Kε ⊂ Gε and let G′′ = {Gε} ⊂ G′. We
have µ(Gc

ε) < ε for each µ ∈ K, thus Topsøe’s criterion applies. Thus
K is compact and K is relatively compact. From Lemma 4.1.1, K is also
sequentially relatively compact.

B) Let K be a τN

Y1–relatively compact subset of Y1. For each µ ∈ Y1, let µΩ =

µ(Ω × .) be the marginal of µ on T, defined by µΩ(B) = µ(Ω × B) for any
B ∈ BT. It is clear that the mapping φ : µ �→ µΩ, Y1 →M+,1(T) is continuous
for τN

Y1 , thus φ(K) is relatively compact, thus it is tight, which means that, for

any ε > 0, there exists a compact subset K of T such that

sup
µ∈K

µ ((Ω×K)c) < ε.

Remarks 4.3.6 (Extension to (M+,1(Ω× T), τN

M))

1. The generalization to (M+,1(Ω× T), τN

M) of Theorem 4.3.5 (except the results
on relative sequential compactness) is immediate.

2. If Ω is standard and T is Suslin regular, we can complete this result in the
following way. Let τΩ be a Polish topology on Ω such that S = B(Ω,τΩ). Then,
from Theorem 2.1.13, τN

M coincides with the narrow topology. If K is strictly
tight, it is tight w.r.t. the set K(Ω × T). Conversely, if T is Prohorov, as the
product of two Prohorov spaces is (trivially) Prohorov, the space Ω× T endowed
with the product topology Ts is Prohorov. Thus any relatively compact subset
of M+,1(Ω× T) is tight w.r.t. K(Ω× T).
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The following result can be seen as a semicontinuity theorem.

Corollary 4.3.7 (When τW

Y1 and τ S

Y1 have the same compact subsets) As-

sume that T is Prohorov and completely regular, and that its compact subsets are
metrizable. Assume furthermore that M+,1(T) = M+,1

τ (T) (all these conditions
are statisfied if T is Suslin regular Prohorov). Let K ⊂ Y1. The following condi-
tions are equivalent:

(a) K is τ S

Y1–relatively compact.

(b) K is τW

Y1–relatively compact.

(c) K is strictly tight.

Proof. As T is completely regular, the topology τ W

Y1 is Hausdorff. The implication

(a) ⇒ (b) is obvious. Assume (b). Then the set (πT)�(K) = {µ(Ω × .); µ ∈ K}
of margins on T of elements of K is relatively compact for the weak topology
on M+,1(T) = M+,1

τ (T), which coincides with the narrow topology because T is
completely regular. As T is Prohorov, (πT)�(K) is tight, thus we have (c). The
implication (c)⇒ (a) comes from the Direct Prohorov Criterion.

Theorem 4.3.5 yields the following complement to the Portmanteau Theorem
2.1.3, which extends by a different method [CV98, Proposition 3.1]. This theorem
is also a semicontinuity theorem. Note that the limit of the net does not need to
be explicited.

Theorem 4.3.8 (Portmanteau Theorem continued) Assume thatM+,1
τ (T) =

M+,1(T) (e.g. T is Radon or hereditarily Lindelöf). Assume furthermore that T

is completely regular and that each compact subset of T is metrizable. Let (µα)α∈A

be a net in Y1. Let C be a set of nonnegative S–measurable bounded functions
which is stable under multiplication of two elements, which contains the constant
function 1 and which generates S (e.g. C consists in the indicator functions of the
elements of a subset of S which is stable under finite intersection, which contains
Ω and which generates S).

Assume that one of the following conditions is satisfied:

(i) (µα)α is strictly tight

(ii) or (µα)α is flexibly tight and T is Suslin regular.

The following are equivalent:

1. (µα)α is S–stably convergent.

2. (µα)α is W–stably convergent.

3. For each f ∈ C, the net (µα(f ⊗ .))α has a limit in M+(T).

4. For each f ∈ C and each g ∈ Cb (T), the net (µα(f ⊗ g))α is convergent.
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Remark 4.3.9 Under Assumption 3, if (µα)α is a sequence and if T is Prohorov,
the set of margins {µα(Ω× .); α ∈ A} is a relatively compact subset of M+,1(T),
thus Condition (i) is satisfied. We shall give a more general result for sequences
in Theorem 4.5.1.

Remark 4.3.10 The hypothesis that M+,1
τ (T) = M+,1(T) can be skipped in

Theorem 4.3.8, if we assume that (µα)α∈A is a net of τ–regular Young measures,
that is, µα(A× .) ∈M+

τ (T) for each α ∈ A and each A ∈ S.

Proof of Theorem 4.3.8. The implications 1 ⇒ 2 ⇒ 4 and 1 ⇒ 3 ⇒ 4 are
obvious. So, we only need to prove 4⇒ 3 and 3⇒ 1.

Note that, as T is completely regular, the weak and narrow topologies coincide
on M+,1

τ (T) =M+,1(T).
Now, if (i) or (ii) holds true, then, by Theorem 4.3.5.(A), the net (µα)α is τ S

Y1–

relatively compact. Therefore, in any case, each subnet of (µα)α has a convergent
subnet (µαβ )β which converges to a limit in Y1.

Assume 4. For each limit λ of a subnet of (µα)α and for every f ∈ C, we have

∀g ∈ Cb (T) λ(f ⊗ g) = lim
α

µα(f ⊗ g),

that is, for every f ∈ C and for all such limits λ, the measures λ(f ⊗ .) coincide
on Cb (T). As T is completely regular, Cb (T) separates the elements of M+(T),
thus, for each f ∈ C, there exists a measure ν ∈ M+(T) such that each subnet of
(µα(f ⊗ .))α has a further subnet which converges to ν. Therefore, (µα(f ⊗ .))α

converges to ν, that is, Condition 3 is satisfied.
Assume now 3. Let E be the set of bounded measurable functions f on Ω such

that (µα(f ⊗ .))α has a limit in M+(T). As in the proof of Part C in Theorem
2.1.3, the set E is a monotone vector space which contains C, thus it contains all
bounded measurable functions on Ω. This proves that 3 does not depend on the
choice of C, thus we can assume without loss of generality that C = { 1lA; A ∈ S}.

For each limit λ of a subnet of (µα)α and for every A ∈ S, we have

λ(A× .) = lim
α

µα(A× .).

Thus all such limits λ coincide on the product S×BT. As S×BT is stable by finite
intersections and generates B, all thoses limits coincide on B. We have proved that
there exists a Young measure λ such that, for each subnet of (µα)α, there exists
a further subnet which S–stably converges to λ. This proves that (µα)α S–stably
converges to λ.

Remark 4.3.11 In the cases (i) and (ii), if (µα)α is a sequence, we can reproduce
the reasoning of the proof 3 ⇒ 1 using subsequences instead of subnets, because,
from Theorem 4.3.5, (µα)α is relatively sequentially compact.
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Support Theorem for strictly tight sequences We now give a result on the
support of the limit of a sequence of Young measures. This result will be used in
Section 6.1. Further developments on the same topic will be made in Section 6.5.
If µ ∈ M+,1(T), we denote by Suppµ the support of µ (if it exists), that is, the
intersection of all closed subsets F such that µ(F ) = 1. It is easy to check that the
support of µ exists when µ is τ–regular, in particular when T is Radon or when T

is hereditarily Lindelöf. If µ is a disintegrable Young measure and Suppµω exists
for all ω ∈ Ω, we shall denote by Suppµ the multifunction ω �→ Suppµω.

We also have to introduce the superior limit in the sense of Kuratowski of a
sequence (Bn)n of subsets of T: this is the set

ls(Bn) =
⋂
n

⋃
m≥n

Bm.

The following theorem is a generalization of [Val90b, Proposition 5 page 159].

Theorem 4.3.12 (Support Theorem) Assume that T has metrizable compact
subsets. Let (µn)n∈N be a strictly tight sequence in Y1 which W–stably converges
to some µ∞ ∈ Y1. For each n ∈ N and each ω ∈ Ω, let Suppµn

ω be the support of
the measure µn

ω. Let L be the graph of the multifunction ls(Suppµn
. ), that is,

L = {(ω, t) ∈ Ω× T; t ∈ ls(Suppµn
ω)} .

We have
µ∞
∗ (L) = 1,

where µ∞
∗ is the interior measure associated with µ∞.

Proof. We can assume w.l.g. that T is Suslin, because there exists a Kσ subset
T0 of T such that µn(Ω × T0) = 1 for every n ∈ N ∪ {∞}. As T is Radon, there
exists a sequence (Kj)j≥1 of elements of K such that, for each j ≥ 1 and for each
n ∈ N ∪ {∞}, µn(Ω×Kj) ≥ 1/j. For each n ∈ N and each j ≥ 1, let Γn,i be the
compact valued multifunction ω �→ Suppµn

ω(. ∩Kj). For each U ∈ G(T), we have

Γ−
n,iU = {ω ∈ Ω; µn

ω(U ∩Kj) > 0} ∈ S,

thus Γn,j is LV–measurable. For every n ∈ N, the multifunction

∆n,j : ω �→ ∪m≥n Γm,j(ω)

is thus LV–measurable, with values contained in Kj . Since the space Kj is sep-
arable metrizable, we have gph (∆n,j) ∈ K (Kj) (see (vi) page 7), which implies
gph (∆n,j) ∈ S ⊗ BT. We thus have ∩n∆n,j ∈ S ⊗ BT, that is,

Lj := ∩n∪m≥n gph (Γm,j) ∈ S ⊗ BT.

Clearly, we also have Lj ⊂ L. Thus, we only need to prove that we have

(4.3.1) µ∞(∪j≥1Lj) = 1
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But we have, for each j ≥ 1,

∀n0 ∈ N ∀n ≥ n0 µn
(
gph

(
∪m≥n0

Γm,j

))
≥ 1− 1

j
,

thus

lim sup
n

µn(Lj) ≥ 1− 1

j
.

Now, from Theorem 4.3.8, the sequence (µn)n∈N S–stably converges to µ∞. We
thus have

µ∞(Lj) ≥ lim sup
n

µn(Lj) ≥ 1− 1

j
,

which proves (4.3.1).

Comparison of flexible tightness and strict tightness The following theo-
rem is a generalization (with a similar proof) of a result of the third author, which
was given in [Jaw84].

Theorem 4.3.13 (Equivalence of tightness notions) Assume that T is Suslin
and that the set K of compact subsets of T, endowed with the Vietoris topology, is
Radon. A set Y ⊂ Y1 is flexibly tight if and only if it is strictly tight.

Such a theorem is not very useful if we do not know when K is Radon. This is
why we now exhibit two particular cases.

Let us say that a sequence (Kn)n of compact subsets of T is a cofinal sequence
if each compact subset of T is contained in some Kn (in this case, it is said that
T is hemicompact). Note that, if the compact subspaces Kn are metrizable, T is a
countable union of Polish spaces, thus it is Lusin.

Theorem 4.3.14 (Cases of equivalence of tightness notions) Assume that
one of the following conditions is satisfied:

(i) T is a regular Suslin Prohorov space,

(ii) T has a cofinal sequence of metrizable compact subsets.

Then the space K is Radon, thus any flexibly tight subset of Y1 is strictly tight.

Polish spaces are regular Suslin Prohorov spaces. Another useful example of Case
(i) is provided by submetrizable kω–spaces, that we shall investigate later in Sec-
tion 4.4.

Submetrizable kω–spaces also belong to Case (ii). Here is another example,
which is not included in Case (i).
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Example 4.3.15 (Topological vector space with a cofinal sequence of
compact subsets) Condition (ii) of Theorem 4.3.14 is satisfied if T is the weak
dual E

∗
σ of a separable (locally convex) Fréchet space E. Indeed, as E is barrelled,

each bounded subset of E
∗
σ is relatively compact, and, from [Bou81, Proposition

2 page IV.21], there exists a sequence (Kn)n≥1 of closed bounded subsets of E∗
σ

such that each bounded subset of E∗
σ is contained in some Kn.

Furthermore, from the separability of E, there exists a countable family of con-
tinuous functions on E

∗
σ which separates the points of E

∗
σ, thus E

∗
σ is submetrizable,

thus its compact subsets are metrizable.
But, if E is not nuclear, E

∗
σ does not belong to Case (i), because σ(E∗, E) is

not Prohorov [Fer94].

Proof of Theorem 4.3.13. Assume that Y is flexibly tight and let ε > 0. Let
K ∈ K be such that

sup
µ∈Y

µ (Kc) = sup
µ∈Y

∫
Ω

µω(T \K(ω)) d P(ω) <
ε

2
.

From Remark 1.2.1, as T is Suslin, K can be seen as a random element of K
(defined on the universal completion (Ω,S∗, P∗) of (Ω,S, P)), because, for any
open subset U of T, the sets

{ω ∈ Ω; K(ω) ∩ U �= ∅} = πΩ (K ∩ (Ω× U))

and

{ω ∈ Ω; K(ω) ⊂ U} = πΩ (K ∩ (Ω× U c))
c

belong to S∗, where πΩ denotes the canonical projection Ω× T → Ω. To simplify
notations, we assume now w.l.g. that (Ω,S, P) = (Ω,S∗, P∗).

As K is radon, the law L (K) of the random element K is Radon, thus there
exists a compact subset K of K such that

P {ω ∈ Ω; K(ω) ∈ K} ≥ 1− ε

2
.

From Michael’s characterization of compact subsets of K [Mic51, Theorem 2.5.2]
(see also [Chr74, Theorem 3.1] for the converse implication), the set

H = ∪L∈KL

is compact.
Now, let Ω′ = {ω ∈ Ω; K(ω) ∈ K}. We have P(Ω \ Ω′) ≤ ε/2 thus, for any

µ ∈ Y,

µ(Ω×Hc) =

∫
Ω′

µω(Hc) d P(ω) +

∫
Ω\Ω′

µω(Hc) d P(ω)

≤
∫

Ω′
µω(T \K(ω)) d P(ω) +

ε

2

< ε.
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Remark 4.3.16 It is easy to prove directly that, under the hypothesis (i) or (ii)
of Theorem 4.3.14, any flexibly tight subset of Y1 is strictly tight.

Indeed, let Y ⊂ Y1 be flexibly tight. If (i) is satisfied, from Prohorov Criterion,
Y is relatively compact in Y1. From the Converse Prohorov Criterion, it is thus
strictly tight.

Assume now (ii). Then T is Lusin. Let (Ln)n∈N be a nondecreasing cofinal
sequence of metrizable compact subsets of T. Let ε > 0 and let K ∈ K such that
µ(K) ≥ 1− ε/2 for each µ ∈ Y. By the Projection Theorem, for each n ∈ N, the
set An = {ω ∈ Ω; K(ω) ⊂ Ln} is in S∗, and we have ∪nAn = Ω and (An)n is
nondecreasing. There exists thus n0 ∈ N such that P∗(An0

) ≥ 1 − ε/2. We then
have, for every µ ∈ Y,

µ(Ω× Ln0
) ≥ µ(K \ (Ac

n0
× T)) ≥ 1− ε/2− ε/2 = 1− ε.

A part of the proof of Theorem 4.3.14 lies in the following lemma. We recall
that, if A is a random subset of T and f : Ω → T a mapping, we say that f is a
selection of A if f(ω) ∈ A(ω) for each ω ∈ Ω.

Lemma 4.3.17 Assume that T is Suslin submetrizable. Let K be a random ele-
ment of K. Let Z be the set of measurable selections of K and set Y = {L (f) ; f ∈
Z}. Then Y is a relatively compact subset of M+,1(T).

Proof. From Remark 1.2.1 (vi), K is graph–measurable, that is, K ∈ K. Let
Y′ = {δf ; f ∈ Z}. The set Y′ is flexibly tight thus, from the Direct Prohorov

Criterion (Theorem 4.3.5), it is relatively compact in Y1. Thus Y = (πT)�(Y
′) is

relatively compact in M+,1(T).

Proof of Theorem 4.3.14.

(i) We denote as usual by τT the topology of T and by τ0 a separable metrizable
topology which is coarser than τT. Necessarily, τ0 has the same Borel sets as τT.

Let us denote by τV(τT) the Vietoris topology on K and by τV(τ0) the Vietoris
topology on the bigger set K(T, τ0). The topology τV(τT) is submetrizable, because
it is finer than the trace on K of τV(τ0), which is metrizable. Thus, to prove that
K(T, τT) is Radon, we only need to prove that every element of M+,1(K(T, τT)) is
tight (see page 12).

Let K be a random element of K. With the notations of Lemma 4.3.17, the
set Y is relatively compact. As T is a completely regular Prohorov space, the
space M+,1(T) is Prohorov [Wój87]. There exists thus a nondecreasing sequence
(Lm)m≥1 of compact subsets of T such that, for each element f of Z and each m,
we have P{ω ∈ Ω; f(ω) �∈ Lm} ≤ 1/m.

Assume that the law µ of K is not tight. From Michael’s characterization of
compact subsets of K [Mic51, Theorem 2.5.2], there exists ε > 0 such that, for each
m ≥ 1, the set Am := {ω ∈ Ω; K(ω) �⊂ Lm} satisfies P(Am) > ε. From [CV77,
Theorem III.22], for each m ≥ 1, there exists on Am a measurable selection fm of
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ω �→ K(ω) \ Lm. Let σ0 be an arbitrary measurable selection of K. We extend
fm on Ω by setting fm(ω) = σ0(ω) for ω �∈ Am. We have fm ∈ Z, thus

P(Am) = P{ω ∈ Ω; fm(ω) �∈ Lm} ≤ 1/m

which, for m > 1/ε, contradicts P(Am) > ε.
(ii) Let (Ln)n∈N be a cofinal sequence of metrizable compact subsets of T.

From [Chr74, Theorem 3.1], if C is a compact subset of K(T), there exists n ∈ N

such that every element of C is a subset of Ln. Thus we have

K(T) = ∪n∈NK(Ln).

Furthermore, the Vietoris topology on each K(Ln) is induced by the Vietoris
topology on T. But each K(Ln) is Polish (e.g. [CV77, Corollary II.9]), thus K(T) is
a countable union of Lusin spaces, thus it is Lusin, thus it is Radon.

4.4 Submetrizable kω–spaces, Change of Topology
Lemma

Submetrizable kω–spaces Submetrizable kω–spaces are Suslin spaces which
share many properties with Polish spaces. They are interesting not only because
of these nice properties, but also because, in the study of tight sets of Young
measures, it is sometimes possible to replace the topology of T by a stronger one
which makes T a submetrizable kω–space (see the “Change of Topology Lemma”
4.4.3, and some of its applications in Section 4.5).

We say that a Hausdorff topological space T is a kω–space if there exists a
countable family K of compact subsets of T such that T = ∪K∈KK and any subset
U of T is open if and only if, for each K ∈ K, K ∩ U is an open subset of K
(in the relative topology). We then say that K determines the topology of T.
The kω–spaces are the same spaces as the hemicompact kR–spaces considered in
[Whe83].

It is easy to check that, if K = {K0, K1, . . .} determines the topology of T,
then {K0, K0 ∪K1, . . . ,∪j≤nKn, . . .} also determines the topology of T, thus we
can always assume that K = {K0, K1, . . . } for a nondecreasing sequence (Kn)n.
In other words, a kω–space is the inductive limit of a nondecreasing sequence of
compact subsets.

Here are some properties of kω–spaces which will be useful in the sequel.

1. Assume that (Kn)n is a nondecreasing sequence of compact subsets of T

which determines the topology of T. Then (Kn)n is a cofinal sequence of
compact subsets of T. Indeed, assume the contrary and let K be a compact
subset of T which is not contained in any Kn. There exist a sequence (xk)k of
elements of K and a subsequence (Knk

)k of (Kn)n such that xk ∈ Knk+1
\Knk

for each k. Let L = {xk; k ∈ N}. For each n ∈ N, the set L ∩Kn is finite,
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thus it is closed. As T is determined by the sets Kn, this means that L is
closed, thus L is compact because it is contained in K. But the relative
topology of L is determined by the sets {Kn ∩ L; n ∈ N}, which are finite.
Thus L is discrete. This leads to a contradiction, because every discrete
compact space is finite.

2. Every Hausdorff kω–space is normal, as was proved by Morita [Mor56] (see
also [All96, Proposition 2.7.1]).

3. Every kω–space whose compact subsets are metrizable is a (normal, thus
regular) Lusin space, because it is a countable union of Polish spaces.

4. Thus a kω–space is submetrizable if and only if its compact subsets are
metrizable.

5. Every kω–space is Prohorov: This is a consequence of Corollary 6 in [HJ72].

Examples 4.4.1 (kω–spaces: a recipe) To build a kω–space, one can take a
topological space (T, τ0) which admits a cofinal sequence of compact subsets, and
then endow T with the finest topology τ which has the same compact sets as τ0.

The following example comes from [HJ72]: If E is a Fréchet space, we can take
for (T, τ0) the weak dual E∗

σ as in Example 4.3.15. Then, from Banach–Dieudonné
Theorem (e.g. [Bou81, Sch66]), τ is the topology τc of uniform convergence on com-
pact subsets of E. If, furthermore, E is separable, then T = E

∗
c is a submetrizable

kω–space.

In particular, if E is a Fréchet–Montel space, then τ = τc is also the topology
τb of uniform convergence on bounded subsets of E, that is, T is the strong dual
E
∗
b of E. Thus the space S ′ of tempered distributions is a submetrizable kω–space.

The following lemma shows how close to Polish spaces are submetrizable kω–
spaces, with respect to properties of tight sets of Young measures. It will be used
in particular in the proof of Proposition 4.5.2, in the case when T is a submetrizable
kω–space.

Lemma 4.4.2 (Lifting Lemma) Assume that T is a submetrizable kω–space and
let (Kn)n be a nondecreasing sequence of compact subsets of T which determines
the topology of T. There exist a Polish locally compact kω–space S, a continuous
surjection π : S → T and a Borel injection ψ : T → S such that

1. π ◦ ψ is the identity mapping of T (in other words, ψ is a lifting of π),

2. For each compact subset K of T, ψ(K) is a relatively compact subset of S.

3. A subset K of M+,1(T) is tight if and only if its image ψ�(K) by ψ in M+,1(S)
is tight.



102 CHAPTER 4. COMPACTNESS

Furthermore, the mappings

π :

{
Ω× S → Ω× T

(ω, s) �→ (ω, π(s))
and ψ :

{
Ω× T → Ω× S

(ω, t) �→ (ω, ψ(t))

are measurable and satisfy

4. π ◦ ψ is the identity mapping of Ω× T,

5. For each K ∈ K, ψ(K) is a random compact subset of S, and, for each random
compact subset K of S, we have π(K) ∈ K.

6. For ∗ = S,M,N,W, the mapping π� maps continuously (Y1(S), τW

Y1(S)) onto

(Y1(T), τ *

Y1) (note that, from Part G of Portmanteau Theorem 2.1.3, we know

that the topologies τ *

Y1(S) coincide). Furthermore, a subset K of Y1(T) is strictly

tight if and only if its image ψ
�
(K) in Y1(S) by ψ is strictly tight.

Proof. For each integer m ≥ 1, let dm be a distance on Km which is compatible
with the topology induced by τ and such that dm ≤ 1.

For each m ≥ 1, let K̃m = {m} ×Km. We then set

S = ∪m≥1{m} ×Km

and we endow S with the distance d̃ defined by d̃((m, x), (n, y)) = dm(x, y) if m = n

and d̃((m, x), (n, y)) = 1 otherwise. The space S is a Kσ metric space (it is even
locally compact), thus it is separable, and it is easy to check that it is complete
(see [Bou74], Proposition 1 page IX.57), that the canonical surjection π : S → T,
(m, x) �→ x is continuous and that, for each m ≥ 1, π induces a homeomorphism

of K̃m onto Km. The topology of S is determined by the sets Cn = ∪j≤nK̃j .

For each m ≥ 1, let πm be the restriction of π to K̃m. Let ψ : T → S defined
by ψ(x) = π−1

m (x) if x ∈ Km \Km−1 (we set K0 = ∅). Thus π ◦ψ(x) = x for every
x ∈ T, and ψ is a measurable injection.

The proof of 3 follows immediately from the fact that ψ and π map compact
subsets into relatively compact subsets.

The verification of 4 and 5 is trivial.
Let us prove 6. To prove the continuity property, we only need to prove that

π� maps continuously (Y1(S), τ S

Y1(S)) onto (Y1(T), τ S

Y1).

Let G be a random open subset of T. The set π−1(G) is measurable and, for
each ω ∈ Ω, the set π−1(G(ω)) is open, thus π−1(G) is a random open subset of S.
Let (µα)α be a net in Y1(S) which S–stably converges to an element µ∞ of Y1(S).
We thus have

lim inf
α

(π� µα)(G) = lim inf
α

µα(π−1(G))

≥ µ∞(π−1(G))

= (π� µ∞)(G),



4.4. SUBMETRIZABLE kω–SPACES 103

which shows the continuity of π� for τ S

Y1(S) and τ S

Y1 . As there is only one stable

topology on Y1(S), this entails the continuity for ∗ = M, N and W on Y1(T).
For every µ ∈ Y1(T) and for every B ∈ BS, we have

(ψ
�
µ)(Ω×B) = µ(ψ−1(Ω×B)) = µ(Ω× ψ−1(B)),

thus

(4.4.1) (ψ
�
µ)(Ω× .) = ψ�(µ(Ω× .)).

Let K ⊂ Y1(T). The set K is strictly tight if and only if {µ(Ω × .); µ ∈ K} is a
tight subset of M+,1(T), But, from Property 3, the set {µ(Ω× .); µ ∈ K} is tight
if and only if its image by ψ is a tight subset of M+,1(S), which, by (4.4.1), means
that ψ

�
(K) is strictly tight.

Change of Topology Lemma Let (Kn)n∈N be a sequence of compact subsets
of T. Let K ⊂ M+,1(T). Let us say that (Kn)n∈N tightens K if, for each ε > 0,
there exists an n ∈ N such that supµ∈K µ(Kc

n) ≤ ε.
If each compact subset of T is metrizable, and if K is a subset of Y 1 which

is tightened by a nondecreasing sequence (Kn)n∈N of metrizable compact subsets
of T, the topology of K remains unchanged if we replace the topology of T by a
stronger kω–topology. This is shown in the following lemma, the idea of which is
due to A. Bouziad.

Lemma 4.4.3 (Change of topology [Bou]) Assume that each compact subset
of T is metrizable. Let K be a strictly tight subset of Y1. Let (Kn)n∈N be a non-
decreasing sequence of compact subsets of T which tightens K. Let T0 = ∪n∈NKn.
We thus have µ(Ω× T0) = 1 for every µ ∈ K, that is, K ⊂ Y1(T0). Let τ ′

0 be the
topology on T0 determined by the sets Kn. Then

(i) (T0, τ
′
0) is a submetrizable kω–space,

(ii) τ ′
0 is finer than the topology τ0 induced on T0 by τT, and τ ′

0 has the same
Borel sets as τ0,

(iii) (Kn)n is a sequence of τ ′
0–compact subsets of T0 which tightens K,

(iv) The topologies τ S

Y1(T0,τ ′
0)

, τW

Y1(T0,τ ′
0)

, τ S

Y1(T,τT) and τW

Y1(T,τT) coincide on K.

Proof. The only point which needs a proof is (iv). First, for ∗ = S, M, N, W, let
τ *

Y1(T)Y1(T0)
be the restriction of τ *

Y1(T) to the subspace Y1 (T0). We have

τW

Y1(T)Y1(T0)
⊂ τ S

Y1(T)Y1(T0)
⊂ τ S

Y1(T0,τ0)
⊂ τ S

Y1(T0,τ ′
0)

.

But the τ S

Y1(T0,τ ′
0)

–closure K of K is strictly tight in Y1(T0, τ
′
0), thus it is τ S

Y1(T0,τ ′
0)

–

compact, therefore τ S

Y1(T0,τ ′
0)

and τW

Y1(T)Y1(T0)
coincide on K.
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Remark 4.4.4 Taking S = {∅, Ω}, the Change of Topology Lemma implies that
the narrow topologies on M+,1(T, τT) and M+,1(T0, τ

′
0) coincide on any subset K

of M+,1(T) which is tightened by (Kn)n∈N.

4.5 Sequential properties: sequential Prohorov
property, Komlós convergence, Mazur–com-
pactness

Sequential Prohorov property Let us say that T is sequentially Prohorov if
every convergent sequence in M+,1

t (T) is tight. Clearly, Prohorov spaces are se-
quentially Prohorov. Topsøoe [Top70b, Theorem 9.3] provides another sufficient
criterion, generalizing a result of Le Cam: If, for any K ∈ K, there exists K0 ∈ K
such that K ⊂ K0 and K0 has a countable base of neighbourhoods, then T is se-
quentially Prohorov. In particular, all metric spaces and all locally compact spaces
are sequentially Prohorov. Fernique [Fer67, Exemple 1.6.4] gives a counterexample
showing that the weak topology σ(E, E) of an infinite dimensional Hilbert space
is never sequentially Prohorov. This counterexample is generalized in [FGH72,
page 126] to prove that, if E is an infinite dimensional Banach space with dual E

∗,
neither (E, σ(E, E∗)) nor (E∗, σ(E∗, E)) is sequentially Prohorov.

The following result is almost obvious, but very important!

Theorem 4.5.1 (Sequential Semicontinuity Theorem) Assume that T is se-
quentially Prohorov and that its compact subsets are metrizable. Let (µn)n∈N be a
sequence of elements of Y1 and let µ∞ ∈ Y1. Assume that, for each n ∈ N∪{∞},
µn(Ω× .) is in M+

t (T) (this is the case if T is metrizable or if T is Radon). The
following implication holds true:

µn N–stably−−−−−→ µ∞ ⇒ µn S–stably−−−−−→ µ∞.

In particular, if T is completely regular and Radon or if T is metrizable, we have

µn W–stably−−−−−→ µ∞ ⇒ µn S–stably−−−−−→ µ∞.

Proof. Indeed, from the Converse Prohorov Criterion (Theorem 4.3.5), the set
K = {µn; n ∈ N ∪ {∞}} is strictly tight, because the margins µn(Ω× .) narrowly
converge to µ∞(Ω× .). Thus, from the Direct Prohorov Criterion (Theorem 4.3.5),
K is τ S

Y1–compact, and the topologies τ S

Y1 and τN

Y1 coincide on K.

If T is is completely regular and Radon or if T is metrizable (provided that
T contains a dense subspace with non–measurable cardinal), we have M+

τ (T) =
M+(T), thus τN

Y1 = τW

Y1 (see Part D of Theorem 2.1.3).
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Proposition 4.5.2 (Relative compactness deduced from sequential rela-
tive compactness) Assume that T is a Polish space or a sequentially Prohorov
space with a cofinal sequence of metrizable compact subsets. Let K be a τ S

Y1–

sequentially relatively compact subset of Y1. Then K is strictly tight.
In particular, any sequentially Prohorov space with a cofinal sequence of metriz-

able compact subsets is Prohorov.

Remark 4.5.3 That τ S

Y1–sequential relative compactness implies τ S

Y1–relative com-

pactness is obvious if S is essentially countably generated and T is a Suslin metriz-
able space, because then, from Proposition 2.3.1, τ S

Y1 is metrizable.

Proof of Proposition 4.5.2. Assume first that T is Polish. From continuity
of the mapping µ �→ µ(Ω× .), the set {µ(Ω× .); µ ∈ K} is sequentially relatively
compact. From metrizability of M+,1(T), it is thus relatively compact, thus it
is tight. This means that K is strictly tight. Thus, from the Direct Prohorov
Criterion (Theorem 4.3.5), K is relatively compact.

Assume now that T is a sequentially Prohorov space with a cofinal sequence
(Km)m≥1 of metrizable compact subsets. We can assume that (Km)m≥1 is non-
decreasing. Let τ ′ be the kω–topology determined by (Km)m≥1. Let (µn)n be
a sequence in K. Let (νn)n be a subsequence of (µn)n. There exists a τ S

Y1–

convergent subsequence (λn)n of (νn)n. From the sequential Prohorov property,
the set {λn; n ∈ N∪{∞}} is strictly tight. Thus {λn; n ∈ N∪{∞}} is strictly tight
for τ ′. Thus K is sequentially relatively compact for τ S

Y1(τ ′). As τ ′ is finer than τT,

we can thus assume without loss of generality that T is a submetrizable kω–space.
From Lemma 4.4.2, and with the same notations, the set ψ

�
({λn; n ∈ N ∪ {∞}})

is strictly tight. From Prohorov Criterion (Theorem 4.3.5), there exists a subse-
quence (ρn)n of (ψ

�
λn)n which is convergent for τ S

Y1(S). This shows that the set

ψ
�
K is τ S

Y1(S)–sequentially relatively compact. Therefore, from continuity of the

mapping π� : Y1(S)→ Y1(T), we can deduce the result from the Polish case.

Komlós convergence Let (un)n be a sequence of random elements of a topo-
logical vector space T, defined on (Ω,S, P), and let u be a random element of T
defined on (Ω,S, P). Following Balder [Bal91], we say that (un)n Komlós con-
verges, or K–converges to u if, for every subsequence (vn)n of (un)n, the sequence(

1

n

∑n
j=1 vj

)
n

almost everywhere converges to u, and, when we consider random

laws (i.e. disintegrable Young measures), we adapt naturally this definition to the
convex set M+,1(T) endowed with the topology of narrow convergence.

We recall the celebrated Komlós Theorem [Kom67]: If (un)n is a bounded
sequence of elements of L1(Ω,S, P), then there exists a subsequence (vn)n of (un)n

which K–converges to an element v of L1(Ω,S, P).
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This theorem has been extended to random elements of a Banach space (with
additional conditions) in [Bou79, Gar79, BBR79, Bal89b, Gue97, Saa98]. Multi-
valued versions of Komlós’s theorem are given in [BH96, CE98].

E. Balder [Bal90] was the first who applied this theorem to Young measures
(but the notion of K–convergence is already at work in [Fis67, Section 3] or in
[Fis71]).

In particular, he used it as a tool to prove sequential compactness in Y 1
dis. On

the contrary, we deduce here K–convergence of Young measures from sequential
compactness. The following lemma is very powerful, because it allows to pass from
S–stable convergence to almost everywhere convergence. It is essentially due to
Balder [Bal90], who proved it in the Suslin regular case.

Lemma 4.5.4 (K–convergence from S–stable convergence) Assume that
the compact subsets of T are metrizable. Let (µn)n∈N be a strictly tight sequence
in Y1 = Y1

dis (see Lemma 4.3.1), which S–stably converges to a limit µ∞ ∈ Y1
dis.

Then there exists a subsequence of (µn)n∈N which K–converges to µ∞.

Proof.

First step Assume first that T is a separable metric space. There exists thus a
countable set {fk; k ∈ N} of nonnegative bounded continuous functions on T such
that the topology of M+,1(T) is the coarsest topology such that the mappings
ν �→ ν(fk) (k ∈ N) are continuous.

For each k ∈ N and each n ∈ (N ∪ {∞}), let ϕn
k be the random variable

ω �→ µn
ω(fk). We have limn→∞

∫
A

ϕn
k d P =

∫
A

ϕ∞
k d P for every A ∈ S and every

k ∈ N. In particular, (ϕn
k)n∈N is bounded in L1. From Komlós Theorem, there

exists a subsequence of (ϕn
k )n∈N which K–converges to a limit gk. From Lebesgue’s

dominated convergence theorem, we have necessarily gk = ϕ∞
k . By an obvious

diagonal process, we can extract a subsequence (µ̃n)n∈N of (µn)n∈N such that, for
each k ∈ N, the associated sequence (ϕ̃n

k )n∈N K–converges to ϕ∞
k . This proves

that (µ̃n)n∈N K–converges to µ∞.

Second step Assume now that T is a submetrizable kω–space. We use the
notations of the Lifting Lemma 4.4.2. From the Converse Prohorov Criterion
(Theorem 4.3.5), the set Y := {µn; n ∈ (N ∪ {∞})} is strictly tight, thus, from
Lemma 4.4.2, the image Y′ of Y by the lifting ψ is a strictly tight subset of Y1

dis(S).
From the Direct Prohorov Criterion (Theorem 4.3.5), there exists a subsequence
(νn)n of (ψ(µn))n which S–stably converges to a limit ν, and from continuity of
µ �→ π(µ), we have π(ν) = µ∞. From the first step, there exists a subsequence
(ν̃n)n of (νn)n which K–converges to ν, and from continuity of π, the sequence
(π(ν̃n))n K–converges to µ∞.

Third step We now consider the general case. As (µn)n∈N is tight, we can
assume that T is a Kσ–space. From the Change of Topology Lemma 4.4.3, there
exists thus a topology τ ′ on T which is finer than the original topology τT of T,
such that (T, τ ′) is a submetrizable kω–space and such that (µn)n∈N converges
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to µ∞ for τ S

Y1(τ ′). From the second step, there exists a subsequence (µ̃n)n∈N of

(µn)n∈N which K–converges to µ∞ in M+,1(τ ′), thus in M+,1(τT).

Let us introduce in the next lemma a condition of “sequential almost every-
where tightness” for disintegrable Young measures.

Lemma 4.5.5 Assume that T is a Suslin regular Prohorov space or that T has
a cofinal sequence of metrizable compact subsets. Let Y ⊂ Y1 be such that, for
each sequence (µn)n∈N of elements of Y, the set {µn

ω; n ∈ N} is almost everywhere
tight. Then Y is τ S

Y1–sequentially relatively compact.

Proof. Assume first that T is a regular Suslin Prohorov space. Let (µn)n∈N be a
sequence in Y. For each ω ∈ Ω, let

H(ω) =
⋃
n∈N

{µn
ω}.

For almost every ω ∈ Ω, the set H(ω) is closed and tight, thus compact.
For any open subset U of M+,1(T), we have

H−U = {ω ∈ Ω; H(ω) ∩ U �= ∅} =
⋃
n∈N

{ω ∈ Ω; µn
ω ∈ U} ∈ S,

thus H is LV–measurable. Now, as M+,1(T) is Suslin regular, there exists from
Lemma 1.1.2 a continuous distance δ on M+,1(T) such that U is δ–open. From
[CV77, Theorem III.2], as H is δ–LV–measurable, it is also δ–V–measurable, thus
we have also H+U ∈ S. Therefore H is a Borel mapping from Ω to K(M+,1(T)).

Let ε > 0. The space M+,1(T) is Suslin regular. Furthermore, from [Wój87],
M+,1(T) is Prohorov. Thus, from Theorem 4.3.14, the space K(M+,1(T)) is

Radon. There exist thus Ω1 ∈ S and a compact subset Ĉ of K(M+,1(T)) such
that

P(Ω1) ≥ 1− ε/2 and ∀ω ∈ Ω1 H(ω) ∈ Ĉ.

Now, from [Mic51, Theorem 2.5.2], the set

C = ∪L∈bCL

is a compact subset of M+,1(T). We thus have

∀ω ∈ Ω1 H(ω) ⊂ C.

As M+,1(T) is Prohorov, there exists a compact subset L of T such that, for any
ν ∈ C, we have ν(L) ≥ 1− ε/2. We thus have

sup
n∈N

µn(Ω× L) ≥ sup
n∈N

µn(Ω1 × L) ≥ (1− ε/2)2 ≥ 1− ε.
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This shows that the set {µn; n ∈ N} is strictly tight, thus, from the Direct Pro-
horov Criterion (Theorem 4.3.5), it admits a convergent subsequence. Thus Y is
τ S

Y1–sequentially relatively compact.

Assume now that T admits a cofinal sequence (Kn)n of metrizable compact
subsets. We assume w.l.g. that (Kn)n is nondecreasing. Let τ ′ be the topol-
ogy on T determined by (Kn)n. For each sequence (µn)n∈N of elements of Y,
the sequence (µn

ω)n∈N is almost everywhere tight in M+,1(T, τ ′). As (T, τ ′) is a
submetrizable kω–space, it is regular Suslin and Prohorov, thus, from the preced-
ing study, Y is τ S

Y1(T,τ ′)–sequentially relatively compact, and therefore it is also

τ S

Y1(T,τT)–sequentially relatively compact.

We deduce from Lemma 4.5.5 the following converse to Lemma 4.5.4. We shall
use again Lemma 4.5.5 in the proof of Theorem 4.5.8.

Proposition 4.5.6 (S–stable convergence from K–convergence) Let (µn)n

be a sequence in Y1
dis which K–converges to a limit µ∞ ∈ Y1

dis. Assume that T

is Suslin regular. Assume furthermore that (µn)n is strictly tight, or that T is
Prohorov, or that T has a cofinal sequence of metrizable compact subsets. Then
(µn)n S–stably converges to µ∞.

Proof. From the Direct Prohorov Criterion (Theorem 4.3.5) if (µn)n is strictly
tight, or else from Lemma 4.5.5, (µn)n is τ S

Y1–sequentially relatively compact.

For each subsequence of (µn)n, there exists a further subsequence (µ̃n)n of (µn)n

which S–stably converges to a limit ν. But, as (µn)n K–converges to µ∞, we have
µ∞ = ν. Indeed, for each A ∈ S and each f ∈ Cb (T), we have, using Lebesgue’s
dominated convergence theorem,

ν( 1lA ⊗ f) = lim
n

µ̃n( 1lA ⊗ f) = lim
n

1

n

n∑
i=1

µ̃i( 1lA ⊗ f) = µ( 1lA ⊗ f).

We have proved that each subsequence of (µn)n has a further subsequence which
S–stably converges to µ∞. Thus (µn)n S–stably converges to µ∞.

Mazur–compactness For any subset A of a vector space, we denote by co A
the convex hull of A.

Let us recall the following theorem of Mazur (see [Maz33, Section 2]): If
(xn)n is a weakly convergent sequence of a Banach space E, then there exists
a sequence (yn)n of elements of E which converges in E to the same limit, with
yn ∈ co{xn, xn+1, . . . }. Indeed, let x be the weak limit of (xn)n. Let us denote
respectively by w–cl [A] and cl [A] the weak and strong closures of a subset A of
E. We then have, for every n,

x ∈w–cl [{xn, . . . }] ⊂w–cl [co {xn, . . . }] = cl [co {xn, . . . }] .
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Let Y be a set of random elements of a topological vector space. We assume
that all elements of Y are defined on (Ω,S, P). We say that Y is Mazur–compact
if, for each sequence (un)n of elements of Y, there exists a sequence (vn)n which is
almost everywhere convergent and such that, for each n ∈ N, vn ∈ co {um; m ≥ n}.

Of course, we can apply this definition to disintegrable Young measures by
embedding the convex set M+,1(T) in the vector space of signed measures on T.

Yet another characterization of strict tightness and flexible tightness (in
the case of a Polish space or a submetrizable kω–space) This characteriza-
tion will be given in Theorem 4.5.8, using K–convergence and Mazur compactness.

The following lemma gives a necessary and sufficient condition of relative com-
pactness in M+,1(T). It was proved in [CV98, Proposition 3.3] in the case when
T is Polish (see also Proposition 6.4.4 page 158). We shall use this lemma in the
proof of Theorem 4.5.8, which gives necessary and sufficient conditions of relative
compactness for τ S

Y1 .

Lemma 4.5.7 Assume that T is Polish or that T has a cofinal sequence of metriz-
able compact subsets (e.g. T is a submetrizable kω–space). Let Y ⊂M+(T). The
following conditions are equivalent:

1. Y is tight.

2. For each sequence (µn)n of elements of Y, there exists a tight sequence (νn)n

in M+(T) such that, for every n ∈ N, νn ∈ co {µm; m ≥ n}.
Proof.

The proof in the Polish case is given in [CV98, Proposition 3.3]. We reproduce
it in Chapter 6 (Proposition 6.4.4 page 158), instead of giving it here, because it
uses duality arguments which are best integrated in this chapter. But there is no
logical circle !

Assume that T has a cofinal sequence of metrizable compact subsets. The
implication 1⇒2 is obvious, because, for every n, we have µn ∈ co {µm; m ≥ n}.

Conversely, assume 2. Let (µn)n∈N be a sequence of elements of Y. Let (Kj)j∈N

be a cofinal sequence of metrizable compact subsets of T. Each tight subset of
M+,1(T) is tightened by (Kj)j∈N. Thus, if τ ′ denotes the kω topology determined
by (Kj)j∈N, each tight subset of M+,1(T) is tight for τT if and only if it is tight for
τ ′. We can thus assume without loss of generality that T is a submetrizable kω–
space. With the notations of Lemma 4.4.2, let C = ψ(Y). Let (µn)n be a sequence
of elements of C. Then there exists a tight sequence (νn)n in M+(T) such that,
for every n ∈ N, νn ∈ co {π� µm; m ≥ n}. We thus have ψ� νn ∈ co {µm; m ≥ n}.
From Proposition 3.3 in [CV98], the set C is tight, thus, from Lemma 4.4.2, Y =
π�(C) is tight.

Theorem 4.5.8 Assume that T is Polish or that T is a Prohorov space with a
cofinal sequence of metrizable compact subsets (e.g. T is a submetrizable kω–space).
Let Y ⊂ Y1. The following conditions are equivalent:
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1. Y is (strictly or flexibly) tight.

2. For each sequence (µn)n of elements of Y, there exists a subsequence (λn)n of
(µn)n which is K–convergent.

3. For each sequence (µn)n of elements of Y, there exists a subsequence (λn)n of
(µn)n such that the sequence (

1/n

n∑
i=1

λi
ω

)
n

is almost everywhere convergent.

4. K is Mazur–compact.

5. For each sequence (µn)n of elements of Y, there exists a sequence (νn)n in Y1

such that, for every n ∈ N, νn ∈ co {µm; m ≥ n} and, for almost every ω ∈ Ω,
(νn

ω)n is tight.

6. For each sequence (µn)n of elements of Y, there exists a (strictly or flexibly)
tight sequence (νn)n in Y1 such that, for every n ∈ N, νn ∈ co {µm; m ≥ n}.

Proof.
1⇒ 2 comes from Lemma 4.5.4.
2⇒ 3 is obvious.
3⇒ 4 Assume 3. Let (µn)n be a sequence of elements of Y and let (λn)n be a

subsequence of (µn)n such that the sequence (1/n
∑n

i=1 λi
ω)n is almost everywhere

convergent. For almost every ω ∈ Ω, the sequence

(νn
ω)n :=

(
1

n(n− 1)

n2∑
i=n+1

λi
ω

)
n

=

(
n2

n2 − n

(
1

n2

n2∑
i=1

λi
ω

))
n

−
(

1

n− 1

(
1

n

n∑
i=1

λi
ω

))
n

is almost everywhere convergent, and we have νn ∈ co {µm; m ≥ n} for every
n ≥ 1.

4 ⇒ 1 Assume 4. Let (µn)n be a sequence of elements of Y. For each subse-
quence (λn)n of (µn)n, there exists a subsequence (νn)n in Y1 such that, for every
n ∈ N, νn ∈ co {λm; m ≥ n} and such that (νn

ω)n almost everywhere converges.
The sequence (νn(Ω×.)) is narrowly convergent, thus (νn)n is strictly tight. Thus,
for each subsequence (λn(Ω× .))n of (µn(Ω× .))n, there exists a narrowly conver-
gent sequence (ν̃n)n in M+,1(T) such that ν̃n ∈ co {λm(Ω× .); m ≥ n} for every
n ∈ N. From [CV98, Proposition 3.3], this implies that (µn)n is strictly tight.

4⇒ 5 is obvious from the (sequential) Prohorov property.
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5⇒ 6 comes from Lemma 4.5.5 and the fact that T is sequentially Prohorov.
6 ⇒ 4 Assume 6. Let (µn)n be a sequence of elements of Y and let (νn)n

be a flexibly tight sequence (νn)n in Y1 such that, for every n ∈ N, νn ∈
co {µm; m ≥ n}. Using again Balder’s result (Lemma 4.5.4), we see that there
exists a subsequence of (νn)n which is K–convergent. We denote this subsequence
again by (νn)n. We then obtain 4 by the same technique as for the implication
3⇒ 4.

Corollary 4.5.9 Assume that T is Polish or that T is a Prohorov space with a
cofinal sequence of metrizable compact subsets (e.g. T is a submetrizable kω–space).
Let Y be a convex subset of Y1. The following conditions are equivalent:

1. Y is sequentially closed for τW

Y1 .

2. Y is sequentially closed for τprob

(
Y1

)
.

In particular, if T is Polish and S is essentially countably generated, then every
closed convex subset of (Y1, τW

Y1) = (Y1, τ S

Y1) is closed for τprob

(
Y1

)
.

Proof. From Theorem 3.1.2, we have 1 ⇒ 2. Assume 2 and let (µn)n∈N be a
sequence in Y1 which W–stably converges to some µ ∈ Y1. Then {µn; n ∈ N} is
strictly tight, thus, from Theorem 4.5.8, there exists a subsequence (νn)n of (µn)n

such that

lim
n

1

n

n∑
i=1

νi
ω = µω a.e.

Thus the sequence (1/n
∑n

i=1 νi)n converges in probability to µ. As Y is convex
and sequentially closed in probability, we thus have µ ∈ Y, which proves 1.

If T is Polish and S is essentially countably generated, we know from Propo-
sition 2.3.1 that τ S

Y1 = τW

Y1 is metrizable. Furthermore, from e.g. Theorem 3.2.1,

τprob

(
Y1

)
is also metrizable. Thus sequential closedness amounts to closedness in

any of the topologies τ *

Y1 and τprob

(
Y1

)
, which entails the second part of Corollary

4.5.9.
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4.6 Tables

In this section, we gather some important results which are spread in Chapters 4
and 2.

Table 1: Semicontinuity Theorem

µα W–stably−−−−−→ µ∞ ⇒ µα S–stably−−−−−→ µ∞

Sufficient condition Proof

T is Suslin metrizable Theorem 2.1.3 (Part G) page 25

(µα)α is strictly tight
and M+,1

τ (T) = M+,1(T) (e.g. T is
Radon or hereditarily Lindelöf) and T

is completely regular and the compact
subsets of T are metrizable

or

(µα)α is flexibly tight
and T is Suslin regular

Theorem 4.3.8 page 94

(µα)α is a sequence and T is sequen-
tially Prohorov such that M+

t (T) =
M+

τ (T) = M+(T) (e.g. T is a metric
space or a submetrizable kω–space)

Theorem 4.5.1 page 104
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Table 2: Relative sequential compactness criteria

K ⊂ Y1 is τ S

Y1–sequentially relatively compact

Sufficient condition Proof

K is strictly tight
and the compact subsets of T are
metrizable

or

K is flexibly tight
and T is Suslin submetrizable

Theorem 4.3.5 (Prohorov Criterion)
page 92

K is flexibly tight
and T is Suslin and K(T) is Radon (e.g.
T has a cofinal sequence of metrizable
compact subsets)

Theorem 4.3.5 (Prohorov Criterion)
page 92 and
Theorem 4.3.13 page 97 (see also The-
orem 4.3.14)

K is τ S

Y1–sequentially relatively compact⇒ K is τ S

Y1–relatively compact

Sufficient condition Proof

T is Suslin metrizable and S is essen-
tially countably generated (thus τ S

Y1 is

metrizable)

Remark 4.5.3 page 105

T is a Polish space or a sequentially Pro-
horov space with a cofinal sequence of
compact metrizable subsets (e.g. T is a
submetrizable kω–space)

Proposition 4.5.2 page 105

K is τ S

Y1–relatively compact ⇒ K is τ S

Y1–sequentially relatively compact

Sufficient condition Proof

T is Suslin submetrizable Lemma 4.1.1 page 84



Chapter 5

Strong tightness

5.1 Equivalent definitions

The following definition is a generalization to Young measures of the definition of
strong tightness given by Kruk and Ziȩba (see [KZ94, KZ95, KZ96]) for random
elements of a Polish space. We denote by P∗ the inner probability associated with
P.

Let Y ⊂ Y1
dis. We say that Y is strongly tight if Y admits a disintegration

(µω)µ∈Y, ω∈Ω such that Condition (i) below is satisfied.

(i) For each ε > 0, there exists a tight subset Kε of M+,1(T) such that

P∗ {ω ∈ Ω; ∀µ ∈ Y µω ∈ Kε} > 1− ε.

Thus, for disintegrable Young measures, strong tightness is a stronger property
than strict tightness (compare with (c) of Theorem 4.3.2). In the case when
there is no Ω (that is, S = {∅, Ω}), these three notions of tightness (including
flexible tightness) coincide with the usual tightness notion in M+,1(T). We give
in Theorem 5.1.1 below the main features of strong tightness.

Theorem 5.1.1 (Equivalence theorem for strong tightness) Let Y ⊂ Y1
dis.

Condition (i) is equivalent to each of the following conditions:

(ii) There exists a sequence (Kn)n∈N of compact subsets of T and, for every
ε > 0, there exists Ωε ∈ S, with P(Ωε) > 1− ε, such that

∀δ > 0 ∃n ∈ N ∀ω ∈ Ωε ∀µ ∈ Y µω(Kn) ≥ 1− δ.

(iii) For each ε > 0, there exists a compact subset Kε of T such that

P∗ {ω ∈ Ω; ∀µ ∈ Y µω(Kε) ≥ 1− ε} > 1− ε.

115
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(iv) There exists a sequence (Kn)n∈N of compact subsets of T and a measurable
subset Ω∗ of Ω, with P(Ω∗) = 1, such that

∀ω ∈ Ω∗ ∀δ > 0 ∃n ∈ N ∀µ ∈ Y µω(Kn) ≥ 1− δ.

(v) There exists an inf-compact function h : T → [0, +∞] such that∫ ∗

Ω

(
sup
µ∈Y

∫
T

h(t) dµω(t)

)
d P(ω) < +∞.

Furthermore, if T is Suslin, then Y ⊂ Y1
dis is strongly tight if and only if one of

the following conditions is satisfied:

(iii)
∗

For each ε > 0, there exists a compact random set Kε such that

P∗ {ω ∈ Ω; ∀µ ∈ Y µω(Kε(ω)) ≥ 1− ε} > 1− ε.

(iii)
∗∗

For each ε > 0, there exists a compact random set Kε such that

P∗ {ω ∈ Ω; ∀µ ∈ Y µω(Kε(ω)) ≥ 1− ε} = 1.

Remark and Definition 5.1.2 Let (Kn)n∈N be a sequence of compact subsets
of T. Let K ⊂ M+,1(T). Recall that (Kn)n∈N tightens K if, for each ε > 0, there
exists an n ∈ N such that supµ∈K µ(Kc

n) ≤ ε. In particular, if (Kn)n∈N tightens
K, then K is tight and all µ ∈ K satisfy µ(T0) = 1, where T0 is the Kσ subspace
∪n∈NKn, but this information tells nothing about the “rate” of tightness, that is,
the way the sequence (supµ∈K µ(Kc

n))n∈N converges to 0.
Let Y ⊂ Y1

dis. We say that (Kn)n∈N strongly tightens Y if (Kn)n∈N satisfies
(ii). This implies that, for each ε > 0, there exists a subset Kε of M+,1(T) which
is tightened by (Kn)n∈N, such that

P∗ {ω ∈ Ω; ∀µ ∈ Y µω ∈ Kε} > 1− ε.

Thus we can take all Kε in Condition (i) in such a way that they be tightened by
the same sequence (Kn)n∈N, but not necessarily with the same “rate” of tightness.
In the non–Suslin case, this is probably the main difference between strong tight-
ness and Condition (iii)

∗
, where the choice of a sequence (Kn)n∈N which tightens

{µω; µ ∈ Y} depends a priori on ω.
We could have called the strong tighness property expressed by (i) “strong

strict tightness”, whereas (iii)
∗

would express “strong flexible tightness”.

Proof of Theorem 5.1.1.
First, let us note that (i)⇔(j), where (j) is the following condition:

(j) For each ε > 0, there exists Ωε ∈ S such that P(Ωε) > 1− ε and such that,
for each δ > 0, there exists a compact subset Kε,δ of M+,1(T) satisfying

∀ω ∈ Ωε ∀µ ∈ Y µω(Kε,δ) ≥ 1− δ.
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We shall prove the implications (j)⇒(ii)⇒(i), (j)⇔(iii), (iii)⇒(iv), (iv)⇒(iii),
(iii)⇒(v), (v)⇒(iii), (iii)⇔(iii)

∗
and (iii)

∗⇔(iii)
∗∗

.

(j)⇒(ii)
If (j) holds true, let (ηn)n∈N be any decreasing sequence of positive numbers

with limit 0, and set Kn = Kηn,ηn for any n ∈ N. This gives Condition (ii).

(ii)⇒(i)
Assume (ii). For each ε > 0 and each δ > 0, let n(ε, δ) ∈ N be such that

µω(Kn(ε,δ)) ≥ 1− δ for each ω ∈ Ωε and each µ ∈ Y. To prove (i), we only need
to set

Kε =
{
ν ∈M+,1(T); ∀δ > 0 ν(Kn(ε,δ)) ≥ 1− δ

}
.

(j)⇔(iii)
Condition (j) can be written in the form

(jj) For each ε > 0 and each δ > 0, there exists a compact subset Kε,δ of
M+,1(T) such that

P∗
{
ω ∈ Ω; ∀δ > 0 ∀µ ∈ Y µω(Kε,δ) ≥ 1− δ

}
> 1− ε.

Now, (jj) clearly implies (iii). Conversely, assume (iii), and let ε > 0. For each
n ∈ N, let Kn ∈ K(T) and Ωn

ε ∈ S such that P(Ωn) ≥ 1− 2−nε and

Ωn
ε ⊂

{
ω ∈ Ω; ∀µ ∈ Y µω(Kn) ≥ 1− 2−nε

}
.

and set

Ωε = ∩n≥2Ω
n
ε .

We then have Ωε ∈ S and P(Ωε) ≥ 1 − ε/2 > 1 − ε. Let δ > 0. There exists
n ≥ 2 such that δ ≥ 2−nε. We thus have, for any ω ∈ Ωε and for any µ ∈ Y,
µω(Kn) ≥ 1− 2−nε ≥ 1− δ, which proves (jj).

(iii)⇒(iv)
Assume (iii). Changing notations, let us denote by Kn the compact subset

∪j≤nK1/(j+1). The sequence (Kn)n∈N is increasing and there exists for each n ∈ N

a measurable subset Ωn of Ω, with P(Ωn) > 1 − 1/(n + 1) such that, for each
ω ∈ Ωn and each µ ∈ Y, µω(Kn) ≥ 1 − 1/(n + 1). Let Ω∗ = ∩m∈N ∪n≥m Ωn.
Then Ω∗ is measurable and P(Ω∗) = limm→∞ P(∪n≥mΩn) ≥ limm→∞ P(Ωm) = 1.
Furthermore, let δ > 0 and let ω ∈ Ω∗. For each m ∈ N, there exists an n ≥ m
such that ω ∈ Ωn, in particular one can choose n such that 1/(n + 1) < δ. We
then have µω(Kn) ≥ 1− 1/(n + 1) > 1− δ for each µ ∈ Y.
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(iv)⇒(iii)
Let ε > 0. For each n ∈ N, set

Ω∗
n,ε = {ω ∈ Ω; ∀µ ∈ Y µω(Kn) ≥ 1− ε}

and let Ωn,ε be a measurable subset of Ω∗
n,ε such that P(Ωn,ε) ≥ P∗(Ω∗

n,ε)−1/(n+
1). We assume w.l.g. that (Ωn,ε)n∈N is increasing. For each ω ∈ Ω∗, there exists an
n ∈ N such that ω ∈ Ω∗

n,ε. Thus P (∪n∈NΩn,ε) = 1, and, as the sequence (Ωn,ε)n∈N

is increasing, there exists an n ∈ N such that P(Ωn,ε) > 1− ε. Then, we only need
to take Kε = Kn.

(iii)⇒(v)
For each integer n ≥ 1, let K ′

n = K3−n . We may (and shall) assume that the
sequence (K ′

n)n is increasing. For each n ≥ 1, let Ω′
n be a measurable subset of

Ω such that P(Ω′
n) > 1− 3−n and, for every ω ∈ Ω′

n and every µ ∈ Y, µω(K ′
n) ≥

1 − 3−n. Furthermore, we choose the sets Ω′
n such that the sequence (Ω′

n)n≥1 is
increasing. Define the inf–compact function h by h(t) = 2n on K ′

n \K ′
n−1 (with

the convention K ′
0 = ∅) and h(t) = +∞ on T \ ∪n≥1K

′
n. We have∫ ∗

Ω

sup
µ∈Y

∫
T

h(t) dµω(t) d P(ω)

=
∑
n≥0

∫ ∗

Ω′
n+1\Ω′

n

sup
µ∈Y

∫
T

h(t) dµω(t) d P(ω)

=
∑
n≥0

∫ ∗

Ω′
n+1\Ω′

n

sup
µ∈Y

∑
m≥0

2m+1µω

(
K ′

m+1 \K ′
m

)
d P(ω)

≤
∑
n≥0

∫ ∗

Ω′
n+1\Ω′

n

sup
µ∈Y

( ∑
0≤m≤n

2m+1µω

(
K ′

m+1 \K ′
m

)
+3

∑
m>n

(
2

3

)m+1
)

d P(ω)

(because, for ω ∈ Ω′
n+1 \ Ω′

n and m ≥ n + 1, we have ω ∈ Ω′
m, thus

µω(K ′
m+1 \K ′

m) ≤ 3−m)

≤
∑
n≥0

3−n

⎛⎝ ∑
0≤m≤n

2m+1 + 3
∑
m>n

(
2

3

)m+1
⎞⎠

≤
∑
n≥0

3−n
(
2n+2 − 2

)
+

∑
n≥0

3−n−1
∑
m≥0

(
2

3

)m+1

< +∞.
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(v)⇒(iii)
For each ε > 0, there exists a real number Mε > 0 such that

P∗
{

sup
µ∈Y

∫
T

h(t) dµω(t) ≥Mε

}
≤ ε.

For each ε > 0 and each ω ∈ Ω, let

Kε = {t ∈ T; h(t) ≤Mε/ε} .

From inf–compactness of h, the set Kε is compact. Moreover,

P∗ {ω ∈ Ω; ∀µ ∈ Y µω(Kε) ≥ 1− ε} = P∗{ω ∈ Ω; sup
µ∈Y

∫
T

1lT\Kε
(t) dµω(t) ≤ ε}

≥ P∗{ω ∈ Ω; sup
µ∈Y

∫
T

h(t) dµω(t) ≤ εMε/ε}

≥ 1− ε.

Assume now that T is Suslin. Clearly, (iii) implies (iii)
∗
. To prove the converse

implication, we use the same method as in Theorem 4.3.13. Assume that (iii)
∗

is
satisfied. Let ε > 0 and K ∈ K such that P∗ {ω ∈ Ω; ∀µ ∈ Y µω(K(ω)) ≥ 1− ε/2}
> 1−ε/2. Define the compact subset H of T and Ω′ ∈ S as in the proof of Theorem
4.3.13: We have P(Ω′) ≥ 1− ε/2 and K(ω) ⊂ H for every ω ∈ Ω′. This yields

P∗ {ω ∈ Ω; ∀µ ∈ Y µω(H) ≥ 1− ε}
≥ P∗ {ω ∈ Ω′; ∀µ ∈ Y µω(K(ω)) ≥ 1− ε}
≥ P∗ {ω ∈ Ω; ∀µ ∈ Y µω(K(ω)) ≥ 1− ε} − ε/2

≥ 1− ε/2− ε/2 = 1− ε.

(iii)
∗⇔(iii)

∗∗

The implication (iii)
∗∗⇒(iii)

∗
is clear. For the converse, assume (iii)

∗
. Let

ε > 0. For each integer n ≥ 1, let Kn be a random compact set and Ωn ∈ S such
that P(Ωn) ≥ 1− 1/n and, for each ω ∈ Ωn and each µ ∈ Y, µω(Kn(ω)) ≥ 1− ε.
Set Ω0 = ∅ and, for each n ≥ 1, Kε(ω) = Kn(ω) for ω ∈ Ωn \ Ωn−1 (we define
arbitrarily Kε on the negligible set Ω \ ∪nΩn).

It is worth writing down Theorem 5.1.1 in the case of random elements of T.
Note that the adaptation of Conditions (i), (ii) and (iii) gives the single Condition
(i’) below: This comes from the fact that, for Dirac measures, there is only one
possible “rate” of tightness (see Remark and Definition 5.1.2). This Condition (i’)
is in fact the condition originally given in [KZ94] by Kruk and Ziȩba to define strong
tightness. Moreover, Condition (iii’)

∗
(adapted in (iii’)

∗∗
) has lost its parameter ε

and simply expresses the fact that all elements of Y are selections of some random
compact set.
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Corollary 5.1.3 Let Y ⊂ X. The following conditions are equivalent:

(i’) For each ε > 0, there exists a compact subset Kε of T such that

P∗ {ω ∈ Ω; ∀X ∈ Y X(ω) ∈ Kε} > 1− ε.

(iv’) There exists a sequence (Kn)n∈N of compact subsets of T and a measurable
subset Ω∗ of Ω, with P(Ω∗) = 1, such that, for each ω ∈ Ω∗, there exists an
n ∈ N such that

∀X ∈ Y X(ω) ∈ Kn.

(v’) There exists an inf-compact function h : T → [0, +∞] such that∫ ∗

Ω

(
sup
X∈Y

h ◦X

)
d P < +∞.

If T is Suslin, these conditions are equivalent to any one of the following two
conditions:

(iii’)
∗

For each ε > 0, there exists a random compact set Kε such that

P∗ {ω ∈ Ω; ∀X ∈ Y X(ω) ∈ Kε(ω)} > 1− ε.

(iii’)
∗∗

There exists a random compact set K such that, for almost every ω ∈ Ω and
for every X ∈ Y, X(ω) ∈ K(ω).

5.2 Strong tightness of almost everywhere con-
vergent sequences

We start with some results for random elements, which generalize by new methods
a result of Kruk and Ziȩba [KZ95] (see also [KZ96]).

The idea of the proof of the following theorem is the same as in the proof of
Theorem 4.3.13.

Theorem 5.2.1 Assume that the space of countable compact subsets of T (with
the Vietoris topology) is Radon (e.g. T is a regular Suslin Prohorov space, or a
Lusin space with a cofinal sequence of compact subsets, see Theorem 4.3.14). Let
(Xn)n∈N be a sequence of random elements of T which almost everywhere converges
to a random element X∞. Then (Xn)n is strongly tight.

Proof. For each ω ∈ Ω, let K(ω) = {Xn(ω); n ∈ N ∪ {∞}}. Let G ∈ G. We have

{ω ∈ Ω; K(ω) ⊂ G} = ∩n∈N∪{∞} {ω ∈ Ω; Xn(ω) ∈ G} ∈ S
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and

{ω ∈ Ω; K(ω) ∩G �= ∅} = ∪n∈N∪{∞} {ω ∈ Ω; Xn(ω) ∈ G} ∈ S.

Thus the mapping K : Ω→ K is measurable. Let ε > 0. As the space of countable
compact subsets of T is Radon, there exists a compact subset K ∈ K such that

P {ω ∈ Ω; K(ω) ∈ K} ≥ 1− ε.

Let H = ∪L∈KL. We thus have

P {ω ∈ Ω; K(ω) ⊂ H} ≥ 1− ε.

but, from a result of Michael ([Mic51], Theorem 2.5.2), the set H is compact.

Corollary 5.2.2 Assume that T is Suslin regular Prohorov and let (µn)n∈N be
a sequence of elements of Y1

dis which almost everywhere converges to a Young
measure µ∞. Then (µn)n is strongly tight.

Proof. The space M+,1(T) is Suslin regular and, from Wójcicka’s result [Wój87],
it is Prohorov. Thus, from Theorem 5.2.1, (µn)n∈N is a strongly tight sequence in
X
(
M+,1(T)

)
, that is, for each ε > 0, there exists a compact subset Kε ofM+,1(T)

such that
P {ω ∈ Ω; ∀n ∈ N µn

ω ∈ Kε} > 1− ε.

But, as T is Prohorov, each Kε is tight, thus (µn)n∈N is a strongly tight sequence
in Y1

dis.

Corollary 5.2.3 With the hypothesis and notations of Theorem 4.5.8, Conditions
1 to 6 are equivalent to

4′. For each sequence (µn)n of elements of Y, there exists a strongly tight se-
quence (νn)n in Y1 such that, for every n ∈ N, νn ∈ co {µm; m ≥ n}.

Proof. From Corollary 5.2.2, we have 4 ⇒ 4′. But 4′ ⇒ 5 is obvious, and 4 and 5
are equivalent to 1, 2, 3 and 6.

Remark 5.2.4 The Radon property is not necessary for results of the type of
Theorem 5.2.1. For example, there exists a compact space which is not Radon
(see [Sch73, page 45], for an example of Dieudonné). For such a space T, K(T)
cannot be Radon. But any sequence of random elements of T is obviously strongly
tight.

Let us give another example. Assume that T is a (non–necessarily submetriz-
able) kω–space and let (Xn)n∈N be a sequence of random elements of T which
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almost everywhere converges to a random element X∞. Then (Xn)n is strongly
tight.

Indeed, let (Km)m∈N be an increasing sequence of compact subsets of T which
determines the topology of T. Let Ω1 ∈ S be an almost sure set on which (Xn(ω))n

converges to X∞(ω). Let N̂ = N ∪ {∞}. For every ω ∈ Ω1, the set Y (ω) =
{Xn(ω); n ∈ N ∪ {∞}} is compact, thus it is contained in some Km. Set

M(ω) = inf{m ∈ N; Y (ω) ⊂ Km}.

The function M has finite values on ω ∈ Ω1. Furthermore, we have, for every
m ∈ N,

M−1(m) =
{
ω ∈ Ω; ∀n ∈ N Xn(ω) ∈ Km

}
\ ∪k≤mM−1(k),

Thus M is measurable. Let ε > 0. We have Ω1 ⊂ ∪N∈N {ω ∈ Ω; M(ω) ≤ N} ,
thus there exists N ∈ N such that P {ω ∈ Ω; M(ω) ≤ N} ≥ 1− ε.



Chapter 6

Young measures on Banach
spaces. Applications

6.1 Preliminaries, Biting Lemma and some basic
results

In this chapter, the probability space (Ω,S, P) is assumed to be complete. We use
the following notations:

• E is a separable Banach space, E
∗ is its dual, Eσ is the vector space E

equipped with the σ(E, E∗) topology, E∗
σ is the vector space E∗ equipped

with the σ(E∗, E) topology.

• For each x ∈ E and each r > 0, the closed ball with center x and radius r is
the closure of the open ball BE (0, r), so we shall denote it by BE(0, r). The
closed unit ball of E is simply denoted by BE.

• Recall that the convex hull of a subset A of E is denoted by co A. We shall
denote by co A the closed convex hull of A.

• Recall that L1
E = L1

E(Ω,S, P) is the space of Bochner integrable mappings
defined on (Ω,S, P) with values in E. The vector space X (E) will be denoted
by L0

E.

• cK(E) is the collection of nonempty convex compact subsets of E,

cwK(E) is the collection of nonempty convex weakly compact subsets of E,

LcwK(E) is the collection of nonempty closed convex locally weakly compact
subsets of E containing no line [CV77, Theorem I.14] (some authors say:
linefree subsets),

123
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RcwK(E) (resp. RcwK(E)) is the collection of closed (resp. closed convex)
convex subsets of E such that their intersection with any closed ball in E is
weakly compact.

• If (xn)n is a sequence which converges in Eσ to an element x of E, we write
x = w- limxn.

If (Cn)n is a sequence of nonempty closed convex subsets of E, the weak
sequential upper limit w-ls Cn of (Cn)n is the set of elements x of E such
that there exist a subsequence (Cnj

)j of (Cn)n and, for each j, an element
xnj

of Cnj
such that x = w- limj xnj

.

• A sequence (un) in L0
E(Ω,S, P) is norm tight (resp. weakly strictly tight) if

there is an inf-compact (resp. inf-weakly compact) function h : E → [0, +∞]
such that

sup
n

∫
h(un(ω)) d P(ω) < +∞.

If (un) is norm tight (resp. weakly tight), then the sequence (δun
) of Young

measures associated with (un) is strictly tight (cf. Theorem 4.3.5) in the space
Y1(Ω,S, P; E) (resp. Y1(Ω,S, P; Eσ)) of Young measures corresponding to E

and Eσ respectively. We will consider also the space of Young measures
Y1(Ω,S, P; E∗

σ).

• A sequence (un) in L1
E(P) is said weakly flexibly tight if (δun

) is flexibly
tight in Y1(Ω, P; Eσ). This is equivalent to: For any ε > 0, there exists a
measurable multifunction Γε : Ω → cwK(E) such that

sup
n

P({ω; un(ω) /∈ Γε(ω}) < ε.

A sequence (un) in L1
E(P) is RcwK(E)-flexibly tight if the foregoing condition

holds with Γε valued in RcwK(E). Note that if furthermore (un) is bounded
in L1

E, then it is weakly-flexibly tight. Indeed set Ω′
ε := {ω; un(ω) /∈ Γε(ω)}

and Ω′′
ε := {ω; ‖un(ω)‖ > M

ε } where M := supn ‖un‖L1 . Then by Markov’s

inequality P((Ω′
ε ∪ Ω′′

ε )c) < 2ε and since Γε(ω) ∩ B (0, M/ε) belongs to
cwK(E), we have proved that [RcwK(E)-flexibly tight and bounded in L1

E]
imply weakly-flexibly tight.

One can wonder if weakly flexibly tight implies weakly strictly tight. By
(ii) of Theorem 4.3.14 this holds when E is reflexive but for E not reflexive
neither part (i) of the same theorem nor parts A.2 and B of Theorem 4.3.5
apply since Eσ is not Prohorov (see reference to Fernique [Fer94] above page
90).

• Taking up the definition of Section 4.5, we say that a sequence (un) in
L1

E(P) is weakly (resp. strongly) Mazur–compact if there is a sequence (vn)
with vn(ω) ∈ co{um(ω); m ≥ n} such that (vn(ω)) converges weakly (resp.
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strongly) a.e. to u(ω) where u is a function in L1
E(P). More generally, the

sequence (un) is cwK(E)-Mazur–tight (resp. RcwK(E)-Mazur–tight) if there
is a sequence (vn) with vn(ω) ∈ co{um(ω); m ≥ n} such that (vn) is cwK(E)-
tight (resp. RcwK(E)-tight). These notions are useful in the study of weak
compactness in L1

E(P). We refer to [BC97, CG99] for a complete study of
the Mazur-tightness properties in L1

E(P). In particular, if E is reflexive, then
any bounded sequence in L1

E(P) is strongly Mazur–compact. These tightness
notions have been extended in [CS00, page 51] to the space of convex weakly
compact valued integrably bounded multifunctions.

It is worth to compare some aspects of the preceding tightness notions with
the ones developed for Young measures in the foregoing chapters. The two
following results will precise these differences.

Lemma 6.1.1 Let S be a topological Suslin space. Let R be a class of Borel subsets
of S such that ∅ ∈ R; A, B ∈ R =⇒ A ∪B ∈ R. Let H be a subset of L0

S(Ω,S, P).
Then the following are equivalent:

(a) For any ε > 0, there exists an R-valued measurable multifunction Lε on Ω
such that

∀u ∈ H P[{ω ∈ Ω; u(ω) �∈ Lε(ω)}] < ε.

(b) There exists an S ⊗ BS-measurable integrand ϕ : Ω× S −→ [0, +∞] such that
for all ω ∈ Ω and all r ∈ [0, +∞[, {x ∈ S; ϕ(ω, x) ≤ r} ∈ R and such that

sup
u∈H

∫
Ω

ϕ(ω, u(ω)) d P(ω) < +∞;

(c) There exists an S ⊗ BS-measurable integrand ϕ : Ω× S −→ [0, +∞] such that
for all ω ∈ Ω and all r ∈ [0, +∞[, {x ∈ S; ϕ(ω, x) ≤ r} ∈ R and such that

lim
λ→+∞

sup
u∈H

P[{ω ∈ Ω; ϕ(ω, u(ω)) ≥ λ}] = 0.

Proof. (a) =⇒ (b). Let εp = 3−p (p ∈ N). By (a) there exists a R-valued
measurable multifunction Lp : Ω −→ S such that

∀u ∈ H P[{ω ∈ Ω; u(ω) �∈ Lp(ω)}] < εp .

Let us consider the BS-valued multifunctions Kn : Ω −→ S (n ∈ N ∪ {∞}) given
by

∀ω ∈ Ω ∀n ≥ 1 K0(ω) = L0(ω), Kn(ω) = Ln(ω) \Kn−1(ω)

and

K∞(ω) = S \
⋃
n∈N

Kn(ω) = S \
⋃
n∈N

Ln(ω).
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Then it is obvious that each Kn (n ∈ N ∪ {∞}) is measurable and the sequence
(gph (Kn))n∈N∪{∞} is an S ⊗ BS-measurable partition of Ω× S. Set

ϕ(ω, x) =

{
2n if (ω, x) ∈ gph (Kn) , n ∈ N,

+∞ if (ω, x) ∈ gph (K∞) .

We claim that ϕ is an S ⊗ BS-measurable integrand which satisfies condition (b).
Indeed, let r ≥ 0. If r < 1, {x ∈ S; ϕ(ω, x) ≤ r} is empty; if r ≥ 1, let m be the
unique integer such that m ≤ log r/ log 2 < m + 1. Then

{(ω, x) ∈ Ω× S; ϕ(ω, x) ≤ r} =

m⋃
n=0

gph (Kn) ∈ S ⊗ BS.

Similarly for all ω ∈ Ω, we have

{x ∈ S; ϕ(ω, x) ≤ r} =
m⋃

n=0

Kn(ω) =
m⋃

n=0

Ln(ω) ∈ R.

It remains to check that supu∈H
∫
Ω

ϕ(ω, u(ω)) d P(ω) < +∞.
For each u ∈ H and each n ∈ N ∪ {∞}, set

Ωu
n = {ω ∈ Ω; u(ω) ∈ Kn(ω)}.

Then (Ωu
n)n∈N∪{∞} is an S-measurable partition of Ω with P(Ωu

n) < εn−1 for every
n ≥ 1 and P(Ωu

∞) = 0. Consequently we have∫
Ω

ϕ(ω, u(ω)) d P(ω) =
∞∑

n=0

∫
Ωu

n

ϕ(ω, u(ω)) d P(ω) =
∞∑

n=0

2n P(Ωu
n)

≤ 1 +

∞∑
n=1

2n

3n−1
< +∞

thus proving the implication (a) =⇒ (b).
(b) =⇒ (c) follows immediately from Markov’s inequality.
Let us prove the implication (c) =⇒ (a). For every ε > 0, there exists λε > 0

such that supu∈H P[{ω ∈ Ω; ϕ(ω, u(ω)) > λε}] < ε. Since ϕ is S ⊗BS-measurable,
the multifunction Lε(ω) := {x ∈ S; ϕ(ω, x) ≤ λε}, ∀ω ∈ Ω, is measurable and
takes its values in R by (c). As

∀u ∈ H , P[{ω ∈ Ω; u(ω) �∈ Lε(ω)}] = P[{ω ∈ Ω; ϕ(ω, u(ω)) > λε}] < ε,

(c) =⇒ (a) follows.

References: [ACV92, Théorème E page 175], [Jaw84, Proposition 2.2 page 13.17],
[BC97, Lemma 2.5]. The above proof is borrowed from [BC97].
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Let (un) be a sequence in L1
E(Ω,S, P). It turns out that the following condition:

There exists a measurable integrand ϕ : Ω× E → [0, +∞] satisfying
(6.1.1){
∀ω ∈ Ω ∀r ∈ [0, +∞[ {x ∈ E; ϕ(ω, x) ≤ r} ∈ cwK(E) (resp. RcwK(E)),

supn

∫
Ω

ϕ(ω, un(ω)) d P(ω) < +∞,

implies the weak flexible tightness (resp. RcwK(E)-flexible tightness) condition,
whereas the last tightness condition implies Condition (6.1.1) provided some ad-
ditional assumption.

The following result focuses the difference between tightness condition for
Young measures and the one given for sequences in L1

E. Indeed it is known that the
parametric Prohorov tightness condition for a sequence (λn) of Young measures
on Ω× S, S being a completely regular Suslin space: For every ε > 0 there exists
a compact-valued measurable multifunction Γε : Ω→ K(S) such that

sup
n

∫
Ω

λn
ω(S \ Γε(ω)) d P(ω) ≤ ε

is equivalent to the existence of a nonnegative measurable integrand h defined on
Ω× S which is inf-compact in s ∈ S such that

sup
n

∫
Ω

[∫
S

h(ω, x) dλn
ω(s)

]
d P(ω) < +∞.

Set ϕ(ω, ν) =
∫

S
h(ω, s) dν(s) for (ω, ν) ∈ Ω×M+,1(S), then the preceding condi-

tion is written as

sup
n

∫
Ω

ϕ(ω, λn
ω) d P(ω) < +∞.

Since ϕ(ω, ν) is convex (even affine) in the second variable, one could think that
the cwK(E)-tightness for a sequence (un) in L1

E(P) is equivalent to:

There is a measurable integrand ϕ : Ω × E → [0, +∞] which is convex and inf-
weakly compact in x such that

sup
n

∫
Ω

ϕ(ω, un(ω)) d P(ω) < +∞.

An example [Saa98, Proposition p.115] due to the third author shows that this
equivalence fails. In the following lemma P = dt is the Lebesgue measure on [0, 1].
Recall the James (or James–Pryce) Theorem: If E is a Banach space and C is a
σ(E, E∗)–closed subset of E, then E is σ(E, E∗)–compact if and only if, for every
x′ ∈ E∗, the exists x ∈ C such that 〈x′, x〉 = maxy∈C 〈x′, y〉. This result was
proved by James [Jam64] and extended by Pryce [Pry66] to locally convex spaces
with a simpler proof.
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Lemma 6.1.2 Let E be a non reflexive Banach space. Then there exists a bounded
set H ⊂ L1

E([0, 1], dt) which is norm-tight and such that there exists no measurable
integrand ϕ : [0, 1] × E → [0, +∞] which is convex and inf-weakly compact in x
and which satisfies

sup
u∈H

∫
[0,1]

ϕ(t, u(t)) dt < +∞.

Proof. Firstly by James’ theorem, E contains a bounded sequence (en) which
does not admit any weakly convergent subsequence. Indeed there exists x′ ∈ E

∗

which does not achieve its supremum on BE. Let (en) be a maximizing sequence.
It has not any weakly convergent subsequence. We may suppose without loss of
generality that ∀n, ‖en‖ = 1, hence m �= n =⇒ men �= nen �= 0.

Let us consider H := {nen 1lA; n ∈ N
∗, P(A) = 1/n}∪{0}. Then H is bounded

in L1
E. Let h0 be defined by h0(0) = 0, h0(nen) = n for n ≥ 1 and h0(x) = +∞

elsewhere. Thus h0 is inf-strongly compact and satisfies

sup
u∈H

∫
[0,1]

(h0 ◦ u)(t) dt ≤ 1,

hence H is norm-tight.
Now suppose that there exists some convex inf-weakly compact integrand h :

[0, 1]× E → [0, +∞] satisfying

(6.1.2) sup
u∈H

∫
[0,1]

h(t, u(t)) dt < +∞.

Then h(t, en) → +∞ because otherwise there would exist M < +∞ and a subse-
quence (enk

)k such that supk h(ω, enk
) ≤M and the sequence (enk

)k would admit
a weakly convergent further subsequence. For un := nen 1lAn

∈ H, we have∫
[0,1]

h(t, un(t)) dt ≥
∫

An

h(t, nen) dt.

It is possible to choose An such that
∫
[0,1]

h(t, un(t)) dt → +∞. Indeed, since

0 ∈ H, one has h(t, 0) < +∞ a.e. By convexity h(t, nen) ≥ n[h(t, en) − (1 −
1/n)h(t, 0)] ≥ n[h(t, en)−h(t, 0)]. Then by Egorov’s theorem, there exists a Borel
subset B of [0, 1] such that P(B) ≥ 1/2 and such that the sequence (h(., en) −
h(., 0))n converges uniformly to +∞ on B. It remains to choose, for n ≥ 2, An

contained in B, to obtain a contradiction with (6.1.2).

Recall that a sequence (un) in L1
E(Ω,S, P) Komlós converges to u∞ ∈ L1

E(Ω,S, P),
if, for any subsequence (vn) of (un), one has

lim
n→∞

1

n

n∑
j=1

vj(ω) = u∞(ω) a.e.
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The space L1
E(Ω,S, P) has the strong Komlós property if, for any bounded sequence

(un) in L1
E(Ω,S, P), there is u∞ ∈ L1

E(Ω,S, P), such that some subsequence of
(un) Komlós converges to u∞. Recall that the Komlós Theorem [Kom67] states
that L1

R(Ω,S, P) has the strong Komlós property. This theorem also holds for
L1

R(Ω,S, P) when E is super-reflexive, or more generally when E is B–convex reflex-
ive, see ([Gar79, Bou79]). An elementary proof of Komlós theorem in L1

E(Ω,S, P)
where E is a Hilbert space is given by [Gue97].

We recall the Biting Lemma. Here we follow the proof given by S�laby [S�la85]
reproduced in [Egg84, VIII.1.17 pp.303–305] and [Val90b, Theorem 23 pp.173–
174]1. For further reference, see Kadec–Pelzynski [KP62], Gapoškin [Gap72]. See
also the proof given by H.P. Rosenthal [Ros79] reproduced in [CM97, Lemma 2.1.3
pp.54–56].

The modulus of uniform integrability of H.P. Rosenthal, η((un)), of the sequence
(un)n in L1

E(Ω,S, P), is

η((un)) := lim
ε→0
ε>0

[
sup

{∫
A

‖un(ω)‖ d P(ω); n ∈ N, P(A) ≤ ε
} ]

.

The sequence (un)n is uniformly integrable iff η((un)) = 0.

Lemma 6.1.3 Let (un)n be a bounded sequence in L1
E(Ω,S, P). Then

η((un)) = lim
t→+∞

[
sup
n∈N

∫
{‖un(.)‖>t}

‖un(ω)‖ d P(ω)
]
.

Proof. The two limits are nonincreasing limits, hence infima. Let us denote η1 the
modulus of the statement and M := supn ‖un‖L1

E

. Here ‖un‖ denotes the scalar

function ‖un(.)‖. By definition of η1, for all δ > 0 one has

∀t ∃n
∫
{‖un(.)‖>t}

‖un‖ d P > η1 − δ.

Let ε > 0. There exists t large enough such that
M

t
is ≤ ε. Then if n corresponds

to such a t, A := {‖un(.)‖ > t} satisfies P(A) ≤ ε and
∫

A
‖un‖ d P ≥ η1−δ. Hence

η((un)) ≥ η1 − δ, and this holds for all δ > 0, so η((un)) ≥ η1.

Let us prove the converse inequality. Let t > 0 and δ > 0 be given. Take ε > 0
small enough such that t ε < δ. By definition of η((un)) there exist A and n such

1The statements and proofs of Lemma 6.1.3 and Theorem 6.1.4 reproduce corresponding parts
of [SV95c].
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that P(A) ≤ ε and
∫

A
‖un‖ d P > η((un))− δ. Then∫

{‖un‖>t}
‖un‖ d P =

∫
A

‖un‖ d P−
∫

A∩{‖un‖≤t}
‖un‖ d P+

∫
{‖un‖>t}\A

‖un‖ d P

≥
∫

A

‖un‖ d P−
∫

A∩{‖un‖≤t}
‖un‖ d P

≥ (η((un))− δ)− t ε

≥ η((un))− 2 δ.

So one has η1 ≥ η((un))− 2 δ for all δ > 0, hence η1 ≥ η((un)).

The expression of η((un)) given in Lemma 6.1.3 is used in S�laby’s proof of the
Biting Lemma. We reproduce this proof here in order to introduce its notations.

In the sequel, UI abbreviates “uniformly integrable”.

Theorem 6.1.4 (Biting Lemma) Let E be a separable Banach space and let
(un)n∈N be a bounded sequence in L1

E(Ω,S, P). There exist a subsequence (unk
)k∈N

and a sequence (Bp)p∈N in S decreasing to ∅ such that the sequence ( 1lBc
k
unk

)k∈N

is UI.

Proof. Denote, for i ∈ N,

gi(t) := sup
n≥i

∫
{‖un(.)‖>t}

‖un(ω)‖ d P(ω).

The functions gi are nonincreasing with values in [0, +∞[. Hence, limt→+∞ gi(t)
exists. By Lemma 6.1.3, η((un)) = limt→+∞ g0(t). There exists a sequence in-
creasing to +∞, (tq)q≥1 such that for every q, g0(tq) ≤ η((un))+ 1

q . Since for each

i, {u0, . . . , ui−1} is UI, it is easy to check that limt→+∞ gi(t) = η((un)). Hence
for every i and for every t, gi(t) ≥ η((un)), so there exists an increasing sequence
(mq)q such that

(6.1.3)

∫
{‖umq (.)‖>tq}

‖umq
(ω)‖ d P(ω) ≥ η((un))− 1

q
.

Let Ap = {‖ump
(.)‖ > tp}. Then tp P(Ap) ≤ supn∈N ‖un‖L1 implies P(Ap) → 0.

Now we show that ( 1lAc
q
umq

)q∈N is UI. Let

g(t) := sup
q∈N

∫
Ac

q∩{‖umq (.)‖>t}
‖umq

(ω)‖ d P(ω).
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We have to prove that g(t)→ 0 when t → +∞. One has

g(tj) = sup
q>j

∫
{tj<‖umq (.)‖≤tq}

‖umq
(ω)‖ d P(ω)

= sup
q>j

[∫
{‖umq (.)‖>tj}

‖umq
(ω)‖ d P(ω)−

∫
{‖umq (.)‖>tq}

‖umq
(ω)‖ d P(ω)

]
≤ sup

q>j

[
g0(tj)−

∫
{‖umq (.)‖>tq}

‖umq
(ω)‖ d P(ω)

]
≤ sup

q>j

[
(η((un)) +

1

j
)− (η((un))− 1

q
)
]

≤ 2

j
.

This proves: t → +∞ ⇒ g(t) → 0. It remains to replace (Ap)p by a sequence
decreasing to ∅ (or to a negligible set). There exists an increasing sequence (lk)k

such that P(Alk) ≤ 2−k. Then Bp := ∪k≥pAlk decreases to a negligible set. The
subsequence unk

:= umlk
(or um(lk)

) has the required properties. The uniform

integrability of ( 1lBc
k
unk

)k∈N follows from the inclusion Bc
k ⊂ Ac

lk
.

Remark. It is worth to mention that the sequence ( 1lBk
‖unk

(.)‖) converges to 0
a.e.

Taking the Biting Lemma into account, we say that a bounded sequence
(un)n∈N in L1

E(Ω,S, P) has a subsequence which weakly biting converges to a func-
tion u ∈ L1

E(Ω,S, P) if there exist an increasing sequence (Aq)q∈N in S with
limq P(Aq) = 1 and a subsequence (u′

q) of (un) such that ( 1lAq
u′

q) weakly con-
verges to u.

Remark 6.1.5 If E is reflexive, then any bounded sequence in L1
E(Ω,S, P) weakly

biting converges because any uniformly integrable sequence in L1
E(Ω,S, P) is rela-

tively sequentially weakly compact.
In this vein the following lemma can be considered as a substitute of the Bit-

ing Lemma. These two results are useful in the study of bounded sequences in
L1

E(Ω,S, P). If (fn) is a sequence in L1
E(Ω,S, P), if N ∈ N, we denote by (fN

n )n

the truncated sequence associated with (fn) and N , where fN
n := 1l{‖fn‖<N}fn.

Lemma 6.1.6 Let (fn) be a bounded sequence in L1
E(Ω,S, P). Then there exists

a subsequence (gn) of (fn) such that for each subsequence (hn) of (gn)

(a) the sequence ( 1l{‖hn‖<n}hn) is uniformly integrable;

(b) the sequence (hn − 1l{‖hn‖<n}hn) converges strongly a.e. to 0 in E.

Proof. Put M = supn ‖fn‖1. For each integer k ≥ 1 the real valued sequence

(P({k − 1 ≤ ‖fn‖ < k}))n
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is bounded. Then there exist subsequences (f 1
n), (f2

n), ..., (fk
n), ... of (fn), where

(fk+1
n ) is a subsequence of (fk

n), and a sequence (pk)k in [0, 1] such that

∀k ≥ 1 lim
n

P({k − 1 ≤ ‖fk
n‖ < k}) = pk(6.1.4)

and

∀k ≥ 1 ∀n ≥ 1 P({k − 1 ≤ ‖fk
n‖ < k}) < pk +

1

k3
.(6.1.5)

Indeed we can extract from (fn)n a subsequence (f1
0,n)n satisfying (6.1.4) for k = 1.

Since P({0 ≤ ‖f1
0,n‖ < 1})→ p1, there exists n0 such that

∀n ≥ n0 P({0 ≤ ‖f1
0,n‖ < 1}) < p1 + 1.

So it suffices to set f1
n = f1

0,n+n0−1 in order to have (6.1.5) for all n. Suppose that

(fk−1
n ) has been obtained, then using the similar arguments we can construct from

(fk−1
n ) a subsequence (fk

n) with the required properties.

Put gn = fn2

n and let (hn) be a subsequence of (gn). Then

∀k ≥ 1 lim
n

P({k − 1 ≤ ‖hn‖ < k}) = pk,(6.1.6)

and

∀n ∈ N ∀k ∈ [1, n2] P({k − 1 ≤ ‖hn‖ < k}) < pk +
1

k3
.(6.1.7)

We only need to check (6.1.7). Since (hn) is extracted from (gn)n = (fn2

n )n, each

hn is of the form hn = fm2

m with m ≥ n. Let k ∈ N be fixed. Let us notice

that (fm2

n )n is a subsequence of (fk
n)n when m2 ≥ k. So let us suppose that

n ≥
√

k. Then m2 ≥ k, and so fm2

m is a term fk
l of (fk

n)n with l ≥ m, hence
by (6.1.5) and what has been said we deduce (6.1.7). In this part of proof the
symbol (fk

n)n has been used for notational convenience and there was no risk of
confusion with the truncated sequences (fN

n )n (N ∈ N) above mentioned. We

have
∑N

k=1 pk = limn

∑N
k=1 P({k − 1 ≤ ‖hn‖ < k}) ≤ P(Ω), and

∑N
k=1(k −

1)pk = limn

∑N
k=1(k − 1) P({k − 1 ≤ ‖hn‖ < k}) ≤ M . Then

∑+∞
k=1 pk ≤ 1 and∑+∞

k=1(k − 1)pk ≤M .
We are now ready to obtain (a) and (b).

(a) Let ε > 0. As
∑+∞

k=1 kpk converges, so is
∑+∞

k=1 k(pk +
1

k3
), hence there

exists an integer N ∈≥ 1 such that∑
k≥N

k(pk +
1

k3
) < ε.
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If n ∈ {1, .., N}, then (now the superscript n means truncation) ‖hn
n‖ < n ≤ N ,

so {‖hn
n‖ ≥ N} = ∅. If n > N , then

{‖hn
n‖ ≥ N} =

⋃
N+1≤k≤n

{k − 1 ≤ ‖hn
n‖ < k},

and by (6.1.7) ∫
{‖hn

n‖≥N}
‖hn

n‖ d P ≤
∑

N+1≤k≤n

k(pk +
1

k3
) < ε

so (hn
n) is uniformly integrable.

(b) We have by (6.1.7)

P({‖hn‖ ≥ n}) =
n2∑

k=n+1

P({k − 1 ≤ ‖hn‖ < k}) + P({‖hn‖ ≥ n2})

<
n2∑

k=n+1

(pk +
1

k3
) +

1

n2
‖hn‖1

≤
∑

k≥n+1

pk +
1

2n2
+

M

n2
.

Hence by summing we get∑
n≥1

P({‖hn‖ ≥ n}) <
∑
n≥1

[ ∑
k≥n+1

pk +
2M + 1

2n2

]
=

∑
k≥2

(k − 1)pk +
∑
n≥1

2M + 1

2n2
< +∞.

Then (b) follows from Borel–Cantelli Lemma.

Reference: [CG99, Lemma 4.1].

We recall now a famous result due to Talagrand [Tal84].

Theorem 6.1.7 (Talagrand) Let (un) be a bounded sequence in L1
E(P). Then

there exists a sequence (ũn) with ũn ∈ co{um; m ≥ n} and two sets A and B in S
with P(A ∪B) = 1 such that

(a) for each ω in A, the sequence (ũn(ω)) is weakly Cauchy,

(b) for each ω in B, there exists some integer k such that the sequence (ũn(ω))n≥k

is equivalent to the vector unit basis of l1.
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Analogous results in L1
E(Ω,S, P) are in [BC97]. See also [BC01] dealing with

the space L1
E∗ [E](Ω,S, P).

Here we present some structure-type theorems for two classes of bounded se-
quences in L1

E(Ω,S, P).

The following theorem gives a characterization of the Mazur-tightness property
for bounded subsets in L1

E(Ω,S, P).

Theorem 6.1.8 Let H a bounded subset of L1
E(Ω,S, P). Then the following are

equivalent:

(1) Given any sequence (fn) inH, there exists a sequence (gn) with gn ∈ co{fk; k ≥
n} such that (gn) strongly converges a.e. in E, shortly (fn) is strongly Mazur–
compact.

(2) Given any sequence (fn) inH, there exists a sequence (gn) with gn ∈ co{fk; k ≥
n} such that (gn) weakly converges a.e. in E, shortly (fn) is weakly Mazur–
compact.

(3) Given any sequence (fn) in H, there exists a subsequence (gn) of (fn) such
that ( 1l{‖hn‖<n}hn) is σ(L1, L∞) relatively compact for each subsequence (hn)
of (gn).

(4) Given any sequence (fn) in H, there exists a subsequence (gn) of (fn) such
that ( 1l{‖gn‖<n}gn) is σ(L1, L∞) relatively compact.

(5) Given any sequence (fn) in H, there exists a subsequence (fnk
) of (fn) such

that ( 1l{‖fnk
‖<nk}fnk

) converges σ(L1, L∞). Consequently the sequence (fk
nk

) =

( 1l{‖fnk‖<k}fnk
) converges σ(L1, L∞) too.

(6) Given any sequence (fn) in H, there exists a subsequence (fnk
) of (fn) such

that fnk
= unk

+ vnk
, where (unk

) converges σ(L1, L∞) and (vnk
) converges

a.e. to 0.

Proof.

(1)=⇒(2) is clear.

(2)=⇒(3). Let (fn) be a sequence in H. By Lemma 6.1.6 (a) there is a
subsequence (gn) of (fn) such that ( 1l{‖hn‖<n}hn) is uniformly integrable, for each
subsequence (hn) of (gn). If ( 1l{‖hnp‖<np}hnp

) is a subsequence of ( 1l{‖hn‖<n}hn)

there is, by (2), a sequence (up) with up ∈ co {hnk
; k ≥ p} such that (up) weakly

converges a.e. in E. We have

up =

kp∑
i=p

λp
i hni

=

kp∑
i=p

λp
i 1l{‖hni

‖<ni}hni
+

kp∑
i=p

λp
i (hni

− 1l{‖hni
‖<ni}hni

)
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with 0 ≤ λp
i ≤ 1 and

∑kp

i=p λp
i = 1. By Lemma 6.1.6 (b), we have

kp∑
i=p

λp
i (hni

− 1l{‖hni
‖<ni}hni

) → 0

a.e. as p → ∞. Hence
∑kp

i=p λp
i 1l{‖hni

‖<ni}hni
weakly converges a.e. as p → ∞.

By the Ülger–Diestel–Ruess–Schachermayer theorem [Ülg91, DRS93], we conclude
that ( 1l{‖hn‖<n}hn) is σ(L1, L∞) relatively compact.

(3) =⇒ (4) is obvious.
Let us prove that (4)=⇒(5). By the Eberlein–Šmulian theorem there is a

subsequence (fnk
)k of (fn) such that (fnk

nk
)k converges σ(L1, L∞) and so is the

sequence (fk
nk

)k. Indeed we have

fnk
nk
− fk

nk
= 1l{k≤‖fnk

‖<nk}fnk
= 1l{k≤‖f

nk
nk

‖}f
nk
nk

.

Since (fnk
nk

)k is uniformly integrable, fnk
nk
− fk

nk
→ 0 strongly in L1

E(P) as k →∞.

It follows that (fk
nk

)k converges σ(L1, L∞).
(5)=⇒(6). Let (fn) be a sequence in H. By (5) there exists a subsequence

(fnk
) of (fn) such that (fnk

nk
)k converges σ(L1, L∞) in L1

E(P). Put unk
= fnk

nk
and

vnk
= fnk

− unk
. Then (5)=⇒(6) follows immediately.

(6)=⇒(1). Let us apply the notations in (5). Since (unk
) converges σ(L1, L∞)

in L1
E(P), there is a sequence (ũm) of the form ũm =

∑νm

i=m λm
i uni

with λm
i ≥

0,
∑νm

i=m λm
i = 1 such that (ũm) converges strongly in L1

E(P). There is a subse-

quence (ũmp
) which strongly converges a.e. in E and so is (

∑νmp

i=mp
λ

mp

i fni
)p .

Reference: [CG99, Theorem 6.1].
In particular, if E is reflexive, any bounded sequence in L1

E(Ω,S, P) is strongly
Mazur–compact. See [BCG99a, Proposition 6.7] for details. To finish this section
we give another structure theorem for bounded norm tight (flexibly and strictly
are equivalent, cf. Theorem 4.3.14 (i))) sequences in L1

E(Ω,S, P).

We use the following definitions2:

Let un (n ∈ N ∪ {+∞}) be functions in L1
E(Ω,S, P). One says that un converges

purely weakly to u∞ on W ∈ S if the restrictions un|W converge weakly to u∞|W
and, for any non negligible measurable subset A of W , not any subsequence of
(un|A)n converges strongly to u∞|A.

Remark It is equivalent to say: No subsequence of (un|A)n converges in measure
(to any function). For more about convergence in measure, see [SV95a, SV95b]

2The next Theorems 6.1.9 and 6.1.11 are straightforward extensions to Banach space of cor-
responding theorems of [SV95c]. Example 6.1.13 also comes from this paper.
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where compactness in measure with applications to L1
E is characterized in the line

of an old criterion of Fréchet.

For clarity we give first the simplified version of the general result (Theo-
rem 6.1.11) in the case when the sequence is UI. All assertions are consequences
of the Prohorov theorem (Theorem 4.3.5), of the fact that convergence in mea-
sure coincide with the topology induced by the stable one (cf. Theorem 3.1.2) and
of the ”characterizing continuity property” extended to Carathéodory integrands
with linear growth.

Theorem 6.1.9 Let (un)n be a sequence in L1
E(Ω,S, P) which is uniformly inte-

grable and tight relatively to the norm of E (again note that flexibly and strictly
are equivalent). There exist a subsequence (u′

n)n, a function u∞ ∈ L1
E(Ω,S, P) and

M ∈ S satisfying3:

1) 1b) u′
n converges weakly to u∞,

1c) The restrictions u′
n|M converge strongly and in measure to u∞|M .

1d) The restrictions u′
n|Mc converge purely weakly to u∞|Mc .

2) There exists a Young measure τ , such that

M c = {ω ∈ Ω;

∫
E

‖ξ − u∞(ω)‖ dτω(ξ) > 0}

and such that for ω ∈ M , τω = δu∞(ω) and, for any Carathéodory integrand ψ

with linear growth (i.e. |ψ(ω, ξ)| ≤ α(ω) + K |ξ|, where α ∈ L1)

(6.1.8)

∫
Ω

ψ(ω, u′
n(ω)) d P(ω) −→

∫
Ω×E

ψ dτ.

In particular for any u ∈ L1
E(Ω,S, P), ‖u′

n − u‖L1 converges to∫
Mc×E

‖ξ − u(ω)‖ dτ (ω, ξ) + ‖ 1lM (u∞ − u)‖L1 .

Remark 6.1.10 1) We will not give the proof since the statement, except (6.1.8),
is a particular case of Theorem 6.1.11. First versions of this statement appear
in [Val90b, Theorem 19 page 169] and [Val94, Theorem 9]. The novelty is the
introduction of the partition (M, M c).

2) The norm ‖u′
n − u‖L1 equals

∫
Ω×E

ψ dδu′
n
, where ψ is the integrand ψ(ω, ξ) :=

‖ξ − u(ω)‖. This is a Carathéodory integrand with linear growth (for some appli-
cations of these integrands see [PV95]).

3 Here 1a) of Theorem 6.1.11 is useless.
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Theorem 6.1.11 Let (un)n be a sequence in L1
E(Ω,S, P) which is bounded and

tight relatively to the norm of E (again note that flexibly and strictly are equiva-
lent). There exist a subsequence (u′

n)n, a function u∞ ∈ L1
E(Ω,S, P), a sequence

(Bp)p in S which decreases to ∅ (if (un)n is UI, one may take Bp = ∅ for every p)
and M ∈ S satisfying

1) 1a) ( 1lBc
n

u′
n)n is UI,

1b) for every p, the restrictions u′
n|Bc

p
converge weakly to u∞|Bc

p
,

1c) the restrictions u′
n|M converge in measure to u∞|M and for every p, the

restrictions u′
n|(M\Bp) converge strongly to u∞|(M\Bp),

1d) for any non negligible A ∈ S contained in W := Ω \M , no subsequence of
(u′

n|A)n converges in measure to u∞|A (nor to any other function),

1e) for any subsequence (u′′
n)n of (u′

n)n, η((u′′
n)n) = η((un)n).

2) There exists a Young measure τ whose disintegration is a family of first order
probabilities on E, (τω)ω∈Ω, such that τω is carried by the set ls(un(ω)) of limit
points of the sequence (un(ω))n, such that for ω ∈ W , τω is not a Dirac mass
and bar (τω) = u∞(ω) (where bar (τω) denotes the barycenter of the measure
τω) such that for ω ∈ M , τω = δu∞(ω) and such that, for any u ∈ L1

E(Ω,S, P),
‖u′

n − u‖L1 converges to

η((un)n) +

∫
Ω×E

|ξ − u(ω)| dτ (ω, ξ)

= η((un)n) +

∫
W×E

|ξ − u(ω)| dτ (ω, ξ) + ‖ 1lM (u∞ − u)‖L1 .

Moreover for any bounded Carathéodory integrand ψ∫
Ω

ψ(ω, un(ω)) d P(ω) −→
∫

Ω×E

ψ dτ.

Remark 6.1.12 Assertion 1e) means that, for the subsequence (u′
n)n, the con-

centration of mass (non null iff η((un)n) is > 0) equals the maximum of mass
concentrations among all the subsequences of (un)n. As a preliminary but less
precise result in this line recall: If (un)n converges weakly (hence is UI) and does
not converge strongly, there exists a subsequence whose associated Young mea-
sures converge to a Young measure τ which is not associated with a function
[Val94, Theorem 20 page 169], [Val94, Theorem 9].

Example 6.1.13 Here is an example where Bp necessarily bites both M and W .
Moreover this example illustrates the general situation. Let Ω = [0, 1]2 with P as
the Lebesgue measure on Ω, E = R and

un(x, y) = n 1l[0, 1
n ](x) + 1l[0, 1

2 ](y) sin(n x).
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Then u∞ = 0, W = [0, 1] × [0, 1
2 ] and4 M = [0, 1] ×

]
1
2 , 1

]
. Roughly speaking,

mass concentration appears around {0} × [0, 1]. In any way the Bp are chosen,
they meet M and W : Since ( 1lBc

k
unk

)k is UI, ‖ 1l[0,1/nk]×[0,1] 1lBc
k
unk
‖L1 tends to

0 when k → +∞, hence∫∫
[0,1/nk]×[0,1]

1lBc
k
(x, y) [nk + 1l[0, 1

2 ](y) sin(nk x)] dx dy −→ 0.

Thus nk P(Bc
k ∩ ([0, 1/nk]× [0, 1]))→ 0 which is equivalent to

P(Bk ∩ ([0, 1/nk]× [0, 1]))

P([0, 1/nk]× [0, 1])
−→ 1.

Consequently

P(Bk ∩W )

P([0, 1/nk]× [0, 1/2])
−→ 1 and

P(Bk ∩M)

P([0, 1/nk]× ]1/2, 1])
−→ 1.

Hence Bk covers a big part of W ∩ ([0, 1/nk] × [0, 1]) and a big part of M ∩
([0, 1/nk]× [0, 1]).

Note that sin(n y) in place of sin(n x) would give the same W and τ despite
the change of directions of the “waves.” When Ω is an open subset of R

N , there
exist more powerful tools than Young measures: see G. Allaire [All92], L. Tartar
[Tar90], and J.J. Alibert and G. Bouchitté [AB97].

Proof of Theorem 6.1.11. 1) Let (Bp)p denote the sequence of the proof of the
Biting Lemma and (u′

n)n the subsequence denoted by (unk
)k in that proof. Let

(u′′
n)n be a further subsequence. A priori η((u′′

n)) ≤ η((un)n). Using the notations
of the proof of Theorem 6.1.4, u′′

n is some umq
. For all t, there exists q large enough

such that tq ≥ t and such that the function umq
is some u′′

n. By (6.1.3) η((un)n)
is approximated with a gap less than 1/q by∫

{‖u′′
n(.)‖>tq}

‖u′′
n(ω)‖ d P(ω)

hence a fortiori by ∫
{‖u′′

n(.)‖>t}
‖u′′

n(ω)‖ d P(ω).

This proves η((u′′
n)) = η((un)n).

2) Since (un)n is tight, thanks to the Prohorov theorem, one may assume that
the Young measures δu′

n
converge to a Young measure τ . Thanks to Proposition

2.1.12,

(6.1.9)

∫
Ω×E

‖ξ‖ dτ (ω, ξ) ≤ sup
n
‖un‖L1 .

4 One can check (see [Val94, Theorem 4]) that for (x, y) ∈ W , τ(x,y) is the probability on R

with the density ξ �→ `
π

p
1 − ξ2

´−1
on ]−1, 1[.
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Thus, for P-almost every ω, τω has a barycenter bar (τω) and, setting u∞(ω) :=
bar (τω), one gets the integrable function u∞. Moreover τω is carried by ls(un(ω))
(see Theorem 4.3.12 or [Val90b, Proposition 5 page 159]).

For fixed z ∈ L∞
E∗

σ
and p, since u′

n|Bc
p

is UI,
〈
z, u′

n|Bc
p

〉
→

〈
z, u∞|Bc

p

〉
. Indeed

lim
n→+∞

∫
Ω

〈z(ω), [u′
n|Bc

p
](ω)〉 d P(ω) =

∫
Ω×E

1lBc
p
(ω)〈z(ω), ξ〉 dτ∞(ω, ξ)

=

∫
Ω

1lBc
p
(ω)

〈
z(ω),

∫
E

ξ dτ∞
ω (ξ)

〉
d P(ω)

=

∫
Ω

1lBc
p
(ω)〈z(ω), u∞(ω)〉 d P(ω).

For a reference see [Val90b, Theorem 19 page 169]; see also the proof of Theorem 9
in [Val94]. The set W of all ω where τω is not a Dirac mass, is

W =
{
ω ∈ Ω;

∫
E

|ξ − u∞(ω)| dτω(ξ) > 0
}
.

By the Fubini theorem it is measurable. Let M := Ω \W . Note that P-almost
everywhere on M , τω = δu∞(ω). By Part 3 of Theorem 3.1.2, u′

n|M → u∞|M
in measure and, for any non negligible A contained in W , not any subsequence
of (u′

n)n converges in measure on A. Thanks to UI and to the Lebesgue–Vitali
theorem, strong convergence holds on M \Bp.

3) Let u ∈ L1
E(Ω,S, P) and ε > 0. Thanks to (6.1.9), for p large enough one

has ∫
Bp×E

‖ξ − u(ω)‖ dτ (ω, ξ) ≤
∫

Bp×E

‖ξ‖ dτ (ω, ξ) +

∫
Bp×E

‖u(ω)‖ dτ (ω, ξ)

=

∫
Bp×E

‖ξ‖ dτ (ω, ξ) +

∫
Bp

‖u(ω)‖ d P(ω)

≤ ε

4
.

On Bc
p×E the integrand ψ defined by ψ(ω, ξ) := ‖ξ−u(ω)‖ is Carathéodory with

linear growth and the u′
n are UI on Bc

p, so by Theorem 2.4.1,

‖ 1lBc
p
(u′

n − u)‖L1 =

∫
Bc

p×E

‖ξ − u(ω)‖ dδu′
n
(ω, ξ)

converges as n→ +∞ to ∫
Bc

p×E

‖ξ − u(ω)‖ dτ (ω, ξ).

Hence, p being fixed, for n large enough,∣∣∣∣‖ 1lBc
p
(u′

n − u)‖L1 −
∫

Ω×E

‖ξ − u(ω)‖ dτ (ω, ξ)

∣∣∣∣ ≤ ε

2
.
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As for ‖ 1lBp
(u′

n − u)‖L1 , firstly, if p is large enough,

∣∣‖ 1lBp
(u′

n − u)‖L1 − ‖ 1lBp
u′

n‖L1

∣∣ ≤ ‖ 1lBp
u‖L1 ≤ ε

4
.

It remains to show that, for n large enough, one has∣∣‖ 1lBp
u′

n‖L1 − η((un)n)
∣∣ ≤ ε

4
.

Recall (see the notations of the proof of Theorem 6.1.4) that Bp = Alp∪Alp+1
∪ . . .

and that, from (6.1.3),∫
Alk

‖umlk
(ω)‖ d P(ω) ≥ η((un)n)− 1

lk
,

hence

∀k ≥ p

∫
Bp

‖umlk
(ω)‖ d P(ω) ≥ η((un)n)− 1

lp
.

If p has been chosen such that lp ≥ 4/ε, then, for n large enough, ‖ 1lBp
u′

n‖L1 ≥
η((un)n)− ε

4
. Finally, setting

η((un)n; δ) := sup
{∫

A

‖un(ω)‖ d P(ω); n ∈ N, µ(A) ≤ δ
}

,

one has, as soon as P(Bp) ≤ δ,

sup
n

∫
Bp

‖u′
n‖ dµ ≤ η((un)n; δ).

Consequently, if one has chosen δ small enough such that η((un)n; δ) ≤ η((un)n)+
ε

4
and then p large enough such that µ(Bp) ≤ δ, one has

∀n
∫

Bp

‖u′
n‖ dµ ≤ η((un)n) +

ε

4
.

Finally, for a given ε, a good choice of p is possible and one gets, for n large
enough, ∣∣∣∣‖u′

n − u‖L1 −
[
η((un)n) +

∫
Ω×F

‖ξ − u(ω)‖ dτ (ω, ξ)
]∣∣∣∣ ≤ ε.
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6.2 Weak convergence in L1
E(Ω,S, P) using Young

measures

We will show in this section some applications of Young measures and truncations
techniques to weak compactness in L1

E(Ω,S, P) and the space P1
E(Ω,S, P) of Pettis-

integrable E-valued functions. In the sequel, Cthb(Ω, E) denotes the set of bounded
Carathéodory integrands on Ω×E and Cth1(Ω, E) denotes the set of Carathéodory
integrands on Ω× E such that there exists some C ∈ [0,∞[ satisfying |h(ω, x)| ≤
C(1+ ‖x‖) for all (ω, x) ∈ Ω×E. The elements of Cth1(Ω, E) are called Carathéo-
dory integrands of first order. Here is a useful lemma.

Lemma 6.2.1 Suppose that (un) is a uniformly integrable sequence in L1
E(Ω,S, P)

such that the sequence (δun
) of Young measures associated with (un) stably con-

verges to λ ∈ Y1(Ω,S, P; E), then for any Carathéodory integrand of first-order
h ∈ Cth1(Ω, E), we have

lim
n→∞

∫
Ω

h(ω, un(ω)) d P(ω) =

∫
Ω

[∫
E

h(ω, x) dλω(x)
]
d P(ω).

Remark 6.2.2 Lemma 6.2.1 is a particular case of the implication 3 ⇒ 1 in
Proposition 2.4.1, but replacing the topology τ S

p,D by τ S

p,D. This result was an-
nouced in Remark 2.4.2. Note that, in the metrizable case considered here, τ S

Y1

coincides with τW

Y1 .

Proof of Lemma 6.2.1. We follow the arguments in [PV95]. Thanks to a lower
semicontinuity theorem (cf. Portmanteau Theorem 2.1.3) for Young measures, λ
is of first order, more precisely∫

Ω×E

‖x‖ dλ(ω, x) ≤M := sup
n

∫
Ω

‖un(ω)‖ d P(ω).

Denote C := sup{|h(ω, x)|/(1 + ‖x‖); (ω, x) ∈ Ω× E} and, for K ∈ [0, +∞[,

hK(ω, x) = max {−C(1 + K), min(C(1 + K), h(ω, x))} .

Then hK ∈ Cthb(Ω,S; E) and ‖x‖ ≤ K implies h(ω, x) = hK(ω, x). Fix ε > 0.
One has∣∣∣∣∫

Ω

h(ω, un(ω)) d P(ω)−
∫

Ω

[∫
E

h(ω, x) dλω(x)
]
d P(ω)

∣∣∣∣
≤

∣∣∣∣∫
Ω

h(ω, un(ω)) d P(ω)−
∫

Ω

hK(ω, un(ω)) d P(ω)

∣∣∣∣
+

∣∣∣∣∫
Ω

hK(ω, un(ω)) d P(ω)−
∫

Ω

[∫
E

hK(ω, x) dλω(x)
]
d P(ω)

∣∣∣∣
+

∣∣∣∣∫
Ω

[∫
E

hK(ω, x) dλω(x)
]
d P(ω)−

∫
Ω

[∫
E

h(ω, x) dλω(x)
]
d P(ω)

∣∣∣∣.
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The first term of the second member is bounded from above by∫
Ω

|h(ω, un(ω))− hK(ω, un(ω))| d P(ω)

=

∫
{ω; h(ω,un(ω) 
=hK(ω,un(ω))}

|h(ω, un(ω))− hK(ω, un(ω))| d P(ω)

≤
∫
{ω; ‖un(ω)‖>K}

2C(1 + ‖un(ω)‖) d P(ω).

Since (un) is uniformly integrable this expression is, for K large enough, ≤ ε/3,
this uniformly in n. As λ is of first order, by Lebesgue Theorem the third term of
the second member is also ≤ ε/3, for K large enough. Indeed, it is less than∫

Ω×{‖x‖>K}
2C(1 + ‖x‖) dλ(ω, x).

Finally, after K has been fixed, the second term is ≤ ε/3 for n large enough.

Proposition 6.2.3 (Compactness of the set of integrable selections) Let
Γ : Ω → cK(E) be a measurable and integrably bounded multifunction (i.e. there
exists g ∈ L1

R+(Ω,S, P) such that Γ(ω) ⊂ g(ω)BE for all ω ∈ Ω). Then the set S1
Γ

of all integrable selections of Γ is convex and σ(L1
E, L∞

E∗)-compact. Moreover the
multivalued integral∫

Ω

Γ(ω) d P(ω) :=
{∫

Ω

f(ω) d P(ω); f ∈ S1
Γ

}
is convex and norm compact in E.

First proof. It is obvious that S1
Γ is bounded convex in L1

E(Ω,S, P). It is closed
in the norm topology of L1

E because, if (fn)n is a sequence in S1
Γ which converges

to a limit f in the norm topology of L1
E, there is a subsequence of (fn)n which

converges almost everywhere to f , thus f still belongs to S1
Γ. To prove the first

part of Proposition 6.2.3, in view of James’ theorem, it is enough to show that,
for every g ∈ L∞

E∗(Ω,S, P), there is f ∈ S1
Γ such that

δ∗(g, S1
Γ) = 〈g, f〉 =

∫
Ω

〈g(ω), f(ω)〉 d P(ω),

where, for any A ⊂ E, δ∗(., A) is the support function of A, that is, for every
x′ ∈ E

∗, δ∗(x′, A) := supx∈A 〈x′, x〉. By a measurable selection theorem [CV77,
Theorem III.22], there is a measurable and integrable selection f of Γ such that

δ∗(g(ω), Γ(ω)) = 〈g(ω), f(ω)〉,
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for all ω ∈ Ω. By Strassen’s theorem [CV77, Theorem V.14] this entails

δ∗(g, S1
Γ) =

∫
Ω

δ∗(g(ω), Γ(ω)) d P(ω) =

∫
Ω

〈g(ω), f(ω)〉 d P(ω).

Now the norm compactness of
∫
Ω

Γ(ω) d P(ω) is equivalent to the continuity
of its support function on E

∗ with respect to the compact convergence topology
(continuity at 0 is sufficient): This is a consequence of a general result of duality
about the bipolar of a set (for a more general result see [CV77, Corollary I.15
pages 16–17]. Then thanks to Banach–Dieudonné’s theorem we only have to check
that this support function is continuous on the unit ball BE∗ of the dual E

∗ for
the compact convergence. Since BE∗ is compact metrizable for both the weak∗-
topology and the topology of compact convergence, it remains to show that this
function is sequentially continuous for the topologies under consideration. Let
x′

n → x′ in BE∗ for the compact convergence. Then

δ∗(x′
n, Γ(ω))→ δ∗(x′, Γ(ω))

for each ω ∈ Ω. Using Lebesgue’s theorem and Strassen’s theorem, we easily get

δ∗(x′
n,

∫
Ω

Γ(ω) d P(ω)) =

∫
Ω

δ∗(x′
n, Γ(ω)) d P(ω)

→
∫

Ω

δ∗(x′, Γ(ω)) d P(ω) = δ∗(x′,
∫

Ω

Γ(ω) d P(ω)).

Second proof. By Eberlein–Šmulian’s theorem, it is enough to show that S1
Γ is

sequentially compact for the topology σ(L1
E, L∞

E∗). Let (un) be a sequence in S1
Γ. By

the hypothesis of integrable boundedness, the sequence of Young measures (δun
) is

tight in Y1(Ω,S, P; E). Hence there is a subsequence (δvn
) which stably converges

to λ ∈ Y1(Ω,S, P; E), that is, (δvn
) converges σ(Y1(Ω,S, P; E), Cthb(Ω, E)) to

λ. As (vn) is uniformly integrable, Lemma 6.2.1 entails that (δvn
) converges

σ(Y1(Ω,S, P; E), Cth1(Ω, E)) to λ. Let g ∈ L∞
E∗

σ
(Ω,S, P). Then the integrand

h defined by
h(ω, x) = 〈g(ω), x〉, (ω, x) ∈ Ω× E

belongs to Cth1(Ω, E). It follows that

lim
n→∞

∫
Ω

〈g(ω), vn(ω)〉 d P(ω) =

∫
Ω

[∫
E

〈g(ω), x〉 dλω(x)
]
d P(ω).

In view of the Portmanteau Theorem 2.1.3, it is easily seen that λω(Γ(ω)) = 1
a.e. and the mapping ω �→ u(ω) := bar (λω) where the barycenter bar (λω) of λω

is integrable and belongs to Γ(ω) a.e., thus proving the weak compactness of S1
Γ

in L1
E(Ω,S, P). The norm compactness of the multivalued integral

∫
Ω

Γ(ω) d P(ω)
can be proved by applying Banach–Dieudonné’s theorem as in the end of the first
proof.
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Remark 6.2.4 The σ(L1
E, L∞

E∗) compactness property of S1
Γ holds true if we sup-

pose that Γ is convex weakly compact valued. Indeed the first proof is the same
using James’ Theorem while the second proof needs a careful look if we want to
use again the compactness of Young measures in the S–stable topology. Note that
Eσ is a completely regular Lusin space, and that the sequence (δun

) associated
with (un) is flexibly tight in Y1(Ω,S, P; Eσ), hence, from Theorem 4.3.5, there is
a subsequence (δuϕ(n)) which S–stably converges to λ ∈ Y1(Ω,S, P; Eσ). Repeat-
ing the truncation techniques given in Lemma 6.2.1 shows that (δuϕ(n)) converges

σ(Y1(Ω,S, P; Eσ), Cth1(Ω, Eσ)) to λ, where Cth1(Ω, Eσ) denotes the set of all first
order Carathéodory integrand defined on on Ω × Eσ. So we can finish the proof
in the same way as in the second proof of Proposition 6.2.3 by observing that
the integrand h : Ω × Eσ �→ 〈g(ω), x〉 belongs to Cth1(Ω, Eσ). In this example it
turns out that the second proof using Young measures is rather long and less di-
rect than the first one. In this context other proofs not involving Young measures
are available, essentially when we deal with weak sequential compactness in Pettis
integration in the next paragraph.

The following result is stated in [ACV92, Théorème 6 pp.174–175]. We provide
the proof since it can be applied to other situations.

Theorem 6.2.5 If (un) is a bounded uniformly integrable cwK(E)-tight sequence
in L1

E(Ω,S, P), then (un) is relatively weakly compact in L1
E(Ω,S, P).

Proof. We will follow [ACV92, Lemme 5 and Théorème 6]. Let ε > 0. There exist
α > 0 and η > 0 such that

sup
n

∫
{‖un(.)‖>α}

‖un(ω)‖ d P(ω) ≤ ε

2
,

and

∀A ∈ S P(A) < η =⇒ sup
n

∫
A

‖un(ω)‖ d P(ω) ≤ ε

2
.

By hypothesis there exists a cwK(E)-valued measurable multifunction Lη such
that

sup
n

P({ω ∈ Ω; un(ω) /∈ Lη(ω)}) ≤ η.

We have

un(ω) = 1l{un(ω)∈Lη(ω)}∩{‖un(ω)‖≤α}un(ω) + 1l{un(ω)/∈Lη(ω)}∩{‖un(ω)‖≤α}un(ω)

+ 1l{‖un(ω)‖>α}un(ω).

So un = vn + wn with

vn(ω) = 1l{un(ω)∈Lη(ω)}∩{‖un(ω)‖≤α}un(ω),
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and

sup
n

∫
Ω

‖wn(ω)‖ d P(ω) ≤ ε.

As
vn(ω) ∈ Γ(ω) := co[B (0, α) ∩ Lη(ω) ∪ {0}]

and the multifunction Γ is measurable cwK(E)-valued and integrably bounded, by
Proposition 6.2.3, (vn) is relatively weakly compact. Since

∫
Ω
‖wn‖ d P(ω) ≤ ε for

all n, by Grothendieck’s lemma [Gro64, Chapitre 5 page 296] we deduce that (un)
is relatively weakly compact in L1

E(Ω,S, P).

The following is an easy consequence of the preceding theorem and the Biting
Lemma.

Theorem 6.2.6 If (un) is a bounded cwK(E)-tight sequence in L1
E(Ω,S, P), then

there is a sequence (ũn) with ũn ∈ co{um; m ≥ n} and u∞ ∈ L1
E(Ω,S, P) such

that (ũn(ω)) strongly converges a.e. to u∞. Consequently, we have

u∞(ω) ∈
⋂
n

co{um(ω); m ≥ n} a.e.

Proof. Applying the Biting Lemma to the bounded sequence (‖un(.)‖) provides
a subsequence still denoted by (‖un(.)‖) and an increasing sequence (An) with
P(An) ↑ P(Ω) such that ( 1lAn

‖un(.)‖) is uniformly integrable and ( 1lAc
n
‖un(.)‖)→

0 a.e. As the sequence (vn) = ( 1lAn
un) is uniformly integrable and cwK(E)-tight,

(vn) is relatively weakly compact in L1
E(Ω,S, P) in view of Theorem 6.2.5. By

extracting a subsequence we can suppose that this sequence converges weakly to
u∞ ∈ L1

E(Ω,S, P). Hence there exists a sequence (ṽn) with ṽn ∈ co{vm(ω); m ≥ n}
which converges strongly a.e. to u∞. It follows that u∞(ω) ∈ ∩n co{um(ω); m ≥
n} a.e.

There are some useful consequences of the preceding theorem that we summa-
rize as follows.

Proposition 6.2.7 If H is a bounded convex cwK(E)-tight subset in L1
E(Ω,S, P)

and closed for the convergence in measure, and if J : H → [0,∞[ is a convex lower
semicontinuous on H for the convergence in measure, then J reaches its mimimum
on H.

In particular, if E is a reflexive separable Banach space, H is bounded convex in
L1

E, closed in measure, then any positive convex lower semicontinuous on H for the
convergence in measure reaches its mimimum on H. Theorem 6.2.6 shows that
any bounded cwK(E)-tight sequence in L1

E(Ω,S, P) is strongly Mazur–compact.

Proposition 6.2.8 Let H be a bounded uniformly integrable set in L1
E(Ω,S, P)

which satisfies the following condition: For any sequence (un) in H, there is a
cwK(E)-tight sequence (vn) such that vn ∈ co{um; m ≥ n} for each n, shortly
(un) is Mazur cwK(E)-tight, then H is relatively weakly compact in L1

E(Ω,S, P).
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The proof is straightforward since it follows easily from the above weak compact-
ness theorem. A multivalued version of the preceding result is available [CS00,
Theorem 3.4].

We end this section with a useful lemma.

Lemma 6.2.9 Let E be a separable Banach space and (un)n∈N a sequence of
scalarly integrable E-valued functions satisfying

(i) {〈x′, un〉; x′ ∈ BE∗ , n ∈ N} is uniformly integrable,

(ii) for every A ∈ S, the set HA := {
∫

A
un d P; n ∈ N} is relatively weakly

compact.

Then there is a subsequence (unk
)k∈N such that

∀A ∈ S ∀x′ ∈ E
∗ lim

k→∞

∫
A

〈x′, unk
〉 d P

exists in R.

Proof. We may suppose that for every A ∈ S, there exists a convex weakly com-
pact subset KA such that HA ⊂ KA. Let D∗ be a countable dense sequence in E

∗

for the Mackey topology (see [CV77, Lemma III.32]) and let A = σ(Ai , i ∈ N)
be the σ-algebra generated by (un)n∈N. Then by (ii) and by extracting di-
agonal subsequences, we find a subsequence (unk

)k∈N such that for any fixed
i ∈ N, (

∫
Ai

unk
d P) weakly converges to an element ci ∈ KAi

. It follows that

lim
k→∞

〈
x′,

∫
Ai

unk
d P

〉
) = lim

k→∞

∫
Ai

〈x′, unk
〉 d P = 〈x′, ci〉

for all x′ ∈ D∗ and for all i ∈ N. Now since D∗ is dense for the Mackey topology,
the preceding equalities are valid for every x′ ∈ E

∗. Let A ∈ A and ε > 0.
Since the set {〈x′, unk

〉; x′ ∈ BE∗ , k ∈ N} is uniformly integrable by (i), there is a
measurable set Ai such that ∫

Ai∆A

|〈x′, unk
〉| d P ≤ ε

for all x′ ∈ BE∗ and for all k ∈ N so that

|
∫

A

〈x′, unk
〉 d P−

∫
Ai

〈x′, unk
〉 d P | ≤

∫
Ai∆A

|〈x′, unk
〉| d P ≤ ε

for all x′ ∈ BE∗ and for all k ∈ N. It follows that limk→∞
∫

A
〈x′, unk

〉 d P exists in
R. Consequently, for any x′ ∈ E∗ and for any positive A-measurable and bounded
function h

lim
k→∞

∫
Ω

h 〈x′, unk
〉 d P



6.3. WEAK COMPACTNESS AND CONVERGENCES IN P1
E 147

exists in R. Now let h be any positive S-measurable and bounded function and
let EAh the conditional expectation of h, then we have

lim
k→∞

∫
Ω

h 〈x′, unk
〉 d P = lim

k→∞

∫
Ω

EAh 〈x′, unk
〉 d P .

6.3 Weak compactness and convergences in Pettis
integration

Most results in this section section are borrowed from [AC97].
We first give the following basic result. See also [Gei81, Huf86, Mus91].

Theorem 6.3.1 Let E be a Fréchet space, (fn)n∈N a sequence of E-valued Pettis
integrable functions and f : Ω → E a scalarly integrable function such that

(i) for every convex weakly compact subset B ⊂ E
∗, the set {〈x′, f〉 ; x′ ∈ B} is

uniformly integrable,

(ii) for every x′ ∈ E∗, 〈x′, fn〉 converges σ(L1, L∞) to 〈x′, f〉.

Then f is Pettis-integrable.

Proof. By hypothesis, for every x′ ∈ E∗ and for every A ∈ S, we have

lim
n→∞

〈
x′,

∫
A

fn d P
〉

= lim
n→∞

∫
A

〈x′, fn〉 d P =

∫
A

〈x′, f〉 d P .

So, in order to prove the theorem, it is sufficient to show that for every A ∈ S,
the sequence (

∫
A

fn d P)n∈N is relatively weakly compact in E. By the Eberlein–

Šmulian–Grothendieck Theorem [Gro52, Corollaire 1 of Théorème 7] it is equiva-
lent to prove: For every convex weakly compact subset B ⊂ E

∗, for every sequence
(x′

k)k∈N in B and for every subsequence (fnm
)m∈N of (fn)n∈N, we have

(6.3.1) α := lim
k→∞

lim
m→∞

〈
x′

k,

∫
A

fnm
d P

〉
= β := lim

m→∞ lim
k→∞

〈
x′

k,

∫
A

fnm
d P

〉
provided these limits exist. First, by (ii), we have

(6.3.2) lim
m→∞

〈
x′

k,

∫
A

fnm
d P

〉
= lim

m→∞

∫
A

〈x′
k, fnm

〉 d P =

∫
A

〈x′
k, f〉 d P .

By Komlós Theorem [Kom67] applied to the sequence (〈x′
k, f〉)k∈N, there exist a

sequence (y′
n)n∈N with y′

n = 1/n
∑n

i=1 x′
ki

and a real valued integrable function h
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such that 〈y′
n, f〉 converges to h almost everywhere. So, by (6.3.1), (6.3.2) and (i),

we have

(6.3.3) α = lim
k→∞

∫
A

〈x′
k, f〉 d P = lim

n→∞

∫
A

〈y′
n, f〉 d P =

∫
A

h d P .

Let y′
0 be a weak∗ cluster point of (y′

n)n∈N, then for every m ∈ N, we have

lim
k→∞

〈
x′

k,

∫
A

fnm
d P

〉
= lim

n→∞
〈
y′

n,

∫
A

fnm
d P

〉
=

〈
y′
0,

∫
A

fnm
d P

〉
=

∫
A

〈y′
0, fnm

〉 d P .(6.3.4)

Taking the limit when m→∞ in the last integral in (6.3.4) and using (6.3.1) and
(6.3.2), we obtain

(6.3.5) β = lim
m→∞

∫
A

〈y′
0, fnm

〉 d P =

∫
A

〈y′
0, f〉 d P .

Since 〈y′
n, f〉 converges to h almost everywhere and y′

0 is a weak∗ cluster point of
(y′

n)n∈N, h = 〈y′
0, f〉 almost everywhere. Returning to (6.3.1) and using (6.3.3),

(6.3.4) and (6.3.5), we get α = β.

Theorem 6.3.2 Let E be a separable Banach space and H a subset of P1
E(Ω,S, P)

satisfying:

(1) {〈x′, f〉; x′ ∈ BE∗ , f ∈ H} is uniformly integrable.

(2) Given any sequence (fn) in H, there are a sequence (f̃n) with f̃n ∈ co{fk; k ≥
n} and f̃∞ ∈ P1

E(Ω,S, P) such that, ∀x′ ∈ E
∗, 〈x′, f̃n〉 converges σ(L1, L∞) to

〈x′, f̃∞〉.

Then H is relatively sequentially compact for the topology of pointwise convergence
on L∞

R ⊗ E
∗.

Proof. Step 1. Let (fn)n∈N in H. For every measurable set A ∈ A, let HA :=
{
∫

A
fn d P; n ∈ N}. By (1) HA is bounded for every A ∈ A. Now we claim that,

∀A ∈ A, HA is relatively weakly compact or equivalently KA := coHA is weakly
compact. By James’ theorem it is enough to prove that for every x′ ∈ E∗, there
exists ζ ∈ KA such that

〈x′, ζ〉 = sup
x∈KA

〈x′, x〉 = δ∗(x′,KA) = δ∗(x′,HA).
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Let (fnk
)k∈N be a subsequence of (fn)n∈N such that

lim
k→∞

〈x′,
∫

A

fnk
d P〉 = δ∗(x′,HA).

Let (f̃n)n∈N and f̃∞ ∈ P1
E(Ω,S, P) associated with (fnk

)k∈N by (2). Since each f̃n

has the form f̃n =
∑νn

i=n λn
i fni

with 0 ≤ λn
i ≤ 1 and

∑νn

i=n λn
i = 1, then we have

δ∗(x′,KA) = lim
k→∞

〈x′,
∫

A

fnk
d P〉

= lim
n→∞〈x

′,
νn∑

i=n

λn
i

∫
A

fni
d P〉

= 〈x′,
∫

A

f̃∞ d P 〉

≤ δ∗(x′,KA).

So the claim is true. Note that in this step, it is not necessary to suppose that E

is separable.

Step 2. Since (
∫

A
fn d P)n∈N is relatively weakly compact, we may apply Lemma

6.2.9 which provides a subsequence still denoted by (fnk
)k∈N, such that for every

measurable set A and every x′ ∈ E
∗, lim

k→∞

∫
A

〈x′, fnk
〉 d P exists in R. Let (f̃n)n∈N

and f̃∞ ∈ P1
E(Ω,S, P) associated with (fnk

)k∈N by (2). Then we have

lim
k→∞

∫
A

〈x′, fnk
〉 d P = lim

n→∞

∫
A

〈x′, f̃n〉 d P =

∫
A

〈x′, f̃∞〉 d P

so that by standard arguments we get

lim
k→∞

∫
h 〈x′, fnk

〉 d P =

∫
h 〈x′, f∞〉 d P

for all h ∈ L∞
R and x′ ∈ E

∗.

If Γ is a multifunction defined on a measurable space, with values in the
nonempty subsets of a measurable space E, we denote by SΓ the set of its measur-
able selections. If furthermore E is a Banach space, we denote by SPe

Γ the set of
Pettis integrable elements of SΓ.

Corollary 6.3.3 Let E be a separable Banach space. Let Γ : Ω → cwK(E)
be a cwK(E)-valued scalarly integrable multifunction, that is, for any x′ ∈ E

∗,
δ∗(x′, Γ(.)) is integrable. If {〈x′, f〉; x′ ∈ BE∗ , f ∈ SΓ} is uniformly integrable,
then the set SPe

Γ is nonempty and sequentially compact for the topology of pointwise
convergence on L∞

R ⊗ E
∗.
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Proof. By hypothesis and [Gei81, Huf86] SPe
Γ is nonempty. Now let (fn)n∈N ⊂ SPe

Γ

and let (e′p)p∈N be a dense sequence in BE∗ for the Mackey topology. Since for each
p ∈ N, the sequence (〈e′p, fn〉)n∈N is uniformly integrable, using Komlós theorem
[Kom67] and an appropriate diagonal process, we find a subsequence (fnk

)k∈N and
a sequence (ϕp)p∈N in L1

R(Ω,S, P) such that

lim
n→∞

1

n

n∑
k=1

〈e′p, fnk
(ω)〉 = ϕp(ω) a.e.

Since
1

n

∑n
k=1 fnk

(ω) ∈ Γ(ω) for all n ∈ N and for all ω ∈ Ω, and Γ(ω) is convex

weakly compact, (
1

n

∑n
k=1 fnk

(ω))n∈N weakly converges a.e. So by Theorem 6.3.2

and, using the fact that Γ is scalarly integrable with convex weakly compact val-
ues, we conclude that SPe

Γ is sequentially compact for the topology of pointwise
convergence on L∞

R ⊗ E∗.

The following result is a Pettis analog of Proposition 6.2.3 and the arguments
developed therein.

Proposition 6.3.4 Suppose that E is a separable Banach space and Γ : Ω →
cK(E) is a Pettis integrable multifunction, that is, {δ∗(x′, Γ(.)); ‖x′‖ ≤ 1} is uni-
formly integrable, then the set SPe

Γ is nonempty and sequentially compact for the
topology of pointwise convergence on L∞

R ⊗ E∗ and, the multivalued integral∫
Ω

Γ d P := {
∫

Ω

f d P; f ∈ SPe
Γ }

is convex and compact in E.

Proof. Sequential compactness of SPe
Γ is an immediate consequence of Corollary

6.3.3. The norm compactness of the multivalued integral
∫
Ω

Γ(ω) d P(ω) can be
proved by applying Strassen’s theorem and Banach–Dieudonné’s theorem as in the
end of the first proof of Proposition 6.2.3.

Now we want to show that Proposition 6.3.4 can be deduced from a general
convergence result for Young measures.

Theorem 6.3.5 Suppose that S is a Lusin topological space and let (un) be a
sequence of measurable mappings from (Ω,S, P) into S such that the sequence (δun

)
of Young measures associated with (un) stably converges to a Young measure σ∞ ∈
Y1(Ω,S, P; S). And suppose h is a Carathéodory integrand defined on Ω× S such
that the sequence (h(un)) := (h(., un(.))) is uniformly integrable in L1

R(Ω,S, P).
Then

(a) lim
n→∞

∫
Ω

h(un) d P =

∫
Ω

[∫
S

h(ω, s) dσ∞
ω (s)

]
d P(ω).
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Suppose further that (S, d) is Polish space and H is a set of continuous functions
defined on S such that |g(x)−g(y)| ≤ d(x, y) for all g ∈ H and for all (x, y) ∈ S×S,
then the following holds:

(b) sup
g∈H

∣∣∣∣∫
Ω

g(un(ω)) d P(ω)−
∫

Ω

[∫
S

g(s) dσ∞
ω (s)

]
d P(ω)

∣∣∣∣→ 0

as n→∞.

Proof. (a) Suppose that h is a Carathéodory integrand on Ω× S such that h(un)
is uniformly integrable. Since h = h+ − h− and both h+(un) and h−(un) are
uniformly integrable, we may suppose that h ≥ 0. For every k ∈ N, let us define a
continuous function αk : R

+ → R
+ as follows: αk(x) ≤ x for all x ≥ 0, αk(x) = x

if x ≤ k, αk(x) = 0 if x ≥ k + 1. We claim that

A :=

∫
Ω

[∫
S

h(ω, s) dσ∞
ω (s)

]
d P(ω) < +∞.

Note that if h is bounded, the result follows by hypothesis. By Beppo Levi’s
theorem we have

A = sup
k

∫
Ω

[∫
S

αk(h(ω, s)) dσ∞
ω (s)

]
d P(ω) = sup

k
lim
n

∫
Ω

αk(h(ω, un(ω))) d P(ω)

≤ lim sup
n

sup
k

∫
Ω

αk(h(ω, un(ω))) d P(ω) ≤ lim sup
n

∫
Ω

h(ω, un(ω)) d P(ω) < +∞,

because (h(un)) is uniformly integrable. Let ε > 0. We need to prove that there
is an integer N such that∣∣∣∣∫

Ω

h(ω, un(ω)) d P(ω)−
∫

Ω

[∫
S

h(ω, s) dσ∞
ω (s)

]
d P(ω)

∣∣∣∣ ≤ 3ε

for all n ≥ N . Notice that∣∣∣∣∫
Ω

h(ω, un(ω)) d P(ω)−
∫

Ω

[∫
S

h(ω, s) dσ∞
ω (s)

]
d P(ω)

∣∣∣∣ ,
is ≤ L1(k, n) + L2(k, n) + L3(k) where, for every k ∈ N,

L1(k, n) =

∣∣∣∣∫
Ω

h(ω, un(ω))− αk(h(ω, un(ω))) d P(ω)

∣∣∣∣ ,
L2(k, n) =

∣∣∣∣∫
Ω

αk(h(ω, un(ω))) d P(ω)−
∫

Ω

[∫
S

αk(h(ω, s)) dσ∞
ω (s)

]
d P(ω)

∣∣∣∣ ,
L3(k) =

∣∣∣∣∫
Ω

[∫
S

αk(h(ω, s)) dσ∞
ω (s)

]
d P(ω)−

∫
Ω

[∫
S

(h(ω, s) dσ∞
ω (s)

]
d P(ω)

∣∣∣∣ .
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Pick K ∈ N such that

sup
n

∫
{h(un)>K+1}

h(ω, un(ω)) d P(ω) ≤ ε

because (h(un)) is uniformly integrable, and L3(K) ≤ ε, using Beppo Levi’s the-
orem. Since (δun

) converges to σ∞ in Y1(Ω,S, P; S) and αK ◦ h is a bounded
Carathéodory integrand, we have that L2(K, n) → 0 when n → ∞. Hence there
is some integer N such that n ≥ N implies L2(K, n) ≤ ε. Notice that

L1(K, n) ≤ sup
n

∫
{h(un)>K+1}

h(ω, un(ω)) d P(ω)

for all n ∈ N. So, for n ≥ N , we have∣∣∣∣∫
Ω

h(ω, un(ω)) d P(ω)−
∫

Ω

[∫
S

h(ω, s) dσ∞
ω (s)

]
d P(ω)

∣∣∣∣
≤ L1(K, n) + L2(K, n) + L3(K) ≤ 3ε.

(b) Let us set

µn :=

∫
Ω

δun(ω) d P(ω) and σ :=

∫
Ω

σ∞
ω d P(ω).

Since (δun
) stably converges to σ∞ in Y1(Ω,S, P; S), the sequence (µn) narrowly

converges to σ in M+,1(S). According to Skorokhod’s theorem, there exist a
probability space (Ω′,S ′, Q) and random elements Xm, X∞ : Ω′ → S such that the
law of Xn (resp. X∞) is µn (resp. σ) with Xn → X∞ Q-a.e. First we claim that
{g(Xn); n ∈ N, g ∈ H} is uniformly integrable in L1

R(Ω′,S ′, Q). As (g(un)) is
uniformly integrable in L1

R(Ω,S, P), by de La Vallée Poussin’s theorem, there is a
continuous convex even function ϕ : R → R

+ with ϕ(t)/|t| → ∞ when |t| → +∞
such that

sup
g∈H

sup
n∈N

∫
Ω

ϕ(g(un)) d P < +∞,

so that

sup
g∈H

sup
n∈N

∫
Ω

ϕ(g(Xn)) d Q < +∞,

thus proving the claim.

Secondly, we claim thatH is uniformly integrable with respect to σ ∈M+,1(S).
For each x ∈ R

+, let βk(x) := x−αk(x) (k ∈ N). Let g ∈ H. We have the estimate

x 1l{y∈R+; y≥k+1}(x) ≤ βk(x) ≤ x 1l{y∈R+; y≥k}(x),
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for all x ∈ R
+. So, for every k ∈ N, we have the estimate∫

{g(.)>k+1}
g(s) dσ(s) ≤

∫
S

βk(g) dσ

= lim
n→∞

∫
Ω

βk(g(un)) d P

≤ sup
g′∈H

sup
n

∫
{g′(un)>k}

g′(un) d P .(6.3.6)

Let ε > 0. As {g′(un); g′ ∈ H, n ∈ N} is uniformly integrable by hypothesis, there
is an integer K > 0 such that supg′∈H supn

∫
{g′(un)>K} g′(un) d P < ε. Returning

to the estimate (6.3.6) we get∫
{g(.)>K+1}

g(s) dσ(s) < ε,

thus proving the claim.
Now we can finish the proof as follows. For every A ∈ S ′, we have∣∣∣∣∫

Ω

g(un(ω)) d P(ω)−
∫

Ω

[∫
S

g(s) dσ∞
ω (s)

]
d P(ω)

∣∣∣∣
=

∣∣∣∣∫
S

g dµn −
∫

S

g dσ

∣∣∣∣
≤

∣∣∣∣∫
A

g(Xn(ω′)) d Q(ω′)−
∫

A

g(X∞(ω′)) d Q(ω′)
∣∣∣∣

+

∫
Ac

g(Xn(ω′)) d Q(ω′) +

∫
Ac

g(X∞(ω′)) d Q(ω′).

Let ε > 0. Since (h(Xn)) is uniformly integrable in L1
R(Ω′,S ′, Q), and H is uni-

formly integrable with respect to σ ∈ M+,1(S), equivalently {h(X∞); h ∈ H}
is uniformly integrable in L1

R(Ω′,S ′, Q), there exists η > 0 such that Q(B) < η
implies

sup
g∈H

sup
n∈N

∫
B

g(Xn(ω′)) d Q(ω′) < ε,

and

sup
g∈H

∫
B

g(X∞(ω′)) d Q(ω′) < ε.

As Xn → X∞ Q-a.e., by Egorov’s theorem there exists a Q-measurable set A with
Q(Ac) < η such that Xn → X∞ uniformly on A. Taking account of the above
estimate and the choice of η, we get

sup
g∈H

sup
n∈N

∫
Ac

g(Xn(ω′)) d Q(ω′) < ε
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and

sup
g∈H

∫
Ac

g(X∞(ω′)) d Q(ω′) < ε.

So it remains to check that

sup
g∈H

∫
A

|g(Xn(ω′))− g(X∞(ω′))| d Q(ω′) < ε.

There exists N ∈ N such that n ≥ N implies

d(Xn(ω′), X∞(ω′)) < ε,

for all ω′ ∈ A. It follows that

|g(Xn(ω′)− g(X∞(ω′)| ≤ d(Xn(ω′), X∞(ω′)) < ε,

for all ω′ ∈ A so that

sup
g∈H

∫
A

|g(Xn(ω′))− g(X∞(ω′))| d Q(ω′) < ε.

The proof is therefore complete.

There is a direct application of the preceding theorem to Pettis integration.

Proposition 6.3.6 Suppose that E is a separable Banach space, (un) is a Pettis
integrable sequence in the space P1

E(Ω,S, P) of Pettis integrable E-valued functions
such that (un) is norm-tight and that {〈x′, un〉; ‖x′‖ ≤ 1, n ∈ N} is uniformly
integrable in L1

R(Ω,S, P), then there exist a subsequence (vm) of (un) and a Young
measure σ∞ in Y1(Ω,S, P; E) such that

sup
‖x′‖≤1

∣∣∣∣∫
Ω

〈x′, vm(ω)〉 d P(ω)−
∫

Ω

[∫
E

〈x′, x〉 dσ∞
ω (x)

]
d P(ω)

∣∣∣∣→ 0

when m→ +∞.

Proof. Applying Theorem 6.3.5 by taking S = E and H = {x′ ∈ E
∗; ‖x′‖ ≤ 1}

gives the result. In particular, if Γ is Pettis integrable convex compact-valued
multifunction from Ω into E, that is, {δ∗(x′, Γ(.)); ‖x′‖ ≤ 1} is uniformly integrable
in L1

R(Ω,S, P), then the set-valued integral∫
Ω

Γ(ω) d P(ω) :=
{∫

Ω

u(ω) d P(ω); u ∈ SPe
Γ

}
is compact in E, SPe

Γ being the set of all Pettis integrable selections of Γ. Remem-
bering that SPe

Γ is nonempty, and any sequence (un) in SPe
Γ is norm tight, we can

extract a subsequence (vm) which converges stably to σ∞ in Y1(Ω,S, P; E) whose
barycenter bar (σ∞

ω ) belongs to Γ(ω) and satisfies the required property in the
theorem, thus proving the norm-compactness of

∫
Ω

Γ(ω) d P(ω).
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Remark 6.3.7 In the present context, Theorem 6.3.5 provides a subtitute of
Banach–Dieudonné’s theorem (cf. Proposition 6.2.3).

Let us mention a useful fact.

Lemma 6.3.8 Suppose that L : Ω → LcwK(E) is a measurable multifunction,
(un)n∈N is a sequence of scalarly integrable E-valued selections of L and u : Ω→ E

is a scalarly integrable function such that

lim
n→∞

∫
A

〈x′, un〉 d P =

∫
A

〈x′, u〉 d P

for every A ∈ S and every x′ ∈ E
∗, then u(ω) ∈ L(ω)-a.e.

Proof. Suppose that the conclusion is not true. Then by [CV77, Lemma III.34]
there exist x′ ∈ E∗, A ∈ S with P(A) > 0 such that

(6.3.7) 〈x′, u(ω)〉 > δ∗(x′, L(ω)) := sup{〈x′, x〉; x ∈ L(ω)}

for all ω ∈ A. By integrating we get

(6.3.8)

∫
A

δ∗(x′, L) d P <

∫
A

〈x′, u〉 d P .

Since 〈x′, un〉 converges σ(L1, L∞) to 〈x′, u〉 and the un are integrable Pettis se-
lections of L, we deduce that∫

A

δ∗(x′, L) d P ≥ lim
n→∞

∫
A

〈x′, un〉 d P =

∫
A

〈x′, u〉 d P(6.3.9)

which contradicts (6.3.7).

6.4 Narrow compactness of Young measures via
the Dudley embedding theorem

This special section is a continuation of the two preceding ones. It is concerned
with stable convergence in Young measures and applications to weak compactness
in Bochner integration. Here sophisticated techniques are used. Firstly, thanks to
a theorem of Dudley, the set of probability measures on a Polish space embeds in a
dual Banach space: There the James (or James–Pryce) Theorem can be used and
the Eberlein–Šmulian theorem allows the use of ordinary sequences (with index set
N). Secondly Young measures sometimes give a rather weak limit object which can
be connected to some other more classical limit objects. Thirdly, some sequences
are weakly Cauchy and the foregoing techniques give a candidate to be the limit.
A condition in the line of Ülger [Ülg91, DRS93] is often used — as in Propositions
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6.4.4–6.4.5 where it takes the form “there exists a subsequence (νn)n satisfying
νn ∈ co{θm; m ≥ n} for every n, which is stably convergent”.

Let (S, d) be a complete separable metric space. We could assume that S

is a Polish space, but then we would have to precise that d is a complete metric.
Recall thatM+,1(S) is set of probability measures on S. We endow it with the nar-
row topology σ(M+,1(S), Cb (S)) where Cb (S) is the set of all real-valued bounded
continuous functions defined on S. This topology is metrizable: see [Bou69, Propo-
sition 10 page 62], [Par67, Theorem 6.2 page 43]. Recall also that BL(S, d) denotes
the vector space of real-valued bounded Lipschitz functions defined on S. It is a
Banach space with the norm

‖f‖BL(S,d) := ‖f‖∞ + sup
{ |f(x)− f(y)|

d(x, y)
; x �= y

}
.

Let BL(S, d)∗ denote its topological dual. The space BL(S, d) has been introduced
and studied by Dudley [Dud66, Dud89]. It is a (usually strict) subspace of Cb (S).
For strict inclusion think of S = R. Moreover the ‖.‖∞-closure of BL(S, d) in
Cb (S) is the set of all bounded uniformly continuous functions: [Dud66, Lemma 8
page 255], on S. There is a natural embedding M+(S) → BL(S, d)∗ defined by
ν �→ [f �→

∫
S
f dν]. We will consider M+,1(S) as a subset of BL(S, d)∗. The

narrow topology on M+,1(S) coincides with the topology defined by the dual
norm on BL(S, d)∗: see [Dud66, Theorem 6 page 258 and Theorem 8 page 259],
[Dud89, Theorem 11.3.3 page 310]. This is mainly due to the fact that bounded
sets in BL(S, d) are equi-continuous sets (of functions). Moreover one can easily
check that M+,1(S) is a convex subset of BL(S, d)∗ contained in the unit sphere
(i.e. elements of norm 1) of BL(S, d)∗. But there is more:

1) M+,1(S) is a closed subset in the Banach space BL(S, d)∗. This relies on
the fact that any sequence in M+,1(S) which is Cauchy in the ‖.‖BL(S,d)∗-norm is
narrowly convergent (see [Dud66, Theorem 9 page 260], the main point is that the
sequence is tight; see also the proof in [Bou83, pages 191–192]).

2) We have νn → ν∞ in the weak∗ topology of BL(S, d)∗, that is, [∀f ∈ BL(S, d),∫
S
f dνn →

∫
S
f dν∞], iff νn → ν∞ narrowly. This is a particular case of Corollary

2.1.11 (see also Lemma 6.4.2 given below) and rather classical: see [Bou83, pages
189–190] and, for related results, [Par67, Theorem 6.6 page 47].

Besides these properties, R.D. Bourgin [Bou83, Theorem 6.3.8 page 193] proves
that the subset M+,1(S) of the Banach dual space (BL(S, d)∗, ‖.‖BL(S,d)∗) has the
Radon–Nikodým property, which means that any BL(S, d)∗-valued measure m
defined on S which is absolutely continuous with respect to P and whose average
range

AR(m) := {m(A)/ P(A); A ∈ S, P(A) > 0}

is contained in M+,1(S) and admits a density f which belongs to the space of
Bochner P-integrable functions L1(Ω,S, P; BL(S, d)∗). Necessarily f(ω) ∈M+,1(S)
P-a.e.
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Compactness in the space of Young measures

Proposition 6.4.1 Let (λn)n be a sequence in Y1(Ω,S, P; S) such that for any
A ∈ S,

∫
A

λn
ω d P(ω) is narrowly convergent in M+(S). Then there exists λ∞ ∈

Y1(Ω,S, P; S) such that, for each A ∈ S,
∫

A
λn d P narrowly converges to

∫
A

λ∞ d P
as n→∞.

Proof. Let m(A) ∈ P(A)M+,1(S) ⊂ BL1(T, d)∗ defined as

m(A) = lim
n→∞

∫
A

λn d P .

The set function m is σ-additive on S and absolutely continuous with respect to
P. Recall that the subset M+,1(S) of BL(S, d)∗ has the RNP. The average range
of m being contained in M+,1(S), there exists a density [ω �→ λ∞

ω ] belonging to
L1(Ω,S, P; BL(S, d)∗). This means, for each A ∈ S, m(A) =

∫
A

λ∞
ω d P(ω).

Remark. It is worth to mention that the conclusion of Proposition 6.4.1 says:
(λn) pointwise converges on L1(Ω,S, P) ⊗ Cb (S). Indeed it is enough to check
that, for any (u, h) ∈ L1(Ω,S, P)× Cb (S), the following holds:

lim
n→∞〈u⊗ h, λn〉 = 〈u⊗ h, λ∞〉.

It is obvious that the preceding equality is true if u is a simple S-measurable
function. Let (up) be a sequence of simple S-measurable functions which pointwise
converges to u on Ω such that |up(ω)| ≤ |u(ω)| for all p and for all ω ∈ Ω. Set
vn(ω) := 〈λn

ω, h〉 and v∞(ω) := 〈λ∞
ω , h〉 for all ω ∈ Ω. Then |vn(ω)| ≤ ‖h‖∞ for all

n ∈ N ∪ {∞} and for all ω ∈ Ω. As, for all p and for all n,

|〈u⊗ h, λn − λ∞〉| = |〈u, vn − v∞〉|
≤ ‖h‖∞‖u− up‖L1 + |〈u− up, v∞〉|+ |〈up, vn − v∞〉|,

it follows that 〈u⊗ h, λn〉 → 〈u⊗ h, λ∞〉.
The idea of the following Lemma is in [Cas85, page 344] (specially Lipschitz

approximation). It is contained in Portmanteau Theorem 2.1.3, but it is a very
useful result, so we give a quick proof here.

Lemma 6.4.2 Let λn (n ∈ N ∪ {+∞}) be elements of Y1(Ω, P; S). Suppose
λn → λ∞ for the weak topology on Y1(Ω, P; S) defined by L1(Ω,S, P) ⊗ BL(S, d).
Then λn → λ∞ for the weak topology defined by L1(Ω,S, P)⊗ Cb (S).

Remark 6.4.3 When Ω is an open subset of RN and S = Rd, the weak topol-
ogy defined by Cc(Ω) ⊗ Cc(R

d) coincides with the narrow topology defined by
Cb

(
Ω× R

d
)

([Val94, page 362]: see the proof of Part 2 of Theorem 3) and also
with the stable topology defined by bounded Carathéodory integrands. This re-
sult extends to the case when Ω and S are separable metric spaces: see Theorem
2.1.13-D.
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Proof. 1) Let
∑k

i=1 ϕi ⊗ fi belong to L1(Ω,S, P)⊗ Cb (S). Since ϕi = ϕ+
i − ϕ−

i ,
one may assume that all the ϕi are ≥ 0. Now we will forget i and show

∀(ϕ, f) ∈ L1
+ × Cb (S) 〈ϕ⊗ f, λn〉 → 〈ϕ⊗ f, λ∞〉.

2) Define, for k ≥ 1, gk by gk(x) = inf{f(y) + k d(x, y); y ∈ S}. It is well-known
that gk is a bounded Lipschitz function on S and that gk ↗ f . By the monotone
convergence theorem, 〈ϕ ⊗ gk, λ∞〉 ↗ 〈ϕ ⊗ f, λ∞〉. Thanks to the convergence
hypothesis, using gk, it is easy to prove lim infn→∞〈ϕ ⊗ f, λn〉 ≥ 〈ϕ ⊗ f, λ∞〉.
Similarly lim supn→∞〈ϕ⊗ f, λn〉 ≤ 〈ϕ⊗ f, λ∞〉.

We now prove a result which was used in the proof of Lemma 4.5.7.

Proposition 6.4.4 Let K ⊂M+,1(S). The following are equivalent:

(1) K is relatively narrowly compact in M+,1(S).

(2) For any sequence (θn)n in K, there exists a subsequence (νn)n satisfying, for
all n, νn ∈ co{θm; m ≥ n}, which is narrowly convergent in M+,1(S).

Proof. Let us repeat that the narrow topology onM+,1(S) is metrizable. If θn ∈ K
and the subsequence (θα(n))n is convergent, obviously θα(n) ∈ co{θm; m ≥ n}; this
proves the implication (1) ⇒ (2). For the implication (2) ⇒ (1) we proceed as in
Theorem 6.3.2.

1) Let E denote the Banach space BL(S, d)∗. We are going to prove, using
James’ theorem, that coK is σ(E, E∗) compact. We have to check that any ζ ∈ E∗

attains its supremum on coK. Let (θn)n be a maximizing sequence in K, that
is, 〈ζ, θn〉 ↗ δ∗(ζ, coK)). From the hypothesis there exists νn ∈ co{θm; m ≥
n} which converges narrowly in M+,1(S) to ν∞. Each νn has the form: νn =∑kn

i=0 αn
i θn+i with αn

i ≥ 0,
∑

i αn
i = 1. So,

(6.4.1) 〈ζ, ν∞〉 = lim
n→∞

kn∑
i=0

αn
i 〈ζ, θn+i〉 = δ∗(ζ, coK).

2) It is sufficient to show that any sequence (θn)n in K admits a convergent
subsequence. Using the relative compactness of K proved above and Eberlein–
Šmulian’s theorem there are a subsequence (θα(n))n and an element θ ∈ E such
that, for every ζ ∈ E

∗, 〈ζ, θα(n)〉 −→ 〈ζ, θ〉. As in 1) let (νn)n be a sequence with
νn ∈ co{θα(m); m ≥ n} such that (νn)n converges narrowly to ν∞. Then neces-
sarily (cf. (6.4.1)) 〈ζ, θ〉 = 〈ζ, ν∞〉 and θ = ν∞. Finally, the convergence θn → ν∞
for σ(BL(S, d)∗, BL(S, d)∗∗) implies the σ(BL(S, d)∗, BL(S, d)) convergence, hence
as already noticed (see for example Lemma 6.4.2), the narrow convergence.

The following extends in some sense the implication (2)⇒ (1) of Proposition 6.4.4
to Young measures.
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Proposition 6.4.5 Let H be a Mazur–compact subset of Y1(Ω,S, P; S), that is,
for any sequence (λn)n in H, there exists a sequence (νn)n with νn ∈ co{λm; m ≥
n} such that, for P-almost every ω, (νn

ω)n converges narrowly in M+,1(S). Then
H is sequentially relatively σ(Y1(Ω,S, P; S),L∞(Ω,S, P)⊗BL(S, d)∗∗)-compact i.e.
for any sequence (λn)n in H, there exists a subsequence (λα(n))n and λ∞ ∈
Y1(Ω,S, P; S) such that

(6.4.2) ∀h ∈ L∞(Ω,S, P)⊗ BL(S, d)∗∗
∫

Ω

〈h, λα(n)〉 d P→
∫

Ω

〈h, λ∞〉 d P .

Proof. We proceed as in Theorem 6.3.2. Let E denote the Banach space BL(S, d)∗.
1) For A ∈ S, let us define HA := {

∫
A

λω d P(ω); λ ∈ H} ⊂ E. We are going
to prove, using James’ theorem, that co(HA) is σ(E, E∗) compact. We have to
check that any ζ ∈ E

∗ attains its supremum on co(HA). Let (λn)n be a sequence
in H such that (θn)n with θn :=

∫
A

λn d P is a maximizing sequence, that is,
〈ζ, θn〉 ↗ δ∗(ζ, co(HA)). From the hypothesis there exists νn ∈ co{λm; m ≥ n}
which P-a.e. converges narrowly in M+,1(S). The limit λ∞

ω is scalarly measurable
(i.e for every f ∈ Cb (S), ω �→ 〈f, λ∞

ω 〉 is measurable), hence is a Young measure.

Each νn has the form: νn =
∑kn

i=0 αn
i λn+i with αn

i ≥ 0,
∑

i αn
i = 1. Since 〈ζ, νn

ω〉
converges a.e. to 〈ζ, λ∞

ω 〉, by Lebesgue’s theorem

(6.4.3) 〈ζ,

∫
A

λ∞ d P〉 = lim
n→∞〈ζ,

∫
A

νn d P〉 = lim
n→∞

kn∑
i=0

αn
i 〈ζ,

∫
A

λn+i d P〉

and 〈ζ,
∫

A
λ∞ d P〉 = δ∗(ζ, co(HA)).

2) Let (λn)n be a sequence in H. Let S1 be the sub-σ-algebra generated by the
maps ω �→ λn

ω, and A a countable algebra which generates S1. Using the relative
compactness of HA proved above, the Eberlein–Šmulian theorem and the diagonal
process, we can prove the existence of a subsequence (λα(n))n and of elements
θA ∈ E such that, for all A ∈ A and for all ζ ∈ E

∗, 〈ζ,
∫

A
λα(n)〉 d P −→ 〈ζ, θA〉.

As in 1) let (νn)n be a sequence with νn ∈ co{λα(m); m ≥ n} such that, for P-
almost every ω, (νn

ω)n converges narrowly to λ∞
ω . Then necessarily (see (6.4.3))

〈ζ, θA〉 =
∫

A
〈ζ, λ∞

ω 〉 d P(ω). By equi-continuity the convergence
∫

A
〈ζ, λα(n)〉 d P→∫

A
〈ζ, λ∞〉 d P remains valid for A ∈ S1. Thus (6.4.2) holds in the case when

h(ω, x) = 1lA(ω)ζ. By linear combinations and taking limits, we get (6.4.3) for ψ ∈
L∞(Ω,S1, P). The extension to the case when ψ ∈ L∞(Ω,S, P) is straightforward
(use the conditional expectation operator ES1).

The following is an application of Proposition 6.4.1.

Proposition 6.4.6 Suppose that (λn) is a sequence in Y1(Ω,S, P; S) satisfying:
For any subsequence (νn) of (λn) there is a sequence ν̃n with ν̃n ∈ co{νm; m ≥ n}
such that, for every A ∈ S, the sequence (

∫
A

ν̃n d P) is narrowly convergent in

M+(S), then there are a subsequence (λn′
) and λ∞ ∈ Y1(Ω,S, P; S) such that

lim
n
〈u⊗ h, λn′〉 = 〈u⊗ h, λ∞〉
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for all (u, h) ∈ L∞
R (Ω,S, P)× Cb (S).

Proof. Step 1. Let (ϕp) be a sequence in Cb (S) which separates the points of
M+,1(S). It is obvious that for each p the sequence (〈ϕp, λ

n〉) defined by

〈ϕp, λ
n〉(ω) = 〈ϕp, λ

n
ω〉,

for all ω ∈ Ω, is bounded in L∞
R (Ω,S, P). So (〈ϕp, λ

n〉) is relatively σ(L∞, L1)
compact. As the injection i : L∞ → L1 is weak∗-weak continuous, (〈ϕp, λ

n〉) is
relatively weakly compact in L1

R(Ω,S, P). So (〈ϕp, λ
n〉) is relatively sequentially

weakly compact in L1
R(Ω,S, P) in view of the Eberlein–Šmulian theorem. Using an

appropriate diagonal procedure provides a sequence (rp) of real-valued bounded

measurable functions and a subsequence (λn′
) of (λn) such that

(6.4.4) ∀p ∀u ∈ L1
R(Ω,S, P) lim

n→∞〈u⊗ ϕp, λ
n′〉 = 〈u, rp〉.

Step 2. Let u ∈ L∞
R (Ω,S, P) and h ∈ Cb (S) be fixed. Choose a subsequence (νn′

)
of (λn′

) such that

(6.4.5) lim sup
n→∞

〈u⊗ h, λn′〉 = lim
n→∞〈u⊗ h, νn′〉.

By our assumption, there is a sequence ν̃n′
with ν̃n′ ∈ co{νm′

; m ≥ n} such that,
for each A ∈ S, (

∫
A

ν̃n′
d P) narrowly converges. By Proposition 6.4.1, there is

ν∞′ ∈ Y1(Ω,S, P; S) such that, for each A ∈ S, (
∫

A
ν̃n′

d P) narrowly converges to∫
A

ν∞′
d P. By (6.4.5) and the remark of Proposition 6.4.1, it follows that

lim sup
n→∞

〈u⊗ h, λn′〉 = lim
n→∞〈u⊗ h, νn′〉 = 〈u⊗ h, ν∞′〉.(6.4.6)

Coming back to (6.4.4) we get

lim
n→∞〈v ⊗ ϕp, λ

n′〉 = 〈v, rp〉 = 〈v ⊗ ϕp, ν
∞′〉(6.4.7)

for all v ∈ L∞
R (Ω,S, P) and for all p. Similarly, we find µ∞′ ∈ Y1(Ω,S, P; S) such

that

lim inf
n→∞ 〈u⊗ h, λn′〉 = 〈u⊗ h, µ∞′〉(6.4.8)

and

lim
n→∞〈v ⊗ ϕp, λ

n′〉 = 〈v, rp〉 = 〈v ⊗ ϕp, µ
∞′〉(6.4.9)
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for all v ∈ L∞
R (Ω,S, P) and for all p. By (6.4.7) and (6.4.9) we get

〈v ⊗ ϕp, ν
∞′〉 = 〈v ⊗ ϕp, µ

∞′〉

for all v ∈ L∞
R (Ω,S, P) and for all p. So we can conclude that ν∞′

= µ∞′
a.e.

Step 3. Finally applying the results obtained in the preceding steps to any (u′, h′) ∈
L∞

R (Ω,S, P)× Cb (S) provides σ∞′ ∈ Y1(Ω,S, P; S) such that

lim
n→∞〈u

′ ⊗ h′, λn′〉 = 〈u′ ⊗ h′, µ∞′〉

and

∀A ∈ S ∀p
∫

A

〈ϕp, σ
∞′

(ω)〉 d P(ω) =

∫
A

rp d P .

So σ∞′
= ν∞′

a.e., thus completing the proof.

Comments Propositions 6.4.5–6.4.6 are the analogs for Young measures of the
Ülger–Diestel–Ruess–Schachermayer characterization of weak compactness in L1

X

where X is a Banach space [Ülg91, DRS93]. Namely these authors proved that a
bounded uniformly integrable subset H of L1

X is relatively compact iff

(∗) given any sequence (un)n in H, there are vn ∈ co{um; m ≥ n} such that the
sequence (vn(ω))n is weakly convergent in X for almost all ω ∈ Ω.

In this spirit, combining Propositions 6.4.5–6.4.6 and the techniques developed
above leads to new compactness results in the space L1

E (where E is a separable
Banach space) that we present in the next paragraph.

Before going further let us mention some significant applications of the preced-
ing results.

Proposition 6.4.7 Suppose that E is a Banach space with strongly separable dual
and S is a closed convex bounded subset of E. Let T :M+,1(S) → E denote the map

µ �→ bar (µ) and T̃ its natural extension T̃ : Y1(Ω, P; S)→ L1
E(Ω,S, P). Let (λn)n

be a sequence in Y1(Ω, P; S) such that for each A ∈ S,

∫
A

λn
ω d P(ω) is narrowly

convergent inM+(S). Then T̃ transforms (λn)n into a weakly convergent sequence
in L1

E(Ω,S, P).

Remarks The existence of bar (µ) (µ ∈ M+,1(S)) is ensured by [Bou83, Lemma

6.2.2 page 178] because S is a closed convex bounded subset of E. Obviously T̃

operates as [T̃ (λ(.))](ω) = T (λω) = bar (λω).

Proof. 1) By Proposition 6.4.1 there exists λ∞ ∈ Y1(Ω,S, P; S) such that for each
A ∈ S,

∫
A

λn d P narrowly converges to
∫

A
λ∞ d P.
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2) Let A ∈ S with P(A) > 0 and x′ ∈ E∗. Then〈
x′,

∫
A

[T̃ (λn
(.))](ω) d P(ω)

〉
=

〈
x′,

∫
A

bar (λn
ω) d P(ω)

〉
=

∫
A

〈x′, bar (λn
ω)〉 d P(ω)

=

∫
A

[∫
S

x′
|Sdλn

ω

]
d P(ω)

= P(A)
〈
x′
|S ,

1

P(A)

∫
A

λn d P
〉

and, since x′
|S belongs to Cb (S) (even to BL(S, d)), we have got

(6.4.10) 〈ψ, T̃ (λn)〉 −→ 〈ψ, T̃ (λ∞)〉

in the case when ψ ∈ L∞
E∗(Ω,S, P) has the form ψ(ω) = 1lA(ω) x′.

3) By linearity (6.4.10) extends to step functions ψ. Then if ψ ∈ L∞
E∗(Ω,S, P)

is countably valued with ψ(ω) = x′
k on disjoint sets Ak,

〈ψ, T̃ (λn)〉 =
∞∑

k=0

∫
Ak

〈x′
k, bar (λn

ω)〉 d P(ω)

and the convergence (6.4.10) still holds. Since E∗ is separable, any element ψ
of L∞

E∗(Ω,S, P) can be uniformly approximated by countably valued ψp, and the
preceding equality holds for any ψ ∈ L∞

E∗(Ω,S, P). The proof is therefore complete.

Now is a variant of the preceding result. Let T : BL(S, d)∗ → E be a bounded
linear operator from the Banach space BL(S, d)∗ into a Banach space E. We

denote by T̂ : L1
BL(S,d)∗(Ω,S, P) → L1

E(Ω,S, P) the natural linear extension of T

to a bounded linear operator from L1
BL(S,d)∗ to L1

E.

Proposition 6.4.8 Suppose that E is a Banach space with strongly separable dual,

(λn)n is a sequence in Y1(Ω, P; S) such that ∀A ∈ S,

∫
A

λn
ω d P(ω) is narrowly con-

vergent inM+(S). Then the mapping T̂ transforms (λn)n into a weakly convergent
sequence in L1

E(Ω,S, P).

Proof. By Proposition 6.4.1 and Dudley’s homeomorphism theorem there is λ∞ ∈
Y1(Ω,S, P; S) such that

∀A ∈ S
∫

A

λn d P→
∫

A

λ∞ d P
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in the Banach space BL(S, d)∗. It follows that
∫

A
T̂ λn d P →

∫
A

T̂ λ∞ d P in the

Banach E for every A ∈ S. The conclusion that (T̂ λn)n converges σ(L1
E, L∞

E∗) to

T̂ λ∞ is obtained as in the proof of Proposition 6.4.7.

The following is an application of the preceding result to best approximation
in L1

E. Let B be a complete sub-σ-algebra of S and let Y1(Ω,B, P; S) be the set of
Young measures defined over the complete probability space (Ω,B, P).

Proposition 6.4.9 Suppose that E is a Banach space with strongly separable dual,
H is a σ(H, L∞(Ω,B, P) ⊗ BL(S, d)) closed subset of Y1(Ω,B, P; S) such that for
every sequence (λn)n in H there exists a sequence (νn)n in Y1(Ω,B, P; S) with
νn ∈ co{λm; m ≥ n} such that for P-almost every ω, (νn

ω)n narrowly converges in
M+,1(S). Let f ∈ L1

E(Ω,S, P). Then there exists λ̄ ∈ H such that

inf
λ∈H

∫
Ω

‖f − T̂ λ‖ d P =

∫
Ω

‖f − T̂ λ̄‖ d P .

Proof. Let (λn)n be a minimizing sequence in H, that is,

lim
n→∞

∫
Ω

‖f − T̂ λn‖ d P = inf
λ∈H

∫
Ω

‖f − T̂ λ‖ d P .

Using Proposition 6.4.5 and the arguments of Proposition 6.4.8 provides a sub-
sequence still denoted by (λn)n such that (T̂ λn) converges σ(L1, L∞) to T̂ λ̄ in
L1

E(Ω,B, P) with λ̄ ∈ H by hypothesis. Then it is easily proved (using the opera-

tor EB) that (T̂ λn) converges weakly to T̂ λ̄ in L1
E(Ω,S, P). It follows that

lim inf
n→∞

∫
Ω

‖f − T̂ λn‖ d P ≥
∫

Ω

‖f − T̂ λ̄‖ d P

and the proof is complete.

To end this section let us mention an application of Propositions 6.4.5–6.4.6 to
Komlós convergence (see also Balder [Bal91]).

Proposition 6.4.10 With the notations and hypotheses of Proposition 6.4.5 (resp.
6.4.6) there are a subsequence (λα(n))n of (λn)n and λ∞ ∈ Y1(Ω, P; S) such that
for each further subsequence (λβ(n))n , the following holds:

1

n

n∑
j=1

λβ(j)
ω

stably−−−−−→ λ∞
ω

for almost every ω ∈ Ω (the negligible set depends on the subsequence).

Proof. 1) By Proposition 6.4.5 there exist a subsequence (λα(n))n of (λn)n and
λ∞ ∈ Y1(Ω, P; S) such that, for every h ∈ L∞(Ω,S, P) ⊗ BL(S, d), we have
limn→∞〈λα(n), h〉 = 〈λ∞, h〉. By Lemma 6.4.2 this implies

(6.4.11) ∀h ∈ L∞(Ω,S, P)⊗ Cb (S) lim
n→∞〈λ

α(n), h〉 = 〈λ∞, h〉.
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2) Let (ϕp)p be a sequence of bounded continuous functions such that for any
sequence (θn)n inM+,1(S), [∀p,

∫
S
ϕp dθn →

∫
S
ϕp dθ∞] is equivalent to the narrow

convergence. Such a sequence (ϕp)p does exist: see e.g. [Par67, Theorem 6.6
page 47].

3) Now the Komlós theorem [Kom67] and an appropriate diagonal procedure
provide a subsequence still denoted by (λα(n))n and functions ζp ∈ L1

R such that

(6.4.12) lim
n→∞

1

n

n∑
j=1

〈λβ(j)
ω , ϕp〉 a.e.

= ζp(ω)

for each subsequence (λβ(n))n. By (6.4.11) it follows that 1
n

∑n
j=1〈λβ(j), ϕp〉 con-

verges σ(L1, L∞) to 〈λ∞, ϕp〉. From (6.4.12) we deduce that ζp(ω)
a.e.
= 〈λ∞

ω , ϕp〉
for all p.

Under the hypotheses of Proposition 6.4.6 there exist a subsequence (λα(n))n

of (λn)n and λ∞ ∈ Y1(Ω, P; S) such that limn→∞〈λα(n), h〉 = 〈λ∞, h〉 for every
h ∈ L1(Ω,S, P)⊗ Cb (S), so the proof follows as in 2) and 3).

Some more weak compactness in L1
E(P)

Lemma 6.4.11 Let E be a separable Banach space, (un)n a bounded sequence in
L1

E which satisfies:

(i) ∀x′ ∈ E
∗, {〈x′, un(.)〉; n ∈ N} is uniformly integrable.

(ii) For any A ∈ S, HA := {
∫

A
un d P; n ∈ N} is relatively weakly compact.

(iii) For any subsequence (u′
n)n of (un)n, there exists vn ∈ co{u′

m; m ≥ n} such
that ∀A ∈ S, the sequence (

∫
A

δvn(.) d P)n is narrowly convergent.

Then there exists a subsequence (unk
)k and u∞ ∈ L1

E such that

∀x′ ∈ E
∗ ∀A ∈ S lim

k→∞

∫
A

〈x′, unk
〉 d P =

∫
A

〈x′, u∞〉 d P .

Remark 6.4.12 1) Hypothesis (ii) appears in Diestel–Uhl [DU77, Theorem 1
page 101] and is exploited in [CC85, Theorem 4.1 page 354].

2) In the same line, [Cas96, Lemma 2.5] treats multifunctions but with a variant
of (iii), which for single-valued functions writes as

(iii′) for any subsequence (u′
n)n of (un)n, there exists vn ∈ co{u′

m; m ≥ n} and a
measurable function u∞ satisfying un(ω)→ u∞(ω) P-a.e.

3) The measure
∫

A
δvn(.) d P is also the image of P�A by vn. But the expression

of (iii) is close to the statement of Propositions 6.4.1–6.4.6 (δvn(.) is the Young
measure associated with vn) which is used in the proof.
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Proof. 1) By Lemma 6.2.9 there exists a subsequence (unk
)k =: (ũk)k such that

for any x′ ∈ E∗ and A ∈ S, limk→∞
∫

A
〈x′, ũk〉 d P =: �x′,A exists in R.

2) Let (ṽk)k be a sequence such that ṽk ∈ co{ũm; m ≥ k} and which satisfies
(iii). Let νk be the Young measure associated with ṽk, that is, νk

ω = δṽk(ω). By

Proposition 6.4.1 there exists ν ∈ Y1(Ω,S, P; S) such that ∀A, limk

∫
A

νk d P =∫
A

ν d P. By a well-known lower semicontinuity result (Proposition 2.1.12 or
[Bal84a, Val90b, Val94])∫

Ω

[∫
E

‖x‖ dνω(x)
]
d P(ω) ≤ lim inf

k→∞

∫
Ω

[∫
E

‖x‖ dνk
ω(x)

]
d P(ω)

= lim inf
k→∞

∫
Ω

‖ṽk(ω)‖ d P(ω)

≤ sup
n∈N

‖un‖L1 < +∞ .

Hence νω has a barycenter: bar (νω) =: u∞(ω) and |u∞(.)| is integrable. Thanks
to hypothesis (i) (see e.g. [Bal95, Val94]),∫

A

〈x′, ṽk〉 d P −→
∫

A

〈x′, bar (νω)〉 d P(ω) =

∫
A

〈x′, u∞〉 d P .

3) Now comes the conclusion: limk→∞
∫

A
〈x′, ṽk〉 d P is the limit of convex

combinations, so necessarily it equals �x′,A = limk→∞
∫

A
〈x′, unk

〉 d P.

Proposition 6.4.13 Let E be a Banach space whose dual E
∗ is strongly separable

and H a bounded subset of L1
E. A necessary and sufficient condition for H to be

relatively weakly compact is the following conditions:

(i) H is UI.

(ii) For any A ∈ S, HA := {
∫

A
u d P; u ∈ H} is relatively weakly compact.

(iii) For any subsequence (u′
n)n of (un)n, there exists vn ∈ co{u′

m; m ≥ n} such
that ∀A ∈ S, the sequence

(∫
A

δvn(.) d P
)
n

is narrowly convergent.

Proof. Since E
∗ is separable, we have

(
L1

E

)∗
= L∞

E∗ (cf. [DU77, Theorem 1
page 98]).

1) The necessity of (i) is well-known [DU77, Theorem 4 page 104]. That of
(i) is easy. As to (iii), by the Eberlein–Šmulian Theorem there exists a weakly
convergent subsequence (u′′

n)n with limit u∞. By the Mazur trick there exists
vn ∈ co{u′′

m; m ≥ n} ⊂ co{u′
m; m ≥ n} such that ‖vn − u∞‖L1 → 0. This im-

plies convergence in measure, hence
∫

A
δvn(.) d P →

∫
A

δu∞(.) d P (see for example
[Val94, Proposition 1], but this is an easy consequence of the Lebesgue–Vitali
theorem).
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2) Let (un)n be a sequence in H. By Lemma 6.4.11 there exist a subsequence
(unk

)k and u∞ ∈ L1
E such that ∀x′ ∈ E∗, ∀A ∈ S, limk→∞

∫
A
〈x′, unk

〉 d P =∫
A
〈x′, u∞〉 d P. Thus for any step-function ϕ : Ω → E

∗, we have

lim
k→∞

∫
Ω

〈ϕ, unk
〉 d P =

∫
Ω

〈ϕ, u∞〉 d P .

This extends from step-functions ϕ to h ∈ L∞
E∗ =

(
L1

E

)∗
. Indeed any h ∈ L∞

E∗

is limit of an almost everywhere convergent sequence (hp)p of step functions sat-
isfying ∀p, ‖hp(ω)‖ ≤ ‖h‖∞. Recall a general fact: On bounded subsets of L∞

E∗

convergence in measure coincide with uniform convergence on uniformly integrable
subsets of L1

E, cf. [Cas80, Proposition 1 page 5.3] and, for dimension 1, [Gro64,
Proposition 1 chapter 5 §4 page 298]. As ∀k, ∀p,

|〈h, unk
− u∞〉| ≤ sup

u∈H
|〈h− hp, u〉|+ |〈h− hp, u∞〉|+ |〈hp, unk

− u∞〉| ,

unk
converges σ(L1

E, L∞
E∗) to u∞.

6.5 Support theorem for Young measures

The following results have their applications in Fatou type lemmas in Mathemat-
ical Economics that we present in the next section.

Theorem 6.5.1 Let E be a separable Banach space. Let (un) be a sequence of
(S,BE)-measurable mappings from Ω into E. Assume that (un) is weakly flexibly
tight, and there exist L ∈ RcwK(E) and such that un(ω) ∈ L for all n and ω ∈ Ω.
Then there exists a subsequence (vm) and a Young measure λ ∈ Y1(Ω; Eσ) such
that the sequence of Young measures δvm

S–stably converges to λ in Y1(Ω; Eσ)
and, for a.e. ω ∈ Ω

(6.5.1) λω(
⋂
p

w–sequ cl {vm(ω); m ≥ p}) = 1,

where, for any subset A of E, w–sequ cl A denotes the sequential closure of A in
Eσ.

Proof. The first part of Theorem 6.5.1 is an immediate consequence of Prohorov’s
Criterion (Theorem 4.3.5). The second part needs a careful look. Let us set

Γp(ω) =w–sequ cl {vm(ω); m ≥ p}.

As L is ball-weakly compact, by repeating some arguments in [ACV92, page 178]
one can check that Γp has its graph in S ⊗ BE. Indeed, by Banach–Steinhaus’
theorem, we have

Γp(ω) =
⋃
k

w–sequ cl {vm(ω); m ≥ p} ∩BE(0, k) ∩ L.
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It follows that Γp is Kσ-valued and its graph belongs to S ⊗BEσ
because for each

k, the weakly compact valued multifunction

Γk
p(ω) :=w–sequ cl {vm(ω); m ≥ p} ∩BE(0, k) ∩ L

from Ω into the σ(E∗, E) compact metrizable set BE(0, k) ∩ L admits a Castaing
representation on the set {ω ∈ Ω; ∃m ≥ p, vm(ω) ∈ BE(0, k)}. Thus, from [CV77,
Proposition III.13], its graph belongs to S ⊗ BE. So the graph of Γ = ∩p ∪k Γk

p

belongs to S ⊗ BE, too. Let us consider the integrand:

ϕp(ω, x) := 1lE\Γp(ω)(x).

Then it is obvious that ϕp is S ⊗BEσ
-measurable and lower semicontinuous on E.

As δvm(ω) is supported by Γp(ω) for m ≥ p, and δvm
S–stably converges to λ, by

the Portmanteau Theorem 2.1.3, we get from the definition of stable convergence,
1 = λω(Γp(ω)) a.e., it follows that

λω(Γ(ω)) = lim
p

λω(Γp(ω)) = 1 a.e.

Remark 6.5.2 1) Actually we have ∩p w–sequ cl {um(ω); n ≥ p} = w-ls un(ω).
See [BH96, page 42].

2) Theorem 6.5.1 can be applied to any bounded sequence (un) in L1
E(Ω,S, P) with

un(ω) ∈ L for all n and for all ω ∈ Ω. Even in the particular case when (un) is
a bounded sequence in L1

E(Ω,S, P) where E is a separable reflexive Banach space
(here L = E) the required support property (6.5.1) is not trivial.

3) A similar result was given in [BH95] for a bounded sequence (un) in L1
E(P)

satisfying some tightness condition by using a different technique.

4) Let us mention that the proof of (6.5.1) given above shows that the weak
sequential closure of a sequence (xn) in a closed convex ball-weakly compact subset
of a Banach space E is Borel, even a Kσδ subset in the vector space Eσ so that the
first member of (6.5.1) has a meaning. In establishing the support property (6.5.1)
it turns out the measurability of the Borel-valued multifunction ∩p w–sequ cl
{um(ω); n ≥ p} is crucial. At this point, by combining the support property
(6.5.1) and the measurability of the multifunction ∩p w–sequ cl {um(ω); n ≥ p},
it is easy to obtain a Fatou-type lemma in Mathematical Economics for unbounded
multifunctions. We refer to [BH96, Theorem 5.3, Cor. 5.3, Cor 5.4] for details.

We give some applications of the preceding theorem.

Proposition 6.5.3 Let E be a separable Banach space. Let L be closed convex
ball-weakly compact subset in E. Let (un) be a bounded sequence in L1

E(Ω,S, P),
such that un(ω) ∈ L for all n and for all ω. Then the following hold:
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(a) The multifunctions

ω �→
⋂
p

w–sequ cl {un(ω); n ≥ p}

and
ω �→ co(

⋂
p

w–sequ cl {un(ω); n ≥ p})

are measurable.

(b) Assume further that the sequence (un) is scalarly uniformly integrable (that is,
the set {〈x′, un(.)〉; ‖x′‖ ≤ 1, n ∈ N} is uniformly integrable in L1

R(Ω,S, P)).
Then there exist a subsequence (vm) and a Young measure λ∞ ∈ Y1(Ω; Eσ)
such that the sequence of Young measures (δvm) S–stably converges to λ∞ in
Y1(Ω; Eσ), and that

λ∞
ω (

⋂
p

w–sequ cl {vn(ω); n ≥ p}) = 1 and

∫
E

‖x‖ dλ∞
ω (x) < +∞,

for almost all ω ∈ Ω. Moreover the function u∞ : ω �→ bar (λ∞
ω ) belongs to

L1
E(Ω,S, P) and the sequence (vm) σ(L1

E, L∞ ⊗ E∗)-converges to u∞.

Proof. (a) follows from [ACV92, Théorème 8 page 176].

(b) By Theorem 6.5.1, there is a subsequence (vm) such that (δvm) S–stably
converges to a Young measure λ∞ ∈ Y1(Ω,S, P; Eσ), that is, (δvm) converges
σ(Y1(Ω; Eσ), Cthb(Ω, Eσ)) where Cthb(Ω, Eσ) is the set of all bounded Carathéo-
dory integrand on Ω × Eσ. Let A ∈ S and x′ ∈ E

∗ with ‖x′‖ ≤ 1. Let ψ be the
integrand ψ : (ω, x)→ 1lA(ω)〈x′, x〉 defined on Ω×E. As (vm) is scalarly uniformly
integrable, the sequence (ψ(., vm(.))m is uniformly integrable. By Theorem 6.3.5
we have

lim
m

∫
A

〈x′, vm(ω)〉 d P(ω) =

∫
A

[∫
E

〈x′, x〉 dλ∞
ω (x)

]
d P(ω)

and by the Portmanteau Theorem 2.1.3∫
Ω

[∫
E

‖x‖ dλ∞
ω (x)

]
d P(ω) ≤ lim inf

m

∫
Ω

‖um(ω)‖ d P(ω) < +∞.

Hence
∫

E
‖x‖ dλ∞

ω (x) < +∞ a.e. And the required property for the limit mea-
sure λ∞ follows from Therem 6.5.1. So the barycenter bar (λ∞

ω ) exists a.e. and
the mapping u∞ : ω �→ bar (λ∞

ω ) belongs to L1
E(Ω,S, P). The σ(L1

E, L∞ ⊗ E∗)
convergence of vm to u∞ follows again from Theorem 6.3.5.

Remark 6.5.4 Proposition 6.5.3 provides a variant of a weak compactness result
in [ACV92, Theorem 8 page 176].
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Let us recall a result due to Benabdellah [Ben91, Proposition 2.2 page 4.10]
which has several applications to the “problem of norm convergence is implied by
the weak.” The notation ∂ext (K) or ∂ext K will denote the set of extreme points
of a closed convex subset K of a Banach space. Later we will also use the set of
denting points ∂dent(K) of K.

Proposition 6.5.5 Let K be a closed convex subset of a Banach space X. Let
ϕ : K → R

+ be a convex lower semicontinuous function. Then the following three
conditions are equivalent:

(i) (x0, ϕ(x0)) ∈ ∂ext (Epiϕ), where Epiϕ := {(x, t) ∈ X × R; t ≥ ϕ(x)} is the
epigraph of ϕ.

(ii) For any pair (x1, x2) ∈ K ×K with x1 �= x2 and every t ∈ ]0, 1[, one has

x0 = tx1 + (1− t)x2 =⇒ ϕ(x0) < tϕ(x1) + (1− t)ϕ(x2),

(iii) δx0
is the unique probability Radon measure µ on K such that∫

K

x dµ(x) = x0 and

∫
K

ϕ(x) dµ(x) = ϕ(x0).

The following is an application of Proposition 6.5.3 and Proposition 6.5.5 to a
Visintin-type convergence under extreme point condition [Bal91, Ben91, Val89,
BCG99a, Vis84, Bal86b, Rze89, Rze92].

Theorem 6.5.6 Let E be a separable Banach space. Let L be closed convex ball-
weakly compact subset in E. Let (un) be a bounded sequence in L1

E(Ω,S, P), such
that un(ω) ∈ L for all n and for all ω. Let ϕ : Ω × E → [0, +∞] be an S ⊗ BE-
measurable integrand such that ϕ(ω, .) is convex lower semicontinuous on E for
every fixed ω ∈ Ω. Assume further that

(i) (un) is scalarly uniformly integrable and converges σ(L1
E, L∞ ⊗ E

∗) to u∞ ∈
L1

E(Ω,S, P),

(ii) lim sup
n→∞

∫
Ω

ϕ(ω, un(ω)) d P(ω) ≤
∫

Ω

ϕ(ω, u∞(ω)) d P(ω) < +∞.

Then there is a subsequence (δvm) which S–stably converges to a Young measure
λ∞ ∈ Y1(Ω,S, P; Eσ) satisfying

(a) u∞(ω) = bar (λ∞
ω ) a.e.,

(b)
∫
∩pw–sequ cl{vm(ω); n≥p} ϕ(ω, x) dλ∞

ω (x) = ϕ(ω, u∞(ω)) a.e.,

(c) in addition, suppose that (u∞(ω), ϕ(ω, u∞(ω)) is an extremal point of Epiϕω

a.e., and co(∩p w–sequ cl {vm(ω); n ≥ p}) ⊂ domϕω for all ω ∈ Ω, where
domϕω is the domain of ϕω. Then λ∞

ω = δu∞(ω) a.e. so that (δvm) S–stably
converges to δu∞ in Y1(Ω,S, P; Eσ).
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Proof. (a) Let A ∈ S and x′ ∈ E∗. Let ψ the integrand ψ : (ω, x)→ 1lA(ω)〈x′, x〉
defined on Ω×E. As (vm) is scalarly uniformly integrable, the sequence (ψ(., vm(.)))
is uniformly integrable. By (i) and Theorem 6.3.5 we have∫

A

〈x′, u∞(ω)〉 d P(ω) = lim
m

∫
A

〈x′, vm(ω)〉 d P(ω)〉 =

∫
A

[∫
E

〈x′, x〉 dλ∞
ω (x)

]
d P(ω).

By the Portmanteau Theorem 2.1.3∫
Ω

[∫
E

‖x‖ dλ∞
ω (x)

]
d P(ω) ≤ lim inf

m

∫
Ω

‖vm(ω)‖ d P(ω) < +∞,

so the barycenter bar (λ∞
ω ) exists a.e. and the mapping ω �→ bar (λ∞

ω ) belongs to
L1

E(Ω,S, P). It follows that u∞(ω) = bar (λ∞
ω ) a.e.

(b) Using (a), the Portmanteau Theorem 2.1.3 and Jensen’s inequality we get

lim inf
n

∫
Ω

ϕ(ω, vn(ω)) d P(ω) ≥
∫

Ω

[∫
∩pw–sequ cl{vn(ω); n≥p}

ϕ(ω, x) dλ∞
ω (x)

]
d P(ω)

≥
∫

Ω

ϕ(ω, u∞(ω)) d P(ω).

Combining this inequality with (ii) yields∫
∩pw–sequ cl{vn(ω); n≥p}

ϕ(ω, x) dλ∞
ω (x) = ϕ(ω, u∞(ω)) a.e.

(c) By our assumption, for every fixed ω ∈ Ω, the R+-valued function ϕ(ω, .) is
convex lower semicontinuous on the closed convex set K(ω) := co(∩p w–sequ cl
{vn(ω); n ≥ p}), moreover we have∫

K(ω)

ϕ(ω, x) dλ∞
ω (x) = ϕ(ω, u∞(ω)) a.e.

As (u∞(ω), ϕ(ω, u∞(ω)) is an extremal point of Epiϕω a.e., it follows from Propo-
sition 6.5.5 that λ∞

ω = δu∞(ω) a.e.

Corollary 6.5.7 Let E be a separable Banach space. Let L be closed convex ball-
weakly compact subset in E. Let (un) be a bounded sequence in L1

E(Ω,S, P), such
that un(ω) ∈ L for all n and for all ω. Assume further that (un) is scalarly
uniformly integrable and converges σ(L1

E, L∞ ⊗ E∗) to u∞ ∈ L1
E(Ω,S, P) with

u∞(ω) ∈ ∂ext co(∩p w–sequ cl {vm(ω); n ≥ p}) a.e., then (δun) S-stably converges
to δu∞ in Y1(Ω,S, P; Eσ).

Proof. Apply Theorem 6.5.6 to the convex normal integrand ϕ:

ϕ(ω, x) := δ
(
x, co

(⋂
p

w–sequ cl {vm(ω); m ≥ p}
))
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where x �→ δ(x, C) is the indicator function (in the sense of Convex Analysis) of
the closed convex set C, that is, δ(x, C) = 0 if x ∈ C and δ(x, C) = +∞ if x �∈ C.

The following example is an application of Theorem 6.5.6 to an optimization
problem.

Example 6.5.8 Let ϕ : Ω × R
d → [0, +∞] be a S ⊗ BRd-measurable integrand

such that ϕ(ω, .) is convex lower semicontinuous on R
d for every fixed ω ∈ Ω. Let

(Kn)n∈N∪{∞} be a sequence of closed convex valued measurable and integrable

multifunctions. For each n ∈ N ∪ {∞}, let S1
Kn

the set of all integrable selections
of Kn. Assume further that the following conditions are satisfied:

(i) w-ls S1
Kn

:= {u ∈ L1
Rd(Ω,S, P); ∃unk

∈ S1
Kn

with unk
→ u weakly} ⊂

S1
K∞ .

(ii) The integral functional Iϕ : L1
Rd(Ω,S, P) → [0, +∞] associated with ϕ is

proper, inf-weakly compact on L1
Rd(Ω,S, P) and strictly convex on S1

K∞ .

(iii) inf{Iϕ(u); u ∈ S1
Kn
} → inf{Iϕ(u); u ∈ S1

K∞} < +∞.

(iv) co ls Kn(ω) ⊂ domϕω for all ω ∈ Ω.

Then any optimal solution un ∈ S1
Kn

converges in L1
Rd(Ω,S, P) to the optimal

solution u∞ ∈ S1
K∞ .

Proof. By (i), (ii) and (iii), it is straightforward to check that un → u∞ weakly
in L1

Rd(Ω,S, P) with

u∞(ω) ∈ co ls un(ω) ⊂ co lsKn(ω) ⊂ domϕω

for almost all ω ∈ Ω, using Theorem 6.5.1 or [ACV92, Théorème 8 page 176] and
Remark 6.5.2. In view of Theorem 6.5.6 δun

→ δu∞ stably in Y1(Ω,S, P; Rd). By
Part 3 of Theorem 3.1.2 un → u∞ in measure. Since weak convergence implies
uniform integrability, we deduce that un → u∞ in L1

Rd(Ω,S, P).

Some weak compactness and convergences results in L1
E∗ [E] We present

some weak compactness result in the space L1
E∗ [E](Ω,S, P) of scalarly integrable

mappings f : Ω → E
∗ such that |f | : ω �→ ‖f(ω)‖ is integrable. The following is

a support theorem for the Young measure limit in Y1(Ω,S, P; E∗
σ) generated by a

bounded sequence in L1
E∗ [E](Ω,S, P).

Theorem 6.5.9 Suppose that E is a separable Banach space and (un) is a bounded
sequence in L1

E∗ [E](Ω,S, P) and h is a Carathéodory integrand defined on Ω× E
∗
σ
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such that the sequence (h(un))n = (h(., un(.))n is uniformly integrable, then there
are a subsequence (vn) and a Young measure λ ∈ Y1(Ω,S, P; E∗

σ) such that

(6.5.2) lim
n→∞

∫
Ω

h(ω, vn(ω)) d P(ω) =

∫
Ω

[∫
E

h(ω, x) dλ∞
ω (x)

]
d P(ω),

and

(6.5.3) λω(
⋂
p

w∗- cl[{vm(ω); m ≥ p}]) = 1 a.e.

Assume further that (un) is uniformly integrable, then (vn) σ(L1
E∗ [E], L∞

E ) con-
verges to u ∈ L1

E∗ [E] with u(ω) = bar (λω) a.e.

Proof. By Markov’s inequality the sequence (δun
) is strictly tight in Y1(Ω,S, P; E∗

σ).
In view of Theorem 4.3.5, there is a subsequence (δvn

) that S–stably converges to
λ ∈ Y1(Ω,S, P; E∗

σ). Since E
∗
σ is a Lusin space, in view of Theorem 6.3.5, we

get (6.5.2). At this point we may also remark that this convergence holds for
the topology σ(Y1(Ω; E∗

σ), Cth1(Ω, E∗
σ)) where Cth1(Ω, E∗

σ) denotes the set of all
Carathéodory integrands h of first order defined on Ω × E

∗
σ, that is, |h(ω, x′)| ≤

c(1 + ‖x′‖), ∀(ω, x′) ∈ Ω×E
∗
σ, by using the techniques developed in Lemma 6.2.1.

Repeating the arguments in Theorem 6.5.1, it is not difficult to see that

λω(
⋂
p

w∗- cl[{vm(ω); m ≥ p}]) = 1 a.e.

using the fact that E
∗ =

⋃
k k BE∗ , and BE∗ is σ(E∗, E) compact metrizable, namely⋂

p

w∗- cl[{vm(ω); m ≥ p} =
⋂
p

[
⋃
k

w∗- cl[{vm(ω); m ≥ p} ∩ kBE∗ ].

Now suppose that (un) is uniformly integrable. Applying (6.5.2) by taking h(ω, y)
= 1lA(ω)|〈x, y〉| with A ∈ S and x ∈ BE gives∫

A

[∫
E

|〈x, y〉| dλ∞
ω (y)

]
d P(ω) = lim

n→∞

∫
A

|〈x, vn(ω)〉| d P(ω) ≤ sup
n

∫
Ω

‖vn(ω)‖ d P(ω).

It follows that the barycenter bar (λω) exists and satisfies

〈x,bar (λω)〉 =

∫
Γ(ω)

〈x, y〉 dλω(y)

where Γ(ω) := ∩p w∗- cl[{vm(ω); m ≥ p}]. By the Portmanteau Theorem 2.1.3 we
have ∫

Ω

[∫
Γ(ω)

‖y‖ dλω(y)
]
d P(ω) ≤ sup

n

∫
Ω

‖vn(ω)‖ d P(ω) < +∞.
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Hence the mapping ω �→ bar (λω) belongs to L1
E∗ [E](Ω,S, P) with bar (λω) ∈

coΓ(ω) a.e. Now let g ∈ L∞
E (Ω,S, P). Then the integrand j : (ω, y) �→ 〈g(ω), y〉

defined on Ω×E
∗
σ belongs to Cth1(Ω, E∗

σ). Applying again (6.5.2) by taking h = j,
gives

lim
m→∞

∫
Ω

〈g(ω), um(ω)〉 d P(ω) =

∫
Ω

[∫
Γ(ω)

〈g(ω), y〉 dλω(y)
]
d P(ω)

=

∫
Ω

〈g(ω), bar (λω)〉 d P(ω).

Taking u : ω �→ bar (λω) completes the proof.

Corollary 6.5.10 Let Φ : Ω → cwK(E∗
σ) be a convex σ(E∗, E)-compact valued

measurable and integrably bounded multifunction, that is, there exists β ∈ L1
R+

such that Φ(ω) ⊂ β(ω)BE∗ for all ω ∈ Ω. Then the set S1
Φ of all scalarly integrable

selections of Φ is sequentially σ(L1
E∗ [E], L∞

E ) compact.

The following result is a combined effort of Theorem 6.5.9 and the Biting Lemma.

Proposition 6.5.11 Suppose that (un) is a bounded sequence in L1
E∗ [E], then

there exist a subsequence (vn) of (un) and u∞ ∈ L1
E∗ [E] such that (vn) biting weakly

converges to u∞, that is, there exists an increasing sequence (Ap) in S such that
limp→∞ P(Ap) = 1, and such that, for each p and for each h ∈ L∞

E (Ap, Ap ∩
S, P |Ap

), the following holds:

lim
n→∞

∫
Ap

〈vn, h〉 d P =

∫
Ap

〈u∞, h〉 d P

and
u∞(ω) ∈ co(

⋂
p

w∗- cl{um(ω); m ≥ p}) a.e.

Proof. By the Biting Lemma there are an increasing sequence (Ap) in S with
limp→∞ P(Ap) = 1 and a subsequence (u′

n) of (un) such that (u′
n|Ap

)n is uniformly
integrable. Using Theorem 6.5.9 and a diagonal procedure, it is not difficult to
produce a subsequence (vn) of (u′

n) and a sequence (γp) with γp ∈ L1
E∗ [E](Ap, Ap∩

S, P |Ap
), such that

lim
n

∫
A

〈vn(ω), h(ω)〉 d P(ω) =

∫
A

〈γp(ω), h(ω)〉 d P(ω),

for all A ∈ Ap ∩S and for all h ∈ L∞
E (Ω,S, P). As (Ap) is increasing, it is obvious

that γp+1 = γp for a.e. in Ap. It is obvious that the function u∞ defined by
u∞(ω) = γp(ω) if ω ∈ Ap and u∞(ω) = 0 if ω /∈ ∪pAp belongs to L1

E∗ [E](Ω,S, P)
and that it is the biting weak limit of (vn), whereas the required inclusion follows
easily from (6.5.3).

As a corollary of Proposition 6.5.11 we provide a Fatou-type lemma for bounded
sequence in L1

E∗ [E].
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Proposition 6.5.12 Suppose that (hn) is a bounded sequence in L∞
E such that

(hn) converges in measure to h∞ ∈ L∞
E and (un) is a bounded sequence in L1

E∗ [E]
such that the sequence (〈hn, un〉−) is uniformly integrable, then there exists u∞ ∈
L1

E∗ [E] such that

lim inf
n

∫
Ω

〈hn, un〉 d P ≥
∫

Ω

〈h∞, u∞〉 d P

with
u∞(ω) ∈ co(

⋂
p

w∗- cl{um(ω); m ≥ p}) a.e.

Proof. We may suppose that

a := lim
n→∞

∫
〈hn, un〉 d P ∈ R.

Furthermore, by Proposition 6.5.11 we may suppose that (un) weakly biting con-
verges to u∞ ∈ L1

E∗ [E], that is, there exist u∞ ∈ L1
E∗ [E] and a subsequence (vn) of

(un) and an increasing sequence (Ap) in S such that limp→∞ P(Ap) = 1, and such
that, for each p and for each h ∈ L∞

E (Ap, Ap ∩ S, P |Ap
), the following holds:

lim
n→∞

∫
Ap

〈vn, h〉 d P =

∫
Ap

〈u∞, h〉 d P

with u∞ ∈ co(∩p w∗- cl[{um(ω); m ≥ p}]) a.e. Let ε > 0 be given. Pick N ∈ N

such that ∫
AN

〈h∞, u∞〉 d P ≥
∫

Ω

〈h∞, u∞〉 d P− ε,

and that

lim sup
n→∞

∫
Ω\AN

〈hn, un〉− d P ≤ ε,

because (〈hn, un〉−)n is uniformly integrable by hypothesis. As ‖hn(.)−h∞(.)‖ → 0
in measure, ‖hn(.) − h∞(.)‖ → 0 uniformly on uniformly integrable subsets of
L1

R(Ω,S, P), cf. [Cas80, Proposition 1 page 5.3] and [Gro64, Proposition 1 chapter 5
§4 page 298]. It follows that

lim
n→∞

∫
AN

‖hn(ω)− h∞(ω)‖ ‖un(ω)‖ d P(ω) = 0.

Hence

lim
n→∞

[ ∫
AN

〈hn, un〉 d P−
∫

AN

〈h∞, un〉 d P
]

= 0.

An easy computation gives

a ≥ lim
n→∞

∫
AN

〈hn, vn〉 − lim sup
n→∞

∫
Ω\AN

〈hn, vn〉− d P ≥ lim
n→∞

∫
AN

〈hn, vn〉 d P− ε.
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Finally we get

a ≥ lim
n→∞

∫
AN

〈hn, vn〉 d P− ε = lim
n→∞

∫
AN

〈h∞, vn〉 d P− ε

=

∫
AN

〈h∞, u∞〉 d P− ε ≥
∫

Ω

〈h∞, u∞)〉 d P− 2ε.

Now let us focus our attention to the particular case when E = C0

(
Rd

)
where

C0

(
Rd

)
is the separable Banach space of all continuous mappings f : Rd → R

tending to 0 when ‖x‖ → +∞ equipped with the sup norm. Then the dual
E
∗ = C0

(
R

d
)∗

is identified with the Banach space M(Rd) = ca
(
R

d
)

of bounded
measures on R

d equipped with the norm ‖ν‖ =
∫

Rd d|ν|. We present some relation-
ships betwen convergence results stated above in the context of Young measures
on R

d with those using the duality (L∞
ca(Rd)(P), L1

C0(Rd)(P)). Let us mention first
the following:

Proposition 6.5.13 Let (λn) be a bounded sequence in L1
ca(Rd)[C0

(
Rd

)
] such that

λn
ω ∈M+(Rd) for all n and for all ω ∈ Ω. If (λn) converges σ(L1

ca(Rd)[C0

(
R

d
)
], L∞

⊗ C0

(
R

d
)
) to λ∞ ∈ L1

ca(Rd)[C0

(
R

d
)
], then

(6.5.4) λ∞
ω ∈M+(Rd) a.e.

Proof. Let us observe that M+(Rd) is σ(M(Rd), C0

(
Rd

)
) closed convex, locally

compact and contains no lines. Suppose by contradiction that (6.5.4) does not
holds. By [CV77, Lemma III.34] there is an element f ∈ C0

(
R

d
)

and a measurable
set A ∈ S with P(A) > 0 such that

〈f, λ∞
ω 〉 > δ∗(f,M+(Rd))

for all ω ∈ A. By hypothesis, we deduce that∫
A

〈f, λ∞
ω 〉 d P(ω) = lim

n→∞

∫
A

〈f, λn
ω〉 d P(ω)

≤
∫

A

δ∗(f,M+(Rd)) d P(ω)

= P(A) δ∗(f,M+(Rd))

which contradicts the inequality∫
A

〈f, λ∞
ω 〉 d P(ω) > P(A) δ∗(f,M+(Rd)).
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Remark 6.5.14 1) If ‖λn
ω‖ ≤ α (α being a finite number) for all n and for almost

all ω ∈ Ω, then it is easy to check that ‖λ∞
ω ‖ ≤ α for almost all ω ∈ Ω.

2) If (un) is a tight sequence of R
d-valued S-measurable functions defined on Ω,

then it is well-known that the sequence (λn) = (δun
) (up to an extracted subse-

quence) converges stably to a Young measure ν∞ ∈ Y1(Ω,S, P; Rd). Since the se-
quence (λn) (up to an extracted subsequence) converges to λ∞ ∈ L1

ca(Rd)(Ω,S, P),

for the σ(L1
ca(Rd), L

∞ ⊗ C0

(
R

d
)
) topology, we have λ∞ = ν∞ a.e. because L∞ ⊗

C0

(
Rd

)
⊂ L∞ ⊗ Cb

(
Rd

)
.

Best approximants in L1
E∗ [E] We now consider a problem of best approx-

imation in L1
E∗ [E](Ω,S, P). This problem has been studied essentially for the

space L1
E(Ω,S, P) when E is a reflexive separable Banach space, and even for the

space LcwK(E)(Ω,S, P) of convex weakly compact valued measurable and integrably
bounded multifunctions, see [CC85, Proposition 5.4] and the references therein.
In a recent paper [BC01, Theorem 5.10 page 36] the authors gave a result of best
approximation in L1

E∗ [E] using some new structure results of this space, mainly the
characterization of weak compactness in this Banach space. This study is quite
delicate because of the lack of the characterization of the dual of L1

E∗ [E] and is
independent of the theory of Young measures. We aim to present a new variant of
this result by exploiting the sequential σ(L1

E∗ [E], L∞
E ) compactness result in The-

orem 6.5.9 and a new characterization of the norm N1 of L1
E∗ [E](Ω,S, P) given in

[BC01, Theorem 4.1]. We consider the spaces L1
E∗ [E](Ω,S, P) (shortly L1

E∗ [E](S))
and L1

E∗ [E](Ω,B, P) (shortly L1
E∗ [E](B)) where B is a complete sub-σ algebra of S.

We need first a crucial lemma.

Lemma 6.5.15 Suppose that B is a complete sub-σ-algebra of S and f ∈ L1
E∗ [E](S),

then any minimizing sequence (gn)n≥1 in L1
E∗ [E](B), that is,

lim
n→∞

∫
Ω

‖f − gn‖ d P = inf
{∫

Ω

‖f − g‖ d P; g ∈ L1
E∗ [E](B)

}
,

is relatively sequentially σ(L1
E∗ [E], L∞

E ) compact in L1
E∗ [E](B).

Proof. Step 1. For any sequence (Bn) in B with limn→∞ P(Bn) = 0, we have

lim
n→∞

∫
Bn

‖f(ω)− gn(ω)‖ d P(ω) = 0.

Suppose by contradiction that there exists a sequence (Bn) in B such that∫
Bn

‖f(ω)− gn(ω)‖ d P(ω) �→ 0.

Then there exist ε > 0 and a subsequence (gnk
) of (gn) and a subsequence (Bnk

)
of (Bn) such that ∫

Bnk

‖f(ω)− gnk
(ω)‖ d P(ω) ≥ ε
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for all k. Let us consider the sequence (hnk
) in L1

E∗ [E](B) defined by

hnk
= 1lΩ\Bnk

gnk
+ 1lBnk

g1.

Then we have hnk
∈ L1

E∗ [E](B) for all k so that

inf
{∫

Ω

‖f − g‖ d P; g ∈ L1
E∗ [E](B)

}
≤

∫
Ω

‖f − hnk
‖ d P

for all k. Hence

inf{N1(f − g); g ∈ H} ≤ lim inf
k→∞

[N1( 1lΩ\Bnk
(f − gnk

)) + N1( 1lBnk
(f − g1))].

Since limk→∞ P(Bnk
) = 0 we have limk→∞ N1( 1lBnk

(f − g1)) = 0. Therefore we
get

inf{N1(f − g); g ∈ L1
E∗ [E](B)} ≤ lim inf

k→∞
N1( 1lΩ\Bnk

(f − gnk
))

≤ lim inf
k→∞

N1(f − gnk
)− ε.

That is a contradiction.

Step 2. Any minimizing sequence is relatively sequentially σ(L1
E∗ [E], L∞

E ) com-
pact in L1

E∗ [E](B). Using the notations of Step 1 and the triangular inequality:∫
Bn

‖gn‖ d P ≤
∫

Bn

‖f − gn‖ d P+

∫
Bn

‖f‖ d P

we see that

lim
n→∞

∫
Bn

‖gn‖ d P = 0

for any sequence (Bn) in B with limn→∞ P(Bn) = 0. Therefore (gn) is uniformly
integrable in L1

E∗ [E](B). In view of Theorem 6.5.9 we conclude that (gn) is rel-
atively sequentially σ(L1

E∗ [E], L∞
E ) compact in L1

E∗ [E](B). The proof is therefore
complete.

Now we are able to state the following best approximation result.

Theorem 6.5.16 Suppose that B is a complete sub-σ-algebra of S, then for any
f ∈ L1

E∗ [E](S), there exists g ∈ L1
E∗ [E](B) such that∫

Ω

‖f − g‖ d P = inf
{∫

Ω

‖f − h‖ d P; h ∈ L1
E∗ [E](B)

}
.

Proof. Let (gn) be a minimizing sequence in L1
E∗ [E](B). By Lemma 6.5.15, (gn) is

relatively sequentially σ(L1
E∗ [E], L∞

E ) compact in L1
E∗ [E](B). Hence we may suppose

that (gn) converges σ(L1
E∗ [E](B), L∞

E (B)) in L1
E∗ [E](B) to a function g ∈ L1

E∗ [E](B).
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Step 1. Claim: (gn) converges σ(L1
E∗ [E](Ω,S, P), L∞

E (Ω,S, P)) to g. By the
σ(L1

E∗ [E](B), L∞
E (B)) convergence of (gn) in L1

E∗ [E](B) we have

∀v ∈ L∞
E (B) lim

n→∞

∫
Ω

〈gn(ω), v(ω)〉 d P(ω) =

∫
Ω

〈g(ω), v(ω)〉 d P(ω).

Now let v ∈ L∞
E (S) and let EB (v) be the conditional expectation of v w.r.t. B.

Then EB (v) ∈ L∞
E (B) and

∀u ∈ L1
E∗ [E](B)

∫
Ω

〈u, EB (v)〉 d P =

∫
Ω

〈u, v〉 d P .

It follows that

lim
n→∞

∫
Ω

〈gn(ω), v(ω)〉 d P(ω) = lim
n→∞

∫
Ω

〈gn(ω), EB (v) (ω)〉 d P(ω)

=

∫
Ω

〈g(ω), EB (v) (ω)〉 d P(ω)

=

∫
Ω

〈g(ω), v(ω)〉 d P(ω),

for all v ∈ L∞
E (S).

Step 2. Claim:
∫
Ω
‖f − g‖ d P = inf{

∫
Ω
‖f − h‖ d P; h ∈ L1

E∗ [E](B)}. Now let

us consider the subset Step(S) of the dual L1
E∗ [E](S)∗ defined by

Step(S) = {ŝ ∈ L1
E∗ [E](S)∗; s : Ω→ BE is a step S-measurable function}

where

ŝ(f) :=

∫
Ω

〈f, s〉 d P, ∀f ∈ L1
E∗ [E](S).

Then Step(S) is an absolutely convex subset of L1
E∗ [E](S)∗ and is included in the

closed unit ball U1 of (L1
E∗ [E](S)∗ because ‖s(ω)‖ ≤ 1 for all s ∈ S and for all

ω ∈ Ω. In view of the proof of [BC01, Theorem 4.1], we have

N1(f) = sup
l∈Step(S)

l(f), ∀f ∈ L1
E∗ [E](S).

Hence we have ∫
Ω

‖f − gn‖ d P ≥ 〈ŝ, f − gn〉,

for all n and for all ŝ ∈ Step(S). It follows that

lim inf
n→∞

∫
Ω

‖f − gn‖ d P ≥ 〈ŝ, f − g〉 =

∫
Ω

〈f − g, s〉 d P
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for all ŝ ∈ Step(S). Hence by taking the supremum over Step(S) in the preceding
inequality we get

lim inf
n→∞

∫
Ω

‖f − gn‖ d P ≥
∫

Ω

‖f − g‖ d P ≥ inf
{∫

Ω

‖f − h‖ d P; h ∈ L1
E∗ [E](B)

}
.

References See Shintani–Ando [SA76], Valadier [Val84] for the case of L1
E spaces

and Herrndorf [Her81] for the case of Orlicz spaces of E-valued functions where
E is a separable reflexive Banach space. Note that in Castaing–Clauzure [CC85]
the authors deal with both Orlicz spaces and the space L1(Ω,S, P; cwK(E)) of
measurable and integrably bounded convex weakly compact valued multifunctions
in a separable reflexive Banach space E.

Now we focus our attention to the case when E is a separable reflexive Ba-
nach space. The following result shows the relationship between the modes of
convergence encountered along this section.

Proposition 6.5.17 Suppose that E is a separable reflexive Banach space, (un)
is a bounded sequence in L1

E(Ω,S, P). Then the following holds:

(a) (δun
) (up to an extracted subsequence) σ(Y1(Ω; Eσ), Cthb(Ω, Eσ)) converges to

a Young measure λ∞ in Y1(Ω; Eσ).

(b) (un) (up to an extracted subsequence) Mazur strongly converges a.e. to a func-
tion u∞ ∈ L1

E(Ω,S, P).

(c) (un) (up to an extracted subsequence) biting weakly converges to a function
v∞ ∈ L1

E(Ω,S, P).

(d) If, in adddition, E is B–convex reflexive, (un) (up to an extracted subsequence)
Komlós strongly converges to a function w∞ ∈ L1

E(Ω,S, P).

If we have considered the same extracted subsequence in (a), (b), (c) and (d), then

bar (λ∞) (ω) = u∞(ω) = v∞(ω) = w∞(ω) a.e.

The proof is straightforward since it follows directly from the above mentioned
results.

In the following two sections we treat some problems of convergence in the
spaces of scalarly integrable E-valued functions P1

E(Ω,S, P) and L1
E∗ [E](Ω,S, P)

under extreme point condition.
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6.6 Visintin-type theorem in P1
E(Ω,S, P)

We begin with some preliminary results. Some parts of the results presented here
are borrowed from [ACV92, ACV98, BCG99b, BC01], see also [BS03]. If f : Ω→ E

is a scalarly integrable function, the Pettis norm ‖f‖Pe of f [Gei81, Huf86, Mus91]
is defined by ‖f‖Pe = supx′∈BE∗

∫
Ω
|〈x′, f〉| d P. The space P1

E(Ω,S, P) of E-valued
Pettis integrable functions is endowed with the Pettis norm ‖.‖Pe. A subset H ⊂
P1

E(Ω,S, P) is Pettis uniformly integrable (PUI for short) if, for every ε > 0, there
exists δ > 0 such that

P(A) ≤ δ =⇒ sup
u∈H

‖ 1lAu‖Pe ≤ ε.

If f ∈ P1
E, the singleton {f} is PUI since the set {〈x′, f〉; ‖x′‖ ≤ 1} is uniformly

integrable [Gei81]. More generally, a subset H ⊂ P1
E(Ω,S, P) is scalarly Pettis uni-

formly integrable if the set {〈x′, f〉; f ∈ H, ‖x′‖ ≤ 1} is uniformly integrable in the
space L1

R(Ω,S, P) (this property, in the context of locally convex spaces, is called
S–uniform scalar integrability in [CRdF00]). If H is scalarly Pettis uniformly
integrable, then it is Pettis uniformly integrable.

Proof. Indeed, we have

lim
a→+∞ sup

f∈H
sup

x′∈BE∗

∫
{|〈x′,f〉|>a}

|〈x′, f〉| d P = 0.

For any x′ ∈ BE∗ , one has

(∗)
∫

A

|〈x′, u〉| d P =

∫
A∩{|〈x′,u〉|≤a}

|〈x′, u〉| d P+

∫
A∩{|〈x′,u〉|>a}

|〈x′, u〉| d P .

Let a be large enough in order to ensure

∀x′ ∈ BE∗ ∀u ∈ H
∫

A∩{|〈x′,u〉|>a}
|〈x′, u〉| d P ≤ ε/2.

Thus, the last term of (∗) is ≤ ε/2. Now, if δ is small enough in order to ensure
aδ ≤ ε/2, we obtain∫

A∩{|〈x′,u〉|≤a}
|〈x′, u〉| d P ≤ a P(A) ≤ ε/2

as soon as P(A) ≤ δ.

Let K be a convex subset of E. Recall that a point x ∈ K is a denting point
of K if for any ε > 0, x /∈ co(K \ BE (0, ε)). The set of all denting points of K is
denoted by ∂dent(K). Let Γ : Ω → cwK(E) be a scalarly integrable multifunction.
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We denote by SPe
Γ the set of all Pettis integrable selections of Γ. If SPe

Γ is nonempty,
the integral of Γ over a S-measurable set A is defined by∫

A

Γ d P :=
{∫

A

f d P; f ∈ SPe
Γ

}
where

∫
A

f d P is the Pettis integral of f over A.

A scarlarly integrable multifunction Γ : Ω→ cwK(E) is Pettis-integrable if the
set

{δ∗(x′, Γ); ‖x′‖ ≤ 1}
is uniformly integrable in L1

R(P).

A sequence (un) in P1
E weakly converges to u ∈ P1

E if un → u in the topology
of pointwise convergence on L∞

R (P)⊗ E
∗.

A subset H in P1
E is cwK(E)-tight (resp. cK(E)-tight) if, for every ε > 0, there

exists a cwK(E)-valued (resp. cK(E)-valued) Pettis-integrable multifunction Γε

satisfying:
sup
u∈H

P({ω ∈ Ω; u(ω) /∈ Γε(ω)}) ≤ ε.

The following is a version of the Lebesgue–Vitali theorem for scalarly Pettis
uniformly integrable functions.

Proposition 6.6.1 Suppose (un)n∈N is a PUI sequence of scalarly integrable E-
valued functions converging in measure to a scalarly integrable E-valued function
u∞, then ‖un − u∞‖Pe → 0.

Proof. Suppose the conclusion does not hold. There exists ε > 0 such that, for a
subsequence still denoted by (un)n, ∀n, ‖un−u∞‖Pe > ε. Since (un)n is PUI, there
exists δ > 0 such that P(A) < δ implies ∀n ∈ N ∪ {∞}, ‖ 1lAun‖Pe ≤ ε/3. There
exists a subsequence still not relabeled such that ‖un−u∞‖ → 0 a.e. By virtue of
Egorov’s theorem, there exists B ∈ S such that P(Ω \B) < δ and ‖un − u∞‖ → 0
uniformly on B. Let n0 be such that ∀n ≥ n0, ‖un(ω) − u∞(ω)‖ ≤ ε/3 on B.
Then ∀n ≥ n0, we have

‖un − u∞‖Pe ≤ ‖ 1lB(un − u∞)‖Pe + ‖ 1lΩ\B(un − u∞)‖Pe

≤ ε/3 + ‖ 1lΩ\Bun‖Pe + ‖ 1lΩ\Bu∞‖Pe ≤ ε.

This contradicts the initial assumption.

Proposition 6.6.2 Let E be a separable Banach space, (un)n∈N be a scalarly Pet-
tis uniformly integrable sequence of E-valued Pettis integrable functions, that is,
the set

{〈x′, un(.)〉; ‖x′‖ ≤ 1, n ∈ N}
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is uniformly integrable in L1
R(Ω,S, P). Suppose further that the sequence (un)n∈N

is norm tight, then there exists a subsequence (λα(n))n∈N of the sequence (λn)n∈N =
(δun)n∈N and λ∞ ∈ Y1(Ω,S, P; E) such that the following hold:

(a) limn〈ψ, λα(n)〉 = 〈ψ, λ∞〉 for every bounded Carathéodory integrand ψ on Ω×
E.

(b) There is a scalarly E
∗-integrable E

∗∗-valued mapping bλ∞ : ω �→ bλ∞
ω

defined
by

〈bλ∞
ω

, x′〉 =

∫
E

〈x′, x〉 dλ∞
ω (x),

for all x′ ∈ E∗ and for all ω ∈ Ω which satisfies

lim
n→∞

∫
Ω

g(ω)〈x′, uα(n)(ω)〉 d P(ω) =

∫
Ω

g(ω)〈x′, bλ∞
ω
〉 d P(ω)

for all g ∈ L∞
R (Ω,S, P) and for all x′ ∈ BE∗ .

Proof. (a) follows from Theorem 4.3.5. We claim that∫
A

[∫
E

|〈x′, x〉| dλ∞
ω (x)

]
d P(ω) = lim

n

∫
A

|〈x′, uα(n)(ω)〉| d P(ω)

≤ sup
‖x′‖≤1, n∈N

∫
Ω

|〈x′, un(ω)〉| d P(ω) < +∞(6.6.1)

for all A ∈ S and for all x′ ∈ BE∗ . Indeed since {〈x′, un(.)〉; ‖x′‖ ≤ 1, n ∈ N} is
uniformly integrable in L1

R the second equality is obvious whereas the first equality
need a careful look. Let A ∈ S and ‖x′‖ ≤ 1 and let h be the positive Carathéo-
dory integrand h(ω, x) := 1lA(ω)|〈x′, x〉| defined on Ω × E. Then the sequence
(h(un)) = (h(., un(.))) is uniformly integrable. Now using (a) and Theorem 6.3.5
yields

lim
n→∞

∫
Ω

h(ω, un(ω)) d P(ω) =

∫
Ω

[∫
E

h(ω, s) dλ∞
ω (s)

]
d P(ω).

Hence (6.6.1) shows that the mapping: bλ∞ : ω �→ bλ∞
ω

from Ω into E
∗∗ defined by

〈bλ∞
ω

, x′〉 =

∫
E

〈x′, x〉 dλ∞
ω (x)

for all x′ ∈ E∗ and for all ω ∈ Ω, is scalarly integrable, i.e. for every x′ ∈ E∗ the
function ω �→ 〈bλ∞

ω
, x′〉 is integrable. Similarly we have

lim
n

∫
g(ω)〈x′, uα(n)(ω)〉 d P(ω) =

∫
Ω

[∫
E

g(ω)〈x′, x〉 dλ∞
ω (x)

]
d P(ω)

=

∫
Ω

g(ω)〈x′, bλ∞
ω
〉 d P(ω)(6.6.2)

for all g ∈ L∞
R (Ω,S, P) and for all x′ ∈ BE∗ , thus proving (b).
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Proposition 6.6.3 Assume that E
∗ is strongly separable and (un) is a scalarly

Pettis uniformly integrable and norm tight sequence in P1
E which σ(P1

E, L∞ ⊗ E∗)
converges to a Pettis integrable function u∞ ∈ P1

E(Ω,S, P), then there exists a
subsequence (λα(n))n∈N of (λn)n∈N = (δun)n∈N and λ∞ ∈ Y1(Ω,S, P; E) such that
(λα(n))n∈N S-stably converges to λ∞ which satisfies λ∞

ω (∩p cl{um(ω); n ≥ p}) = 1
and u∞(ω) =

∫
E

x dλ∞
ω (x) a.e.

Proof. The existence of λ∞ satisfying the required support property follows easily
from the norm tighness of (un). According to the preceding proposition, the
barycenter bar (λ∞

ω ) =
∫

E
x dλ∞

ω (x) belongs to E
∗∗ and the mapping bar (λ∞) :

ω �→ bar (λ∞
ω ) is scalarly E

∗-integrable. As E
∗ is strongly separable there is a

sequence (x′
j)j in BE∗ which separates the points of E∗∗. In view of the preceding

proposition and the weak convergence of (un) to u∞ we get

lim
n→∞

∫
A

〈x′
j , u

α(n)(ω)〉 d P(ω) =

∫
A

〈x′
j , u∞(ω)〉 d P(ω)

=

∫
A

〈x′
j , bar (λ∞

ω )〉 d P(ω)

for all j and for all A ∈ S. Hence u∞(ω) = bar (λ∞
ω ) a.e.

The following is a Pettis variant of a result due to Benabdellah [Ben91, The-
orem 3.2] who treated a similar result for the space L1

E(Ω,S, P). See also [Val89,
Theorem 9].

Theorem 6.6.4 Assume that E∗ is strongly separable, (un) is a scalarly Pettis
uniformly integrable and norm tight sequence in P1

E which σ(P1
E, L∞⊗E∗) converges

to a scalarly integrable E-valued function u∞ and ϕ : Ω×E → [0, +∞] is a convex
normal integrand satisfying

(i) K(ω) := co(
⋂

p cl{um(ω); n ≥ p}) ⊂ dom ϕω,

(ii) lim supn

∫
Ω

ϕ(ω, un(ω)) d P(ω) ≤
∫
Ω

ϕ(ω, u∞(ω)) d P(ω) < +∞,

(iii) (u∞(ω), ϕ(ω, u∞(ω)) is an extremal point of Epiϕω a.e.,

then u∞(ω) ∈ K(ω) almost everywhere, and (un) converges to u∞ for the Pettis
norm.

Proof. From (ii) and Jensen’s inequality we deduce that∫
K(ω)

ϕ(ω, x) dλ∞
ω (x) = ϕ(ω, u∞(ω)) a.e.

because λ∞
ω (K(ω)) = 1 and u∞(ω) = bar (λ∞

ω ) a.e., where λ∞ is the Young
measure limit given in Proposition 6.6.3. If (u∞(ω), ϕ(ω, u∞(ω))) is an extremal
point of Epiϕω a.e., δu∞(ω) = λ∞

ω a.e. by applying Proposition 6.5.5. By Part 3 of
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Theorem 3.1.2 uα(n) converges to u∞ in measure. By virtue of Proposition 6.6.1,
uα(n) converges to u∞ for the Pettis norm since (un) is scalarly Pettis uniformly
integrable. The conclusion follows.

Corollary 6.6.5 Assume that E
∗ is strongly separable, (un) is a scalarly Pettis

uniformly integrable and norm tight sequence in P1
E which σ(P1

E, L∞⊗E∗) converges
to a scalarly integrable E-valued function u∞ such that u∞(ω) is an extremal point
of co(∩p cl{um(ω); n ≥ p}) a.e., then (un) converges to u∞ for the Pettis norm.

Proof. Apply the preceding theorem by taking

ϕ(ω, x) = δ(x, co(
⋂
p

cl{um(ω); n ≥ p}))

where δ(., C) is the indicator function (in the sense of Convex Analysis) of C.

Now we proceed to a variant of Theorem 6.6.4. A multifunction Γ : Ω →
cwK(E) is Pettis integrable if it is scalarly integrable, that is, if the function
δ∗(x′, Γ(.)) is integrable for every x′ ∈ E

∗ and the set {δ∗(x′, Γ(.)); ‖x′‖ ≤ 1}
is uniformly integrable in L1

R(Ω,S, P). We begin with a lemma formulated for
simplicity in a special case. See [ACV98, Lemma 2.2 page 326].

Lemma 6.6.6 Let E be a separable Banach space. Let Γ : Ω → cK(E) be a Pettis
integrable multifunction, and (un) be a sequence of Pettis integrable selection of Γ
which converges σ(P1

E, L∞ ⊗ E
∗) to a Pettis integrable selection u of Γ. Suppose

u(ω) is an extremal point of Γ(ω) for a.e. ω ∈ Ω, then ‖un − u‖Pe → 0.

Proof. Without lost we may suppose that u = 0 so that 0 ∈ ∂ext (Γ(ω)) a.e. Since
the sequence (un) is scalarly Pettis uniformly integrable, we need only to prove
that ‖un(.)‖ → 0 in measure. Suppose not. Then there exist ε > 0 and η > 0 such
that

P({ω ∈ Ω; ‖un(ω)‖ ≥ η}) ≥ η

for infinitely many n, namely there exists an infinite subset S ⊂ N such that the
preceding inequality holds for all n ∈ S. Let us consider the following Pettis
integrable functions

vn := 1l{ω∈Ω; un(ω)/∈BE(0,ε)}un

and wn := un − vn. By virtue of Theorem 6.3.4 the sequence (vn) is relatively
sequentially σ(P1

E, L∞ ⊗E∗) compact. By extracting an appropriate subsequence,
we may suppose that (vn) converges to v ∈ P1

E for this topology. It follows that
(wn) converges σ(P1

E, L∞ ⊗ E
∗) to −v. As 0 ∈ ∂ext (Γ(ω)) a.e. implies 0 ∈ ∂ext

(Γ(ω)) a.e. and un converges σ(P1
E, L∞⊗E∗) to 0, we get v = 0. Since ∂ext (Γ(ω)) =

∂dent(Γ(ω)) because Γ(ω) is convex norm compact, 0 ∈ ∂dent(Γ(ω)) a.e. Hence,
0 /∈ co(Γ(ω) \ BE (0, ε)) a.e. As the multifunction Γ is scalarly S-measurable, its



6.6. VISINTIN-TYPE THEOREM IN P1
E 185

graph belongs S ⊗ BE. Hence the graph of the multifunction ∆ := Γ(.) \BE (0, ε)
from Ω to norm compact sets of E belongs to S ⊗ BE, too. Consequently the
set A = {ω ∈ Ω; Γ(ω) \ BE (0, ε) �= ∅} is S-measurable by a classical mesurable
projection theorem [CV77, Theorem III.23] (cf. Remark 1.2.1) and it is obvious
that the multifunction Σ : ω → co(Γ(ω) \ BE (0, ε)) defined on A is convex norm
compact-valued and has its graph in (A ∩ S) ⊗ BE. Hence the multifunction Ψ
defined on A with nonempty values in the closed unit ball BE∗ of E

∗ (thanks to
Hahn–Banach’s theorem):

Ψ(ω) = {x′ ∈ BE∗ ; δ∗(x′, Σ(ω)) < 0}

has its graph in (A ∩ S) ⊗ BBE∗
, where BE∗ is endowed with the topology of

compact convergence on E
∗. Since E is separable, BE∗ is compact metrisable for

this topology. Hence Ψ admits a S measurable selection σ : A → BE∗ and there
is a sequence (σk) of simple S-measurable mappings from A to BE∗ such that σk

pointwise converges to σ for the compact convergence. It follows that

lim
k→∞

δ∗(σk(ω), Σ(ω)) = δ∗(σ(ω), Σ(ω)) < 0

for every ω ∈ A. In view of [ACV92, Lemma 3], there are a < 0 and k1 ∈ N such
that

∀k ≥ k1 P({ω ∈ A; δ∗(σk(ω), Σ(ω)) > a}) <
η

2
.

Let k ≥ k1 be fixed and set

Ak = {ω ∈ A; δ∗(σk(ω), Σ(ω)) ≤ a} and Bk = A \Ak.

Then we have
lim sup

n→∞
〈σk(ω), vn(ω)〉 ≤ 0

for all ω ∈ Ak. Since σk is a simple function with values in BE∗ and vn converges
σ(P1

E, L∞ ⊗ E
∗) to 0, (〈σk, vn〉)n converges σ(L1

R(Ak), L∞
R (Ak)) to 0. It follows

that (〈σk, vn〉)n converges to 0 in measure on Ak. Consequently there exists N1

such that
∀n ≥ N1 P({ω ∈ Ak; 〈σk(ω), vn(ω)〉 ≤ a}) <

η

2
.

We have

{ω ∈ A; vn(ω) �= 0} = {ω ∈ Ak; vn(ω) �= 0} ∪ {ω ∈ Bk; vn(ω) �= 0}
⊂ {ω ∈ Ak; vn(ω) �= 0} ∪Bk

⊂ {ω ∈ Ak; 〈σk(ω), vn(ω)〉 ≤ a} ∪Bk.

For n ≥ N1, we have

P({ω ∈ A; vn(ω) �= 0}) ≤ P({ω ∈ Ak; 〈σk(ω), vn(ω)〉 ≤ a}) + P(Bk)

<
η

2
+

η

2
= η.
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Hence for n ≥ N1, n ∈ S, we get the contradiction

P({ω ∈ Ω; un(ω) /∈ BE∗(0, ε)}) = P({ω ∈ A; vn(ω) �= 0}) < η.

The above results lead to other variants. We mention first the following which
extends Lemma 6.6.6.

Theorem 6.6.7 Let E be a separable Banach space and Γ be a measurable mul-
tifunction on Ω with bounded closed convex values in E. Let (un) be a scalarly
Pettis uniformly integrable and norm tight sequence in P1

E such that un(ω) ∈ Γ(ω)
for all n and for all ω ∈ Ω. Assume further that (un) converges σ(P1

E, L∞⊗E∗) to
a scalarly integrable E-valued function u∞. Let ϕ : Ω × E → [0, +∞] be a convex
normal integrand satisfying

(i) K(ω) := co(
⋂

p cl[{um(ω); n ≥ p}] ⊂ domϕω,

(ii) lim supn

∫
Ω

ϕ(ω, un(ω)) d P(ω) ≤
∫
Ω

ϕ(ω, u∞(ω)) d P(ω) < +∞,

(iii) (u∞(ω), ϕ(ω, u∞(ω)) is an extremal point of Epiϕω a.e.

Then u∞(ω) ∈ K(ω) almost everywhere, and (un) converges to u∞ for the Pettis
norm.

Proof. We use some arguments given in the proof of Propositions 6.6.2, 6.6.3,
6.6.4 with appropriated modifications. Since (un) is norm tight there exist a
subsequence (λα(n))n∈N of the sequence (λn)n∈N = (δun) and λ∞ ∈ Y1(Ω,S, P; E)
such that the following hold:

(∗) limn〈h, λα(n)〉 = 〈h, λ∞〉 for every bounded Carathéodory integrand h on Ω×E.

(∗∗) there is a scalarly E
∗-integrable E

∗∗-valued mapping bλ∞ : ω �→ bλ∞
ω

defined
by

〈bλ∞
ω

, x′〉 =

∫
E

〈x′, x〉 dλ∞
ω (x)

for all x′ ∈ E∗ and for all ω ∈ Ω which satisfies

(∗∗∗) lim
n→∞

∫
Ω

g(ω)〈x′, uα(n)(ω)〉 d P(ω) =

∫
Ω

g(ω)〈x′, bλ∞
ω
〉 d P(ω)

for all g ∈ L∞
R (Ω,S, P) and for all x′ ∈ BE∗ .

Since un(ω) ∈ Γ(ω) for all n and for all ω ∈ Ω and by (∗) λα(n) stably converges to
λ∞, λ∞

ω (Γ(ω)) = 1 a.e. As Γ(ω) is bounded closed convex subset of E, the barycen-
ter of λ∞

ω exists [Bou83, Lemma 6.2.2 page 178] and belongs to Γ(ω) a.e. Now
(**) and (***) follow by repeating the same arguments as in the proof of Proposi-
tion 6.6.3. Using the separability of E and (∗∗∗) we get u∞(ω) =

∫
E

x dλ∞
ω (x) a.e.

The proof ends as that of Theorem 6.6.4.
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Remark 6.6.8 Theorem 6.6.7 provides an alternative proof of Lemma 6.6.6 via
Young measures, because Γ is convex norm compact valued and the set SPe

Γ

of all Pettis integrable selections of Γ is sequentially compact for the topology
σ(P1

E, L∞⊗E
∗). But the techniques of Lemma 6.6.6 can be applied to other places,

mainly when the use of Young measures is no longer available. At this point it is
worth to mention that in the results given above, the “scalarly Pettis uniformly
integrable ” assumption combined with the norm tightness of the sequence (un)
are crucial in the use of Young measures. In the further results, dealing with
“Pettis uniformly integrable sequences”, we need another method using an appro-
priate truncation technique. It is worthy to address the question: What happens
if one assumes in the framework of Lemma 6.6.6 that the multifunction Γ is convex
weakly compact valued? This leads to the following variant.

Theorem 6.6.9 Let E be a separable Banach space and Γ be a measurable mul-
tifunction on Ω with bounded closed convex values in E. Let (un) be a scalarly
Pettis uniformly integrable and weakly strictly tight sequence in P1

E such that
un(ω) ∈ Γ(ω) for all n and for all ω ∈ Ω. Assume further that (un) converges
σ(P1

E, L∞ ⊗ E∗) to a scalarly integrable E-valued function u∞. Let ϕ : Ω × E →
[0, +∞] be a convex normal integrand satisfying

(i) Γ(ω) ⊂ domϕ,

(ii) lim sup
n

∫
Ω

ϕ(ω, un(ω)) d P(ω) ≤
∫

Ω

ϕ(ω, u∞(ω)) d P(ω) < +∞,

(iii) (u∞(ω), ϕ(ω, u∞(ω)) is an extremal point of Epiϕω a.e.

Then u∞(ω) ∈ Γ(ω) almost everywhere, and (δun) M–stably converges to δu∞ in
the space Y1(Ω,S, P; Eσ).

Proof. We use some arguments given in the proof of Propositions 6.6.2 and 6.6.3
and Theorem 6.6.4 with appropriated modification. Since (un) is weakly strictly
tight in view of Theorem 4.3.5 there exist a subsequence λα(n) = (δuα(n)) of the
sequence (λn) = (δun) and λ∞ ∈ Y1(Ω,S, P; E) such that the following hold:

(∗)
lim
n
〈h, λα(n)〉 = 〈h, λ∞〉,

for every bounded Carathéodory integrand h on Ω× Eσ.

(∗∗) There is a scalarly integrable E-valued mapping bλ∞ : ω �→ bλ∞
ω

defined by

〈bλ∞
ω

, x′〉 =

∫
E

〈x′, x〉 dλ∞
ω (x),

for all x′ ∈ E∗ and for all ω ∈ Ω which satisfies

(∗∗∗) lim
n→∞

∫
Ω

g(ω)〈x′, uα(n)(ω)〉 d P(ω) =

∫
Ω

g(ω)〈x′, bλ∞
ω
〉 d P(ω),
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for all g ∈ L∞
R (Ω,S, P) and for all x′ ∈ BE∗ .

Since un(ω) ∈ Γ(ω) for all n and for all ω ∈ Ω and by (∗) λα(n) M–stably converges
to λ∞, we have that λ∞

ω (Γ(ω)) = 1 a.e. As Γ(ω) is a bounded closed convex subset
of E, the barycenter of λ∞

ω exists [Bou83, Lemma 6.2.2 page 178] and belongs to
Γ(ω) a.e. Now (**) and (***) follow by using the same arguments as in the proof
of Proposition 6.6.3. Repeating the arguments given in the end of the proof of
Theorem 6.6.4 shows that δu∞(ω) = λ∞(ω) a.e. so that by (∗) δuα(n) M-stably

converges to δu∞ in Y1(Ω,S, P; Eσ).

Now we proceed to a generalization of Lemma 6.6.6 and its applications. Let
us recall (page 181) that a subset H in P1

E is cK(E)-tight if, for every ε > 0, there
exists a cK(E)-valued Pettis-integrable multifunction Γε satisfying:

sup
u∈H

P({ω ∈ Ω; u(ω) /∈ Γε(ω)}) ≤ ε.

Theorem 6.6.10 Suppose that E is a separable Banach space, Φ : Ω → LcwK(E)
is an LcwK(E)-valued measurable multifunction, (un)n∈N is a Pettis uniformly
integrable and cK(E)-tight sequence in P1

E which converges σ(P1
E, L∞ ⊗E∗) to u ∈

P1
E with un(ω) ∈ Φ(ω) (n ∈ N) and u(ω) ∈ ∂ext (Φ(ω)) a.e., then ‖un − u‖Pe → 0.

Proof. We may suppose that u ≡ 0 and 0 ∈ Φ(ω) for all ω ∈ Ω because co(Φ(ω)∪
{0}) still belongs to LcwK(E). So we have 0 ∈ ∂ext (Φ(ω)) for a.e. ω ∈ Ω. Let
ε > 0. Since (un)n∈N is Pettis uniformly integrable, there exists δ > 0 such that

P(A) < δ =⇒ sup
n∈N

‖ 1lAun‖Pe ≤ ε.

By tightness hypothesis, we find a cK(E)-valued Pettis integrable multifunction
Γδ such that

sup
n∈N

P({ω ∈ Ω; un(ω) /∈ Γδ(ω)}) ≤ δ.

For every n ∈ N, we set

vn := 1l{ω∈Ω; un(ω)∈Γδ(ω)}un

wn := 1l{ω∈Ω; un(ω)/∈Γδ(ω)}un

and

∆(ω) := Φ(ω) ∩ co(Γδ(ω) ∪ {0})

for all ω ∈ Ω. Then it is clear that the multifunction ∆ has nonempty convex
compact values and is Pettis integrable because

∀x′ ∈ E
∗ 0 ≤ δ∗(x′, ∆) ≤ δ∗(x′, Γδ ∪ {0}),
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so that {δ∗(x′, ∆); ‖x′‖ ≤ 1} is uniformly integrable. Thus vn ∈ SPe
∆ . By Corollary

6.3.3, we may suppose that vn converges σ(P1
E, L∞⊗E∗) to v ∈ SPe

∆ , by extracting
a subsequence if necessary. Hence we have

0 = lim
n→∞un = lim

n→∞[vn + wn] = v + w

where the limits are taken for σ(P1
E, L∞ ⊗ E∗), and w ∈ SPe

Φ using Lemma 6.3.8.
Since 0 ∈ ∂ext (Φ(ω)) almost everywhere, it follows that v = w = 0 a.e. and
0 ∈ ∂ext (∆(ω)) a.e. This allows to apply Lemma 6.6.6 to the sequence (vn)n

showing that ‖vn‖Pe → 0. Since

‖un‖Pe ≤ ‖vn‖Pe + ‖wn‖Pe ≤ ‖vn‖Pe + ε

for all n ∈ N, and ε is arbitrary > 0, ‖un‖Pe → 0.

Remark 6.6.11 It is worthy to mention two useful properties of Pettis uniformly
integrable sequences in P1

E. Namely we have the following: If (un)n∈N is Pettis
uniformly integrable and cwK(E)-tight (resp. cK(E)-tight), then, for every A ∈ S,
the sequence (

∫
A

un d P)n∈N is relatively weakly compact (resp. norm compact).
It is enough to prove this fact when A = Ω. Let ε > 0. An easy inspection of the
proof of the preceding theorem shows that un = vn + wn, where (

∫
Ω

vn d P)n∈N is
relatively weakly compact (resp. norm compact) and ‖wn‖Pe ≤ ε for all n ∈ N. It
follows that the sequence (

∫
Ω

un d P)n∈N is relatively weakly compact (resp. norm
compact) too. At this point, let us mention that the preceding norm compactness
results can be also deduced from Proposition 6.3.6 when one deals with the scalar
Pettis uniform integrability. Even in Bochner integration the norm compactness
of (

∫
A

un d P)n∈N is useful in several places. See for example [BGJ94] in which the
authors state the Pettis-norm convergence via Bocce criterion and the preceding
compactness result.

The following result shows that Pettis-norm convergence is implied by strict con-
vexity.

Theorem 6.6.12 Let ϕ : Ω × E → ]−∞, +∞] be a S ⊗ BE-measurable integrand
such that ϕ(ω, .) is convex lower semicontinuous on E for every fixed ω ∈ Ω. Let
(un)n∈N be a Pettis uniformly integrable and cK(E)-tight sequence in P1

E. Suppose
that Epiϕω ∈ LcwK(E) for every ω ∈ Ω, un weakly converges to u ∈ P1

E, the func-
tions ϕ(., un(.)) and ϕ(., u(.)) are integrable, and ϕ(., un(.)) converges σ(L1, L∞)
to ϕ(., u(.)) with

(u(ω), ϕ(ω, u(ω))) ∈ ∂ext (Epiϕ(ω, .)) P -a.e.,

then ‖un − u‖Pe → 0.

Remark 6.6.13 If ϕ(ω, .) is strictly convex, (x, ϕ(ω, x)) is always an extremal
point of Epiϕ(ω, .) for all x ∈ E.
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Proof. Since ϕ(., un(.)) converges σ(L1, L∞) to ϕ(., u(.)), applying Theorem 6.6.10
to the Pettis uniformly integrable E× R-valued functions

(un, ϕ(., un(.))) and (u, ϕ(., u(.)))

and to the multifunction Φ(ω, .) = Epiϕ(ω, .) yields the desired result. The details
are left to the reader.

6.7 Visintin-type theorem in L1
E∗[E](Ω,S, P)

Let E be a Banach space. For the sake of completeness we will recall the following
notations and notions and summarize some useful results [BC01] in the space
L1

E∗ [E](P) (shortly L1
E∗ [E]) before we state the main result in this section. We

denote by L1
E∗ [E] the vector space of scalarly measurable functions f : Ω → E

∗

such that there exists a positive integrable function h (depending on f) satisfying
∀ω ∈ Ω, ‖f(ω)‖ ≤ h(ω). A seminorm on L1

E∗ [E] is defined by

N1(f) =

∫ ∗

Ω

‖f(ω)‖ d P(ω) = inf
{∫

Ω

h d P; h is integrable, h ≥ ‖f(.)‖
}
.

Two functions f, g ∈ L1
E∗ [E] are equivalent (shortly f ≡ g (w∗)) if 〈f(.), x〉 =

〈g(.), x〉 a.e. for every x ∈ E. The equivalence class of f is denoted by f̄ . The
quotient space L1

E∗ [E] is equipped with the norm N 1 given by

N1(f̄) = inf{N1(g); g ∈ f̄}.

Let ρ̇ be the lifting in L∞
E∗ [E] associated with a lifting ρ in L∞

R
(P) [ITIT69, VI.4].

We denote by L1,ρ
E∗ [E] the vector space of all mappings f ∈ L1

E∗ [E] such that there
exists a sequence (An)n≥1 in S satisfying:⋃

n≥1

An = Ω, ∀n ≥ 1 1lAn
f ∈ L∞

E∗ [E], and ρ̇( 1lAn
f) = 1lρ(An) f.

If f ∈ L1,ρ
E∗ [E], ‖f(.)‖ is measurable [BC01, Proposition 3.1(c)] and the quotient

space L1,ρ
E∗ [E] is equipped with the norm

N1,ρ(f̄) = N1(‖f‖) =

∫
Ω

‖f‖ d P .

By [BC01, Theorem 3.2(b)] there is a linear isometric isomorphism

ρ̃ : (L1
E∗ [E], N1)→ (L1,ρ

E∗ [E], N1,ρ)

so that L1
E∗ [E] and L1,ρ

E∗ [E] can be identified. In this identification f̄ ∈ L1
E∗ [E] is

identified with ρ̃(f̄) and for notational convenience, f̄ is identified with a function
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f ∈ L1,ρ
E∗ [E]. Let cK(E∗) (resp. cwK(E∗)) be the set of all nonempty convex norm

compact (resp. σ(E∗, E∗∗) compact) subsets of the Banach space E∗. A cwK(E∗)-
valued multifunction Γ on Ω is scalarly measurable (resp. integrable) if, for every
x ∈ E, the function δ∗(x,Γ(.)) is measurable (resp. integrable), where δ∗(x, K)
denotes the support function of K ∈ cwK(E∗).

Proposition 6.7.1 Suppose that Γ is a cwK(E∗)-valued multifunction on Ω and
(fn) is a uniformly integrable sequence in L1

E∗ [E] such that fn(ω) ∈ Γ(ω) for a.e.
ω ∈ Ω and for all n, then (fn) is relatively σ(L1

E∗ [E](P), (L1
E∗ [E](P))∗) (weakly)

compact in L1
E∗ [E].

We only sketch the proof. The details are in [BC01, Proposition 5.1]. By
[BC01, Theorem 4.9] there are a sequence (gn) with gn ∈ co{fm; m ≥ n} and two
measurable sets A and B in Ω with P(A ∪B) = 1 such that

(a) ∀ω ∈ A, (gn(ω)) is σ(E∗, E∗∗) Cauchy in E∗,

(b) ∀ω ∈ B, there exists k ∈ N such that the sequence (gn(ω))n≥k is equivalent to
the vector unit basis of l1.

As Γ(ω) is σ(E∗, E∗∗)-compact for all ω ∈ Ω, using (b) one has P(B) = 0.
Hence there is a sequence (gn) in L1

E∗ [E] with gn ∈ co {fm; m ≥ n} such that
(gn(ω)) is σ(E∗, E∗∗)-convergent a.e. By [BC01, Theorem 4.5] (gn) converges for

σ(L1
E∗ [E],

(
L1

E∗ [E]
)∗

). Hence (fn) is relatively σ(L1
E∗ [E],

(
L1

E∗ [E]
)∗

)–compact by a
general criterion for weak compactness in Banach spaces.

In the remainder of this section we shall suppose that E is a separable Banach
space. By weak convergence, we mean convergence for σ(L1

E∗ [E], (L1
E∗ [E])∗). Using

Proposition 6.7.1 and the separability of E we have

Corollary 6.7.2 Suppose that Γ is a scalarly measurable cwK(E∗)-valued multi-
function on Ω and there is g ∈ L1

R+ such that Γ(ω) ⊂ g(ω)BE∗ for all ω in Ω,
then the set SΓ of all scalarly integrable selections of Γ is convex weakly compact
in L1

E∗ [E].

Proof. See [BC01, Proposition 5.1].

For notational convenience such a multifunction Γ is said to be integrably
bounded. Unlike the space L1

E(P), the preceding results are not standard and
rely on a deep result involving the Talagrand decomposition in L1,ρ

E∗ [E](P) [BC01,
Theorem 4.9].

A uniformly integrable sequence (un) in L1
E∗ [E](P) is norm-tight if for every

ε > 0 there is a scalarly cK(E∗)-valued measurable and integrably bounded mul-
tifunction Φε on Ω with 0 ∈ Φε(ω) for all ω ∈ Ω such that

sup
n

P({ω ∈ Ω; un(ω) �∈ Φε(ω)}) ≤ ε.
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It is easily seen that un can be written as un = 1lAn
un+ 1lΩ\An

un where An ∈ S and
1lAn

un ∈ SΦε
and ‖ 1lΩ\An

un‖L1
E∗ [E] ≤ ε, so that a uniformly integrable norm-tight

sequence (un) in L1
E∗ [E](P) is relatively weakly compact in view of Proposition

6.7.1 and Grothendiek lemma, see [ACV92, page 183] for details.

Now we are able to present a version of Visintin’s theorem in L1
E∗ [E](P) in

same style as in [ACV92, Lemme 10 and Théorème 11] and [Bal91]. Since the
proof follows the same lines, we don’t want to give details so much. Yet this needs
a careful look.

Theorem 6.7.3 Suppose that (un) is a uniformly integrable norm-tight sequence
in L1

E∗ [E](P) which weakly converges to u ∈ L1
E∗ [E](P) and such that u(ω) ∈ ∂ext

(∩n∈N co{uk(ω); k ≥ n}) a.e. Then
∫
Ω
‖un(ω)− u(ω)‖ d P(ω)→ 0.

Proof. We will divide the proof in two steps.

Step 1. We will prove the theorem in the particular case when (un) is a uni-
formly integrable sequence in L1

E∗ [E](P) weakly converging to u ∈ L1
E∗ [E](P) and

satisfying:

(a) There is a convex norm compact valued multifunction Γ such that un(ω) ∈
Γ(ω) for all n and all ω ∈ Ω.

(b) u(ω) ∈ ∂ext (
⋂

n∈N
co{uk(ω); k ≥ n}).

Since (‖un‖)n is uniformly integrable it suffices to prove that ‖un − u‖ → 0 in
measure. We may suppose u ≡ 0. Suppose not. Then there exist ε > 0 and η > 0
such that

(6.7.1) P({ω ∈ Ω; un(ω) /∈ BE∗(0, ε)}) ≥ η

for infinitely many n (the measurability of {ω ∈ Ω; un(ω) /∈ BE∗(0, ε)} will be
proved later); namely there exists an infinite subset S1 ⊂ N such that the preceding
inequality holds for all n ∈ S1. For every ω ∈ Ω, let

Σn(ω) := co{uk(ω); k ≥ n} and Σ(ω) :=
⋂
n∈N

Σn(ω).

Since the function x′ �→ ‖x′‖ is lower semicontinuous on E
∗
w∗ , BE∗(0, r) is a Borel

subset of E
∗
w∗ . As E

∗
w∗ is a Lusin space and any scalarly integrable multifunction

from Ω to the set cK(E∗
w∗) of nonempty convex compact subsets of E

∗
w∗ has its

graph in S ⊗ BE∗
w∗ . Now set

A := {ω ∈ Ω; Σ(ω) \BE∗(0, ε) �= ∅},
B := {ω ∈ Ω; Σ(ω) ⊂ BE∗(0, ε)},

Bn := {ω ∈ Ω; Σn(ω) ⊂ BE∗(0, ε)}.
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As the graph of the multifunctions Σ and Σn belong to S ⊗BE∗
w∗ and BE∗(0, r) is

a Borel subset of E
∗
w∗ , by a classical mesurable projection theorem [CV77, Theo-

rem III.23], (cf. Remark 1.2.1) we see that {w ∈ Ω; un(ω) /∈ BE∗(0, ε)}, A, Bn, B
are S-measurable. Furthermore we have Bn ↑ B because if ω ∈ B we have that
∩n Σn(ω) \BE∗(0, ε) = ∅ so that by finite intersection property of compact spaces
there is an integer m such that ∩n≥m Σn(ω) \ BE∗(0, ε) = ∅. Pick N1 such that

n ≥ N1 implies P(B \Bn) <
η

2
. Since

{ω ∈ B; un(ω) /∈ BE∗(0, ε)} ⊂ B \Bn

we get

(6.7.2) n ≥ N1 =⇒ P({ω ∈ B; un(ω) /∈ BE∗(0, ε)} <
η

4
.

Let us write un = vn + wn where

vn := 1l{ω∈Ω; un(ω)/∈BE∗ (0,ε)}un and wn := 1l{ω∈Ω; un(ω)∈BE∗ (0,ε)}un.

Then the sequence (vn) is relatively sequentially σ(L1
E∗ [E], (L1

E∗ [E])∗) compact in
view of Proposition 6.7.1 and Eberlein–Šmulian’s theorem. There is a subsequence
(vn)n∈S2

where S2 is an infinite subset of S1 such that (vn)n∈S2
converges to v ∈

L1
E∗ [E](A∩ S, P

A∩S) for this topology. It follows that (wn)n∈S2
weakly converges

to u− v. Using a version of Mazur’s theorem in L1
E∗ [E] ([BC01, Lemma 4.12] and

[ACV92, Lemme 4]), we get

v(ω) ∈
⋂

n∈S2

co{vk(ω); k ≥ n, k ∈ S2} ⊂ Σ(ω) a.e.

Similarly we have w(ω) ∈ Σ(ω) a.e. Since 0 ∈ ∂ext (Σ(ω)) a.e. and un weakly
converges to 0, we get v = w = 0. As Σ(ω) is norm compact and convex in E

∗ we
have that ∂ext (Σ(ω)) = ∂dent(Σ(ω)) in view of [ACV92, Lemme 1 page 171]. So
we have

0 /∈ co [Σ(ω) \BE∗(0, ε)] a.e.

It is obvious that co [Σ(ω)\BE∗(0, ε)] is nonempty convex norm compact (a fortiori
σ(E∗, E) compact in E

∗) whenever ω ∈ A. Hence the multifunction Ψ defined
from A with nonempty values in the closed unit ball BE of E (thanks to the
Hahn–Banach Theorem):

Ψ(ω) := {x ∈ BE; δ∗(x, co[Σ(ω) \BE∗(0, ε)] < 0}

has its graph in (A∩S)⊗BBE
[CV77, Lemma III.14]. By [CV77, Theorem III.22],

Ψ admits an S-measurable selection σ : A → BE. Since Σn(ω) \ BE∗(0, ε) ↓
Σ(ω) \BE∗(0, ε) we get

(6.7.3) δ∗(σ(ω), co[Σn(ω) \BE∗(0, ε)])→ δ∗(σ(ω), co [Σ(ω) \BE∗(0, ε)]).
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By [ACV92, Lemme 3], there are a < 0 and N2 such that

(6.7.4) n ≥ N2 =⇒ P({ω ∈ A; δ∗(σ(ω), co[Σn(ω) \BE∗(0, ε)]) > a}) <
η

4
.

As vn is either = 0 or belongs to [Σn(ω)\BE∗(0, ε)], we have lim supn〈σ(ω), vn(ω)〉 ≤
0. Now since vn → 0 for σ(L1

E∗ [E], (L1
E∗ [E])∗) and L∞

E (P) ⊂ (L1
E∗ [E](P))∗ in view

of [BC00], for every h ∈ L∞
R (A ∩ S, P

A∩S) we get

(6.7.5)

∫
A

h(ω)〈σ(ω), vn(ω)〉 d P(ω)→ 0.

Therefore by [ACV92, Corollaire D], 〈σ(.), vn(.)〉 → 0 in measure. Consequently
there exist N3 such that

(6.7.6) n ≥ N3 (n ∈ S2) =⇒ P({ω ∈ A; 〈σ(ω), vn(ω)〉 ≤ a}) <
η

4
.

Now observe that

{ω ∈ A; vn(ω) �= 0}
⊂ {ω ∈ A; vn(ω) �= 0 and 〈σ(ω), vn(ω)〉 > a} ∪ {ω ∈ A; 〈σ(ω), vn(ω)〉 ≤ a}
⊂ {ω ∈ A; δ∗(σ(ω), co[Σn(ω) \BE∗(0, ε)] > a} ∪ {ω ∈ A; 〈σ(ω), vn(ω)〉 ≤ a}.

From (6.7.6) we deduce that

(6.7.7) n ≥ max(N2, N3) =⇒ P({ω ∈ A; vn(ω) �= 0}) <
η

2
.

But

{ω ∈ Ω; un(ω) /∈ BE∗(0, ε)}
= {ω ∈ A; un(ω) /∈ BE∗(0, ε)} ∪ {ω ∈ B; un(ω) /∈ BE∗(0, ε)}
= {ω ∈ A; vn(ω) �= 0} ∪ {ω ∈ B; un(ω) /∈ BE∗(0, ε)}.

So by (6.7.2) and (6.7.7) and for n ≥ max(N1, N2, N3), we get

n ≥ max(N1, N2, N3) =⇒ P({ω ∈ A; un(ω) /∈ BE∗(0, ε)}) <
η

2
+

η

2
= η.

That contradicts (6.7.4).

Step 2. Now we pass to the general case. We suppose that (un) is norm-tight. Let
ε > 0. There is a scalarly cK(E∗)-valued measurable and an integrably bounded
multifunction Φε with 0 ∈ Φε(ω) for all ω ∈ Ω such that un can be written as

un = 1lAn
un + 1lΩ\An

un
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where An ∈ S and 1lAn
un ∈ SΦε

and ‖ 1lΩ\An
un‖L1

E∗ [E] ≤ ε. By Corollary 6.7.2,

we may suppose that (vn) = ( 1lAn
un) weakly converges to v ∈ SPe

Φε
, by extracting

a subsequence if necessary. Hence we have

0 = weak- lim
n→∞un = weak- lim

n→∞[vn + wn] = v + w

with wn = 1lΩ\An
un and w ∈ SPe

Φε
similarly. By Mazur’s theorem in L1

E∗ [E]
([BC01, Lemma 4.12] and [ACV92, Lemme 4 page 173]), we have

(6.7.8) v(ω) ∈
⋂
n∈N

co{vk(ω); k ≥ n} ⊂
⋂
n∈N

co{uk(ω); k ≥ n} a.e.

Similarly

(6.7.9) w(ω) ∈
⋂
n∈N

co{uk(ω); k ≥ n}.

As 0 ∈ ∂ext (∩n∈N co{uk(ω); k ≥ n}) by hypothesis, applying the arguments of
Step 1 to vn and wn gives v = w = 0. Again by [ACV92, Lemme 4 page 173] we
get

(6.7.10) 0 = v(ω) ∈ ∂ext (
⋂
n∈N

co{vk(ω); k ≥ n}) a.e.

By (6.7.10) we can apply the results stated in Step 1 to the sequence (vn)n showing
that ‖vn‖L1

E∗ [E] → 0. Since

‖un‖L1
E∗ [E] ≤ ‖vn‖L1

E∗ [E] + ‖wn‖L1
E∗ [E] ≤ ‖vn‖L1

E∗ [E] + ε

for all n ∈ N and ε is arbitrary > 0, ‖un‖L1
E∗ [E] → 0.



Chapter 7

Applications in Control
Theory

7.1 Measurable selection results

We aim to present in this section some problems in Control Theory governed by
an evolution equation.

Let us recall a known fact (see e.g. [Val90b]). Given an abstract measurable
space (Ω,S), a Polish space S, and the set M+,1(S) of (Radon) probability mea-
sures on S equipped with the narrow topology. Let ν : (Ω,S) →M+,1(S). Then
the following are equivalent:

(a) For every open set O in S, ω �→ νω(O) is S-measurable.

(b) For every Borel set B in S, ω �→ νω(B) is S-measurable.

(c) For every positive BS-measurable function f defined on S, the function ω �→∫
S
f(s) dνω(s) is S-measurable.

Let U be a compact metric space, let C(U) = C(U, R) denote the space of real
valued functions on U equipped with the topology of uniform convergence, and let
M+,1(U) be the set of all probability Radon measures on U. It is well-known that
M+,1(U) is compact metrizable for the σ(C(U)∗, C(U))-topology. We need first a
denseness lemma which differs from Theorem 2.2.3 by some hypotheses.

Lemma 7.1.1 (Castaing–Valadier 1971, unpublished) Let (T, T , µ) be a
complete probability space and let U be a compact metrizable space. Let Γ : T →
K(U) be a compact-valued measurable multifunction and let

Σ(t) := {ν ∈M+,1(U); ν(Γ(t)) = 1}

197
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for all t ∈ T . Let λ ∈ SΣ (where SΣ is the set of all T -measurable selections
of Σ). Recall that λ =

∫
T

δt ⊗ λt dµ(t). Let ε > 0, (gi)i∈I and (hi)i∈I two finite

sequences in L1(T, T , µ) and C(U) respectively. If µ is nonatomic, then there exists
a T -measurable selection of Γ, ρ, such that

∀i ∈ I |〈λ, gi ⊗ hi〉 − 〈δρ, gi ⊗ hi〉| ≤ ε

where δρ =
∫

T
δt ⊗ δρ(t) dµ(t).

Remark 7.1.2 If (T, T , µ) is a compact space equipped with a positive Radon
measure µ, the preceding lemma provides a denseness result because C(T, C(U))
is identified with C(T × U) and L1(T, µ) ⊗ C(U) is dense in the Banach space
L1

C(U)(T, µ) so that the following topologies: σ(L∞
ca(U), L

1
C(U)), σ(L∞

ca(U), L
1⊗C(U)),

σ(L∞
ca(U), C(T )⊗ C(U)), σ(L∞

ca(U), C(T × U)) coincide on SΣ ⊂ L∞
ca(U)(T, µ).

Proof of Lemma 7.1.1. Let us set M := supi∈I

∫
T
|gi(t)| dµ(t). As U is

compact, there exists a finite Borel partition (Ωj , j ∈ J) of U such that for any
pair u, u′ in Ωj , the following holds:

(7.1.1) |hi(u)− hi(u
′)| ≤ ε

M
, ∀i ∈ I.

Let 1lΩj
be the indicator function of Ωj , (j ∈ J). Let uj : Ω→ U be Tµ-mesurable

mappings satisfying: uj(t) ∈ Γ(t) ∩ Ωj if Γ(t) ∩ Ωj �= ∅, and uj(t) ∈ Γ(t) other-
wise. The existence of uj is ensured by the Sainte Beuve–von Neumann–Aumann
Selection Theorem (see e.g. [SB74], [CV77, Theorem III.22]). Let us set ∀t ∈ T ,
νt :=

∑
j∈J λt(Ωj)δuj(t). Then it is obvious that t �→ νt is scalarly measurable

because t �→ λt(Ωj) is µ-measurable. Then

(7.1.2) 〈ν, gi ⊗ hi〉 =

∫
T

gi(t)〈νt, hi〉 dµ(t) =
∑
j∈J

∫
T

λt(Ωj)gi(t)h(uj(t)) dµ(t).

Further we have

(7.1.3) 〈λ− ν, gi ⊗ hi〉 =

∫
T

gi(t)〈λt − νt, hi〉 dµ(t),

with

(7.1.4) 〈λt − νt, hi〉 =

∫
Γ(t)

[
hi(u)−

∑
j∈J

1lΩj
(u)hi(uj(t))

]
dλt(u)

because λt is supported by Γ(t). But the integrand in (7.1.4) is estimated by
ε

M
.

Indeed if u ∈ Γ(t), there exists j0 such that u ∈ Ωj0 , so that

|hi(u)−
∑
j∈J

1lΩj
(u)hi(uj(t))| = |hi(u)− hi(uj0(t))| ≤

ε

M
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because Γ(t) ∩ Ωj0 �= ∅ implies uj0(t) ∈ Ωj0 by construction. Taking (7.1.1) and
(7.1.3) into account we have

(7.1.5) |〈λ− ν, gi ⊗ hi〉| ≤ ε

for all i ∈ I. As µ is nonatomic, by Liapunov’s theorem, there exists a T –
measurable partition (Tj , j ∈ J) of T such that

(7.1.6)

∫
T

λt(Ωj)gi(t)h(uj(t)) dµ(t) =

∫
Tj

gi(t)hi(uj(t)) dµ(t)

for all i ∈ I and j ∈ J . Let us set ρ(t) = uj(t) if t ∈ Tj (j ∈ J) and recall

δρ =

∫
T

δt ⊗ δρ(t) dµ(t).

Then by (7.1.2) and(7.1.6) we have

(7.1.7) 〈ν, gi ⊗ hi〉 = 〈δρ, gi ⊗ hi〉

for all i ∈ I. From (7.1.5) and (7.1.7) it follows that

|〈λ, gi ⊗ hi〉 − 〈δρ, gi ⊗ hi〉| ≤ ε

for all i ∈ I.

Remark 7.1.3 1) The preceding result shows that the set SΓ of all Lebesgue-
measurable selections (alias original controls) of the Lebesgue-measurable multi-
function Γ : [0, T ] → K(U) is dense for the above mentioned topologies in the set
SΣ of Lebesgue-measurable selections of the Lebesgue-measurable multifunction
Σ : [0, T ]→M+,1(U) defined by

Σ(t) := {ν ∈M+,1(U); ν(Γ(t)) = 1}

for all t ∈ [0, T ].

2) For further references on the above denseness lemma, see [GH67] and [War67].

Let us mention an easy corollary of Lemma 7.1.1.

Corollary 7.1.4 Let (T, T , µ) be a complete probability space, (L, d) be a Lusin
metrizable space and BL(L, d) the set of all bounded real-valued Lipschitz function
defined on L. Let Γ : T → B(L) be a measurable multifunction and let

Σ(t) := {ν ∈M+,1(L); ν(Γ(t)) = 1}

for all t ∈ T . Let λ ∈ SΣ and λ =
∫

T
δt ⊗ λt dµ(t). Let ε > 0, (gi)i∈I and (hi)i∈I

two finite sequences in L1(T, T , µ) and BL(L, d) respectively. If µ is nonatomic,
then there exists a BT -measurable selection of Γ, ρ, such that∣∣〈λ, gi ⊗ hi〉 − 〈δρ, gi ⊗ hi〉

∣∣ ≤ ε, ∀i ∈ I.
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Proof. We follow some arguments in [Cas85, Théorème 2.2]. The space L can
be viewed as a Borel subset of a compact metrizable space (X, d). Let j be the
injection j : L → X. Set j(λ)t = j(λt). Then j(λ) ∈ Y1(T, T , µ; X). Let ε > 0,
(gi)i∈I and (hi)i∈I two finite sequences in L1(T, T , µ) and BL(L) respectively. For

each i ∈ I, let ĥi be the Lipschitz extension of hi by setting

ĥi(x) = inf
s∈L

[lhi
d(s, x) + hi(s)]

for all x ∈ X, where

|hi(s)− hi(s
′)| ≤ lhi

d(s, s′)

for all s, s′ ∈ L, and lhi
is the Lipschitz modulus of the function hi. Now apply the

preceding denseness lemma to j(λ) gives a T -measurable selection of Γ, ρ, such
that ∣∣∣〈j(λ), gi ⊗ ĥi〉 − 〈δρ, gi ⊗ ĥi〉

∣∣∣ ≤ ε, ∀i ∈ I.

Note that

〈j(λ), gi ⊗ ĥi〉 =

∫
T

gi(t)
[∫

X

ĥi(x) dj(λ)t(x)
]
dµ(t)

=

∫
T

gi(t)
[∫

L

ĥi(x) dλt(x)
]
dµ(t)

= 〈λ, gi ⊗ hi〉,

because λt(L) = 1 for almost every t ∈ T and ĥi = hi(i ∈ I) on L. This ends the
proof.

7.2 Relaxed trajectories of an evolution equation
governed by a maximal monotone operator

Now let us recall and summarize the following result [CFS00, Theorem 2.5].

Theorem 7.2.1 Let H be a Hilbert space and let ϕ : [0, T ]×H → [0, +∞] be such
that, for each t ∈ [0, T ], ϕ(t, .) is convex proper l.s.c. and inf-ball-compact, (that
is, for every t ∈ [0, T ] and for every r > 0, the set {x ∈ H; ϕt(x) ≤ r} is ball-
compact i.e. its intersection with any closed ball in H is compact). Assume that
there are a Lipschitz function k : H → R

+ and an absolutely continuous function
α : [0, T ] −→ R

+ with dα
dt ∈ L2

R+([0, T ]), such that for all (s, t, x) ∈ [0, T ]×[0, T ]×H

ϕ∗(t, x)− ϕ∗(s, x) ≤ k(x)|α(t)− α(s)|

where ϕ∗(t, .) := supy∈H (〈y, .〉 − ϕ(t, y)) denotes the Fenchel conjugate of ϕ(t, .).
Let F : [0, T ]×H → cwK(H) be a cwK(H)-valued multifunction such that
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(i) ∀x ∈ H, F (., x) is Lebesgue-measurable on [0, T ],

(ii) ∀t ∈ [0, T ], F (t, .) is upper semicontinuous on H,

(iii) there exists a function c ∈ L2
R+([0, T ]) such that

F (t, x) ⊂ c(t)(1 + ‖x‖)BH, ∀t ∈ [0, T ], ∀x ∈ H.

Then, for each u0 ∈ domϕ(0, .), there is an absolutely continuous solution u :
[0, T ] → H to the problem du

dt ∈ −∂ϕt(u(t)) + F (t, u(t)) a.e. with the initial con-
dition u(0) = u0 ∈ domϕ(0, .). Moreover the solutions set of this equation is
compact for the topology of uniform convergence.

Example 7.2.2 In the following U is a compact metric space, Γ : [0, T ] → K(U)
is a Lebesgue-measurable compact valued multifunction, H is a separable Hilbert
space, and ϕ : [0, T ]×H → [0, +∞] is such that, for each t ∈ [0, T ], ϕ(t, .) is convex
proper l.s.c. and inf-ball-compact.

Let us consider a mapping g : [0, T ]×H× U → H satisfying:

(i) For every fixed t ∈ [0, T ], g(t, ., .) is continuous on H× U.

(ii) For every (x, u) ∈ H× U, g(., x, u) is Lebesgue-measurable on [0, T ].

(iii) For every η > 0, there exists l(η) > 0 such that ‖g(t, x, u) − g(t, y, u)‖ ≤
l(η)‖x− y‖ for all t ∈ [0, T ] and for all (x, y) ∈ BH(0, η)×BH(0, η).

(iv) There exists c > 0 such that g(t, x, u) ⊂ c(1 + ‖x‖)BH for all (t, x, u) ∈
[0, T ]×H× U.

We aim to compare the solutions set of the two following evolution equations:

(PO)

{
u̇ρ(t) ∈ −∂ϕt(uρ(t))) + g(t, uρ(t), ρ(t)) a.e. t ∈ [0, T ],

uρ(0) = x0 ∈ domϕ(0, .),

where ρ belongs to the set U of all original controls, i.e. ρ is a Lebesgue-measurable
mapping from [0, T ] into U with ρ(t) ∈ Γ(t) for a.e. t ∈ [0, T ], and

(PR)

{
u̇λ(t) ∈ −∂ϕt(uλ(t))) +

∫
Γ(t)

g(t, uλ(t), u) dλt(u) a.e. t ∈ [0, T ],

uλ(0) = x0 ∈ dom ϕ(0, .),

where λ belongs to the set SΣ of all relaxed controls, i.e. λ is a Lebesgue-measurable
selection of the multifunction Σ defined by

Σ(t) := {ν ∈M+,1(U); ν(Γ(t)) = 1}

for all t ∈ [0, T ]. Note that when A(t) is a bounded linear operator and H is finite
dimensional, the problem under consideration is quite classical in the theory of



202 CHAPTER 7. APPLICATIONS IN CONTROL THEORY

Optimal Control (see, for instance, [GH67, War67, War72]). So we don’t want
to go into details, but only show the main facts. At this point, we use similar
arguments as in [Jaw84] exploiting the compactness of solutions set obtained in
Theorem 7.2.1. For each λ ∈ SΣ, let us set

hλ(t, x) :=

∫
Γ(t)

g(t, x, u) dλt(u)

for all (t, x) ∈ [0, T ]×H. Then hλ is measurable on [0, T ] and satisfies:

(∗) For every η > 0, there exists l(η) > 0 such that ‖hλ(t, x)−hλ(t, y)‖ ≤ l(η)‖x−
y‖ for all t ∈ [0, T ] and for all (x, y) ∈ BH(0, η)×BH(0, η) thanks to (iii).

Moreover since λt(Γ(t)) = 1, we have

(∗∗) hλ(t, x) ∈ co g(t, x,Γ(t)) ⊂ c(1 + ‖x‖)BH , ∀(t, x) ∈ [0, T ]×H.

So, in view of Theorem 7.2.1 and the mononicity of the subdifferential operator
∂ϕt, for each λ ∈ SΣ, there is a unique solution uλ for the problem

(PR)

{
u̇λ(t) ∈ −∂ϕt(uλ(t))) +

∫
Γ(t)

g(t, uλ(t), u) dλt(u) a.e. t ∈ [0, T ],

uλ(0) = x0 ∈ dom ϕ(0, .).

By (∗∗) and Theorem 7.2.1, we see that the solutions set {uλ; λ ∈ SΣ} of (PR)
is relatively compact in the space C ([0, T ], H) of continuous mappings from [0, T ]
to H, endowed with the topology of uniform convergence. It is obvious that the
solutions set {uρ; ρ ∈ U} is a nonempty subset of {uλ; λ ∈ SΣ}.

Proposition 7.2.3 The set {uρ; ρ ∈ U} is dense for the uniform norm in the
compact solutions set {uλ; λ ∈ SΣ}.

It is obvious that Proposition 7.2.3 follows from

Lemma 7.2.4 The mapping λ �→ uλ defined on the σ(L∞
C(U)∗([0, T ]), L1

C(U)([0, T ]))
compact set SΣ has a closed graph.

Proof. Let λn → λ∞ for the σ(L∞
C(U)∗([0, T ]), L1

C(U)([0, T ])) topology and uλn →
u∞ in C ([0, T ], H) where uλn (n ∈ N ∪ {∞}) is the unique absolutely continuous
solution of the equation{

u̇λn(t) ∈ −∂ϕt(uλn(t)) +
∫
Γ(t)

g(t, uλn(t), u) dλn
t (u) a.e. t ∈ [0, T ],

uλn(0) = x0 ∈ domϕ(0, .),

then u∞ = uλ∞ . We have

hλn(t, uλn(t))− u̇λn(t) ∈ ∂ϕt(uλn(t))
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and
hλ∞(t, uλ∞(t))− u̇λ∞(t) ∈ ∂ϕt(uλ∞(t))

for a.e. t ∈ [0, T ]. Since ∂ϕt is monotone,

〈uλn(t)− uλ∞(t), hλn(t, uλn(t))− u̇λn(t)− hλ∞(t, uλ∞(t)) + u̇λ∞(t)〉 ≥ 0

a.e. in [0, T ]. So

1

2

d

dt
‖uλn(t)− uλ∞(t)‖2 ≤ 〈uλn(t)− uλ∞(t), hλn(t, uλn(t))− hλ∞(t, uλ∞(t))〉

a.e. in [0, T ]. Integrating on [0, t] gives

1

2
‖uλn(t)− uλ∞(t)‖2 ≤

∫ t

0

〈uλn(s)− uλ∞(s), hλn(s, uλn(s))− hλ∞(s, uλ∞(s))〉 ds.

Let us set

Ln(t) =

∫ t

0

〈uλn(s)− uλ∞(s), hλn(s, uλn(s))− hλ∞(s, uλ∞(s))〉 ds.

Then Ln(t) = L1
n(t) + L2

n(t) + L3
n(t) where

L1
n(t) =

∫ t

0

〈uλn(s)− uλ∞(s), hλn(s, uλn(s))− hλn(s, uλ∞(s))〉 ds,

L2
n(t) =

∫ t

0

〈uλn(s)− u∞(t), hλn(s, uλ∞(s))− hλ∞(s, uλ∞(s))〉 ds,

L3
n(t) =

∫ t

0

〈u∞(s)− uλ∞(s), hλn(s, uλ∞(s))− hλ∞(s, uλ∞(s))〉 ds.

As ‖hλ(t, x)‖ ≤ c(1 + ‖x‖) for all λ ∈ SΣ and for all (t, x) ∈ [0, 1]×H, using (∗∗)
gives the estimate

|L2
n(t)| ≤ 2c(1 + η)‖uλn − u∞‖C([0,1],H),

with sup{‖uλ‖C([0,1],H); λ ∈ SΣ} < η < +∞. Thus L2
n(t) → 0 when n → ∞

uniformly in [0, 1]. Similarly by (iv) the integrand

f(s, v) := 〈u∞(s)− uλ∞(s), g(s, uλ∞(s), v)〉

is estimated by
|f(s, v)| ≤ c(1 + η)‖u∞ − uλ∞‖C([0,1],H)

for all (s, v) ∈ [0, T ] × U. Hence f ∈ L1
C(U)([0, T ]). As (λn) converges in the

topology σ((L∞
C(U)∗ , L

1
C(U)) to λ∞, it is immediate that for every t ∈ [0, T ],∫ t

0

[∫
U

f(s, v) dλn
s (v)

]
ds →

∫ t

0

[∫
U

f(s, v) dλ∞
s (v)

]
ds
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when n →∞. So limn→∞ L3
n(t)→ 0. Using (∗), there is l(η) > 0 such that

|L1
n(t)| ≤

∫ t

0

l(η)‖uλn(s)− uλ∞(s)‖2 ds.

Finally we get

1

2
‖uλn(t)− uλ∞(t)‖2 ≤ L2

n(t) + L3
n(t) +

∫ t

0

l(η)‖uλn(s)− uλ∞(s)‖2 ds.

As the functions L2
n(.) and L3

n(.) are continuous with L2
n(t) → 0 and L3

n(t) → 0,
by Gronwall’s lemma we conclude that

uλn(t)→ uλ∞(t) = u∞(t), ∀t ∈ [0, 1],

and so uλ∞(.) = u∞(.) and the set {uλ; λ ∈ SΣ} is compact in C ([0, T ], H).

Example 7.2.5 Let V be a convex weakly compact subset of H and let ∆ :
[0, T ] → cwK(V ) be a convex weakly compact valued upper semicontinuous mul-
tifunction. In view of [CV77, Theorem IV.16], the graph of the multifunction
∂ext (∆) : t �→ ∂ext (∆(t)), is a Borel subset in [0, T ] × V . Then it is easy to see
that the denseness property given in Remark 7.1.3 of Lemma 7.1.1 is still valid if
we replace Γ by ∂ext (∆) and Σ by Ψ where

Ψ(t) := {ν ∈M+,1(V ); ν(∂ext (∆(t))) = 1}

for all t ∈ [0, T ]. Using the continuity property stated in Lemma 7.2.4 we conclude
that the solutions set of the equation:

(P∂ext(∆))

{
u̇ρ(t) ∈ −∂ϕt(uρ(t)) + g(t, uρ(t), ρ(t)) a.e. t ∈ [0, T ],

uρ(0) = x0 ∈ dom ϕ(0, .),

where ρ belongs to the set of all Lebesgue-measurable mappings from [0, T ] into
U with ρ(t) ∈ ∂ext (∆(t)) for a.e. t ∈ [0, T ], is dense in the solutions set of

(PΨ)

{
u̇λ(t) ∈ −∂ϕt(uλ(t)) +

∫
∂ext(∆(t))

g(t, uλ(t), u) dλt(u) a.e. t ∈ [0, T ],

uλ(0) = x0 ∈ dom ϕ(0, .),

where λ is a measurable selection of the multifunction Ψ defined above.

Comments The variations of our techniques can be applied to other problems
in Optimal Control involving Young measures. For instance, one can treat the
same problem, when ∂ϕt is replaced by a maximal monotone operator A(t). More
important is the study of differential inclusions governed by nonconvex sweeping
process that we develop below.
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7.3 Relaxed trajectories of a differential inclusion
in a Banach space

Let us consider a separable Banach space E and a compact metric space U. Recall
(Lemma 7.1.1) that the set SΓ of all Lebesgue-measurable selections (alias original
controls) of the Lebesgue-measurable multifunction Γ : [0, T ]→ K(U) is dense for
the above mentioned topologies in the set SΣ of Lebesgue-measurable selections of
Lebesgue-measurable multifunction Σ : [0, T ]→M+,1(U) defined by

Σ(t) := {ν ∈M+,1(U); ν(Γ(t)) = 1}

for all t ∈ [0, T ].

Example 7.3.1 Let us consider a mapping g : [0, T ]× E× U → E satisfying:

(i) For every fixed t ∈ [0, T ], g(t, ., .) is continuous on E× U.

(ii) For every (x, u) ∈ E× U, g(., x, u) is Lebesgue-measurable on [0, T ].

(iii) For every η > 0, there exists lη > 0 such that ‖g(t, x, u) − g(t, y, u)‖ ≤
lη‖x− y‖ for all t ∈ [0, T ] and for all (x, y) ∈ BE(0, η)×BE(0, η).

(iv) There exists a convex compact valued integrable bounded multifunction Φ :
[0, T ]→ cK(E) such that g(t, x, U) ⊂ (1 + ‖x‖)Φ(t) for all (t, x) ∈ [0, T ]×E.

We aim to compare the solutions set of the two following differential inclusions:

(PO)

{
u̇ρ(t) = g(t, uρ(t), ρ(t)) a.e. t ∈ [0, T ],

uρ(0) = x0 ∈ E,

where ρ belongs to the set U of all original controls, i.e. ρ is a Lebesgue-measurable
mapping from [0, T ] into U with ρ(t) ∈ Γ(t) for a.e. t ∈ [0, T ], and

(PR)

{
u̇λ(t) =

∫
Γ(t)

g(t, uλ(t), z) dλt(z) a.e. t ∈ [0, T ],

uλ(0) = x0 ∈ E,

where λ belongs to the set SΣ of all relaxed controls, i.e. λ is the Lebesgue-
measurable selection of the multifunction Σ defined by

Σ(t) := {ν ∈M+,1(U); ν(Γ(t)) = 1}

for all t ∈ [0, T ]. Note that the existence of absolutely continuous solutions for the
preceding equation is well-known. Namely we have

uρ(t) = x0 +

∫ t

0

g(s, uρ(s), ρ(s)) ds, ∀t ∈ [0, T ],
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and

uλ(t) = x0 +

∫ t

0

[

∫
Γ(t)

g(s, uλ(s), z) dλs(z)] ds, ∀t ∈ [0, T ].

Moreover we will see that the solutions set {uλ; λ ∈ SΣ} of (PR) is compact in
C ([0, T ], E) It is obvious that the solutions set {uρ; ρ ∈ U} is a nonempty subset
of {uλ; λ ∈ SΣ}.
Proposition 7.3.2 The solutions set SR of (PR) is relatively compact in
C([0, T ], E)

Proof. Set |Φ(t)| := sup{‖x‖; x ∈ Φ(t)} for every t ∈ [0, T ]. For simplicity we
may suppose x0 = 0. Then we have

‖uλ(t)‖ ≤
∫ t

0

|Φ(s)|(1 + ‖uλ(s)‖) ds, ∀t ∈ [0, T ].

By Gronwall’s lemma we get

‖uλ(t)‖+ 1 ≤ z(t) := exp(

∫ t

0

|Φ(s)| ds), ∀t ∈ [0, T ],

this entails

h(s, uλ(s), λs) ∈ (‖uλ(s)‖+ 1)Φ(s) ⊂ z(s)Φ(s), ∀s ∈ [0, T ].

Thus SR is included in the primitive P(Ψ) of the multifunction Ψ(.) := z(.)Φ(.),
namely

P(Ψ) :=
{
u : [0, T ]→ E; u(0) = 0, u(t) =

∫ t

0

f(s) ds, f(s) ∈ Ψ(s) a.e.
}
.

Making use of Ascoli’s theorem and Banach–Dieudonné’s theorem (cf. Proposi-
tion 6.2.3 or Proposition 6.3.6) we see that P(Ψ) is compact in C ([0, T ], E).

Proposition 7.3.3 The set SO := {uρ; ρ ∈ U} is dense for the uniform norm in
the compact solutions set SR := {uλ; λ ∈ SΣ}.
We shall need the following Gronwall–type lemma.

Lemma 7.3.4 Let l be a positive Lebesgue-integrable function defined on [0, T ],
and a and h two nonnegative continuous functions defined on [0, T ] such that

a(t) ≤ h(t) +

∫ t

0

l(s)a(s) ds

for all t ∈ [0, T ]. Then we have

exp(−
∫ t

0

l(s) ds)

∫ t

0

l(s)a(s) ds ≤
∫ t

0

exp(−
∫ s

0

l(τ) dτ ) l(s)h(s) ds

for all t ∈ [0, T ].
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Proof. Let us set b(t) =
∫ t

0
l(s)a(s) ds for all t ∈ [0, T ]. Then we have

d

dt
[b(t) exp(−

∫ t

0

l(s) ds)] = [l(t)a(t)− b(t)l(t)] exp(−
∫ t

0

l(s) ds)

≤ l(t)h(t) + b(t)l(t)− b(t)l(t)] exp(−
∫ t

0

l(s) ds) = l(t)h(t) exp(−
∫ t

0

l(s) ds).

Hence the result follows by integrating on [0, t]

exp(−
∫ t

0

l(s) ds)

∫ t

0

l(s)a(s) ds ≤
∫ t

0

exp(−
∫ s

0

l(τ) dτ ) l(s)h(s) ds.

First proof of Proposition 7.3.3. Since L1
C(U)([0, T ]) is separable, SΣ is com-

pact [CV77, Theorem V.2] metrizable for the σ∗-topology on L∞
C(U)∗([0, T ]). Hence

it is enough to show that λ �→ uλ is sequentially continuous on SΣ for this topology.
Let λn → λ∞ in SΣ. For every t ∈ [0, T ], we write

uλ∞(t)− uλn(t) =

∫ t

0

[∫
U

g(s, uλ∞(s), z) dλ∞
s (z)

]
ds

−
∫ t

0

[∫
U

g(s, uλ∞(s), z) dλn
s (z)

]
ds(7.3.1)

+

∫ t

0

[∫
U

[g(s, uλ∞(s), z)− g(s, uλn(s), z)] dλn
s (z)

]
ds.

Let us set

an(t) := ‖uλ∞(t)− uλn(t)‖,

bn(t) :=

∫ t

0

[∫
U

g(s, uλ∞(s), z) dλ∞
s (z)

]
ds−

∫ t

0

[∫
U

g(s, uλ∞(s), z) dλn
s (z)

]
ds,

cn(t) :=

∫ t

0

[∫
U

g(s, uλ∞(s), z) dλn
s (z)

]
ds−

∫ t

0

[∫
U

g(s, uλn(s), z) dλn
s (z)

]
ds,

dn(t) := ‖bn(t)‖.

By Proposition 7.3.2, the solutions set of (PR) is relatively compact, hence there
is η > 0 such that supλ∈SΣ

‖uλ‖C([0,T ],E) < η. By (iii) there is lη > 0 such that

‖cn(t)‖ ≤
∫ t

0

lη‖uλ∞(s)− uλn(s)‖ ds

for all t ∈ [0, T ]. Hence

an(t) ≤ dn(t) +

∫ t

0

lηan(s) ds
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for all t ∈ [0, 1]. By Lemma 7.3.4, we have

(7.3.2) exp(−
∫ t

0

lη ds)

∫ t

0

lη an(s) ds ≤
∫ t

0

exp(−
∫ t

0

lη ds) lη(t)dn(t) dt

for all t ∈ [0, T ] and for all n ∈ N. We are going to check that dn(t)→ 0 for every
t ∈ [0, T ]. Since (bn) is relatively compact in C ([0, T ], E), it is sufficient to prove
that

lim
n→∞〈x

′, bn(t)〉 = 0

for every x′ ∈ E∗ and for every t ∈ [0, T ]. Let us set

f(s) : u �→ 〈x′, g(s, uλ∞(s), u)〉 (s ∈ [0, T ], u ∈ U).

By (iv), f ∈ L1
C(U)([0, T ]) and we have

〈x′, bn(t)〉 =

∫ t

0

〈f(s), λ∞
s − λn

s 〉 ds.

Thus the second member tends to 0 because λn → λ∞ stably. So

lim
n→∞

∫ t

0

lη dn(s) ds =

∫ t

0

lim
n→∞ lη dn(s) ds = 0.

By (7.3.2) this implies that

lim
n→∞

∫ t

0

lη an(s) ds = 0.

Finally making use of (7.3.1) we get

lim
n→∞ an(t) ≤ lim

n→∞
[
dn(t) +

∫ t

0

lηan(s) ds
]

= 0.

The preceding proof is somewhat traditional. We will present below a short
and different proof using the fiber product of Young measures (Theorem 3.3.1).
This fact will be used in other places.

Second proof of Proposition 7.3.3. We are going to prove that the graph
of the mapping λ �→ uλ from SΣ into the Banach space C ([0, T ], E) is compact.
Recall that the set SR is relatively compact in C ([0, T ], E), Hence the set K :=
{uλ(t); (λ, t) ∈ SΣ×[0, T ]} is bounded (even relatively compact) in E, so that, with
the notations of the proof of Proposition 7.3.2, ||g(t, x, z)|| ≤ (1+ |K|)|Φ(t)| for all
(t, x, z) ∈ [0, T ]×K × U. Let (λn) be a sequence in SΣ. By compactness we may
assume that λn stably converges to λ∞ and uλn converges to u∞ ∈ C ([0, T ], E).
Let x′ ∈ E

∗ and t ∈ [0, T ]. Then we have 〈x′, u∞(t)〉 = limn〈x′, uλn(t)〉 and
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δuλn ⊗ λn stably converges to δu∞ ⊗ λ∞ by the Fiber Product Lemma (Theorem

3.3.1). As the integrand (s, x, z) �→ 〈x′, g(s, x, z)〉 is L1-bounded on [0, T ]×K×U,
it follows that

lim
n

∫ t

0

[

∫
U

〈x′, g(s, uλn(s), z)〉λn
s (dz)]ds =

∫ t

0

[

∫
U

〈x′, g(s, u∞(s), z)〉λ∞
s (dz)]ds

So we deduce that u̇∞(t) =
∫

U
g(s, u∞(s), z)λ∞

s (dz) a.e. By uniqueness, we have
necessarily u∞ = uλ∞ .

7.4 Integral representation theorem
via Young measures

When dealing with relaxed trajectories of the above differential inclusions we are
concerned with trajectories of the evolution equation of the form

(PR)

{
u̇λ(t) ∈ A(t)uλ(t) +

∫
Γ(t)

g(t, uλ(t), u) dλt(u) a.e. t ∈ [0, T ],

uλ(0) = x0 ∈ domA(0),

where A(t) is a maximal monotone operator and λ belongs to the set SΣ of all
relaxed controls, i.e. λ is the Lebesgue-measurable selection of the multifunction
Σ defined by

Σ(t) := {ν ∈M+,1(U); ν(Γ(t)) = 1}
for all t ∈ [0, T ]. As∫

Γ(t)

g(t, uλ(t), u) dλt(u) ∈ co g(t, uλ(t), Γ(t))

for almost all t ∈ [0, T ], uλ is an absolutely continuous solution of the differential
inclusion

(∗) u̇(t) ∈ A(t)uλ(t) + co F (t, u(t))

where
F (t, x) = g(t, x,Γ(t)) := {g(t, x, u); u ∈ Γ(t)}.

In the present context the relaxed trajectories for (PR) coincides with the trajec-
tories of the differential inclusion (∗). This consideration leads to some integral
representation theorem involving Young measures. In the following the control
space U is a Polish space and E is a separable Banach space.

Proposition 7.4.1 Suppose that Γ : [0, T ] → K(U) is a compact valued measur-
able multifunction and g : [0, T ] × U → E is a Carathéodory mapping such that
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t �→ sup{‖g(t, u)‖; u ∈ Γ(t)} is integrable on [0, T ], and v : [0, T ] → E is an inte-
grable function such that v(t) ∈ co g(t, Γ(t)) for a.e. t ∈ [0, T ], then there exists a
Young measure λ ∈ Y1(Ω,S, P; U) such that

v(t) =

∫
Γ(t)

g(t, u) dλt(u) a.e.

Proof. We only sketch the proof. Let

h(t, ν) :=

∫
Γ(t)

g(t, u) dν(u).

Then h is a Carathéodory mapping from [0, T ]×M+,1(U) to Eσ. By our assump-
tion we have

v(t) ∈ h(t, Σ(t)) a.e.

where
Σ(t) = {ν ∈M+,1(U); ν(Γ(t)) = 1}

for all t ∈ [0, T ]. As Σ is measurable, applying a measurable selection theorem
[CV77, Theorem III.22], we get the required result.

Proposition 7.4.1 is a parametric version of Choquet’s theorem. In the same
spirit, using Young measures, we provide a characterization of measurable selec-
tions of a measurable multifunction of the form co(Γ), where Γ is a given mea-
surable multifunction, below an epigraph valued one. See also [Ben91, Proposi-
tion 2.1].

Let R
(N) denote the set of real sequences with finite support, and for k ∈ N

Λk :=
{

(ri)i≥0 ∈ R
(N); ri ≥ 0,

∑
i≥0

ri = 1 and ri = 0 if i < k
}

.

Let (un)n be a sequence in L1
E∗ [E]([0, T ]) and u ∈ L1

E∗ [E]([0, T ]). One says that un

Mazur converges a.e. to u if there exist sequences (tk
i )i with (tki )i ∈ Λk such that∥∥u(t)−

∑
i≥0 tki ui(t)

∥∥→ 0 a.e. as k →∞.

Proposition 7.4.2 Let E be separable Banach space and let f : [0, T ] × E
∗
σ →

[0, +∞] be a normal integrand. Let (un) (resp. (ψn)) be a bounded sequence in
L1

E∗ [E]([0, T ]) (resp. L1
R([0, T ])) which satisfy:

(i) f(t, un(t)) ≤ ψn(t) for all t ∈ [0, T ] and for all n.

(ii) (un) Mazur converges a.e. to u ∈ L1
E∗ [E]([0, T ]) and (ψn) Mazur converges

a.e. to ψ ∈ L1
R([0, T ]) with the same coefficients, that is, there exist sequences

(tki )i ∈ Λk satisfying both∥∥u(t)−
∑
i≥0

tki ui(t)
∥∥→ 0 a.e.
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and ∣∣ψ(t)−
∑
i≥0

tki ψi(t)
∣∣→ 0 a.e.

Then there exists a Young measure λ ∈ Y1(Ω,S, P; E∗
σ) such that

u(t) = bar (λt) and

∫
E

f(t, x) dλt(x) ≤ ψ(t) a.e.

Proof. We will follow some arguments in [Ben91, Proposition 2.1]. We can con-
sider as R

(N) as a topological subspace of the separable Banach space �1. For
every positive integer k let us consider the multifunction Σk from [0, T ] to subsets
of R

(N) defined by

Σk(t) =
{

(ri)i≥0 ∈ Λk;
∥∥u(t)−

∑
i≥0

ri ui(t)
∥∥ ≤ 1/k and

∣∣ψ(t)−
∑
i≥0

ri ψi(t)
∣∣ ≤ 1/k

}
.

Then Σk(t) is nonempty for all t ∈ [0, T ]. Further the multifunction Σk is graph-
measurable because setting, for n ≥ k, Λn

k := {(ri)i≥0 ∈ Λk; ri = 0 if i > n},
gph (Σk) equals

⋃
n≥k

{
(t, (ri)i≥0) ∈ [0, T ]× Λn

k ;

∥∥u(t)−
∑
i≥0

ri ui(t)
∥∥ ≤ 1/k and

∣∣ψ(t)−
∑
i≥0

riψi(t)
∣∣ ≤ 1/k

}
and (t, (ri)i≥0) �→

∥∥u(t)−
∑

i≥0 ri ui(t)
∥∥ and (t, (ri)i≥0) �→

∣∣ψ(t)−
∑

i≥0 ri ψi(t)
∣∣

are measurable on [0, T ] × Λn
k . Pick a measurable selection tk : t �→ (tki (t))i≥0 of

Σk and let us set

λk
t :=

∑
i≥0

tki (t)δui(t)

for every t ∈ [0, T ]. It is obvious that (λk)k is tight in Y1(Ω,S, P; E∗
σ). By

Theorem 4.3.5 we may suppose that (λk)k stably converges to a Young measure λ ∈
Y1(Ω,S, P; E∗

σ). Let A be a fixed measurable subset in [0, T ]. By the Portmanteau
Theorem 2.1.3, we have∫

A

[∫
E

f(t, x) dλt(x)
]
dt ≤ lim inf

k→∞

∫
A

[∫
E

f(t, x) dλk
t (x)

]
dt

= lim inf
k→∞

∫
A

[∑
i≥0

tki (t)f(t, ui(t))
]
dt

≤ lim inf
k→∞

∫
A

[∑
i≥0

tki (t) ψi(t)
]
dt .
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In view of the Biting Lemma, there is a nondecreasing sequence (Tp) of measurable
subsets of [0, T ] such that ∪pTp = [0, T ] and a subsequence (ψ′

n) of (ψn) and a
subsequence (u′

n) of (un) such that ( 1lTp
ψ′

n) (resp. ( 1lTp
u′

n)) is uniformly integrable

in L1
R(Tp) (resp. L1

E∗ [E](Tp)). It follows that∫
A

[∫
E

f(t, x) dλt(x)
]
dt ≤ lim

k→∞

∫
A

[∑
i≥0

tki (t) ψi(t)
]
dt =

∫
A

ψ(t) dt,

for every measurable set A contained in Tp. So we conclude that∫
E

f(t, x) dλt(x) ≤ ψ(t) a.e.

on each Tp, thus the preceding inequality is true a.e. on [0, T ]. Now consider the
integrand h := 1lA〈x, .〉 where A is a measurable set subset of Tp and x ∈ E. Then
h is a Carathéodory integrand such that h(u′

n) is uniformly integrable in L1
R(Tp).

From Theorem 6.3.5 and the stable convergence of (λk)k to λ, it follows that∫
A

〈x,bar (λt)〉 dt = lim
k→∞

∫
A

〈
x,

∑
i≥0

tki (t) ui(t)
〉
dt =

∫
A

〈x, u(t)〉 dt,

for every measurable set A ⊂ Tp and for every x ∈ E. So we can conclude that
u(t) = bar (λt) a.e.

7.5 Relaxed trajectories of a differential inclusion
governed by a nonconvex sweeping process

The material in this section is borrowed from [CST01]. Let us consider a compact
metric space U. Recall that the set SΓ of all Lebesgue-measurable selections (alias
original controls) of the Lebesgue-measurable multifunction Γ : [0, T ] → K(U) is
dense for the above mentioned topologies in the set SΣ of Lebesgue-measurable
selections of Lebesgue-measurable multifunction Σ : [0, T ]→M+,1(U) defined by

Σ(t) := {ν ∈M+,1(U); ν(Γ(t)) = 1}

for all t ∈ [0, T ].

For each t ∈ [0, T ], let C(t) be a nonempty closed subset in R
d. We will asssume

that

(H1) For each t ∈ [0, T ], C(t) is a nonempty closed subset in Rd and the sets C(t)
are ρ-proximal-regular (in the sense of Poliquin–Rockafellar–Thibault [PRT00])
for some fixed ρ ∈ [0, +∞],
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(H2) C(t) varies in an absolute way, that is, there exists an absolutely continuous
function v : [0, T ]→ R such that

|d(x, C(t))− d(y, C(s))| ≤ ‖x− y‖+ |v(t)− v(s)|

for all x, y ∈ R
d and s, t ∈ [0, T ].

Recall (see [PRT00]) that, when a closed set S ⊂ R
d is ρ-proximal regular, the

Clarke normal cone NS(.) is ρ-hypomonotone, that is, for all xi ∈ S, i = 1, 2 and
for all v1 ∈ NS(ui) ∩BRd(0, ρ), one has

〈v1 − v2, u1 − u2〉 ≥ −‖u1 − u2‖2 .

Here, 〈., .〉 denotes the usual inner product un R
d and ‖.‖ is the Euclidean norm.

The following is a uniqueness result.

Proposition 7.5.1 Let g : [0, 1]× R
d → R

d be such that

(i) for every η > 0 there exists a nonnegative Lebesgue-integrable function lη
defined on [0, 1] such that ‖g(t, x) − g(t, y)‖ ≤ lη(t)‖x − y‖ for all t ∈ [0, 1]
and for all (x, y) ∈ B (0, η)×B (0, η),

(ii) there exists a nonnegative Lebesgue-integrable function c on [0, 1] such that
‖g(t, x)‖ ≤ c(t)(1 + ‖x‖) for all (t, x) ∈ [0, 1]× Rd.

Let u0 ∈ C(0). If u1 and u2 are absolutely continuous solutions to{
u̇(t) ∈ −NC(t)(u(t)) + g(t, u(t)), a.e. t ∈ [0, 1],

u(0) = u0,

then u1 = u2.

Proof. Let u1, u2 be two absolutely continuous solutions to the problem under
consideration whose existence is ensured by [CST01, Theorem 1.5 page 225]. Then
we have

(7.5.1) g(t, u1(t))− u̇1(t) ∈ NC(t)(u1(t))

and

(7.5.2) g(t, u2(t))− u̇2(t) ∈ NC(t)(u2(t))

a.e. Let m(t) = ‖g(t, u1(t))‖+‖g(t, u2(t))‖. Then by (7.5.1)–(7.5.2) and repeating
the arguments given the proof of Proposition 1.2 in [CST01] via the hypomono-
tonicity of the normal cone, one has

〈g(t, u1(t))− u̇1(t)− (g(t, u2(t))− u̇2(t)), u1(t)− u2(t)〉

≥ − v̇(t) + m(t)

ρ
‖u1(t)− u2(t)‖2 a.e.(7.5.3)
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Consequently

〈u̇1(t)− u̇2(t), u1(t)− u2(t)〉 ≤ 〈g(t, u1(t))− g(t, u2(t)), u1(t)− u2(t)〉

+
v̇(t) + m(t)

ρ
‖u1(t)− u2(t)‖2.(7.5.4)

Pick η > 0 such that η > ‖u1‖∞ + ‖u2‖∞. The Lipschitz property (i) allows us to
derive from the inequality above that

〈u̇1(t)− u̇2(t), u1(t)− u2(t)〉 ≤
(

lη(t) +
v̇(t) + m(t)

ρ

)
‖u1(t)− u2(t)‖2

and hence

d

dt
(‖u1(t)− u2(t)‖2) ≤ 2

(
lη(t) +

v̇(t) + m(t)

ρ

)
‖u1(t)− u2(t)‖2.

So we obtain for all t ∈ [0, T ]

1

2
‖u1(t)− u2(t)‖2 ≤

∫ t

0

(
lη(t) +

v̇(t) + m(t)

ρ

)
‖u1(s)− u2(s)‖2 ds.

By applying Gronwall’s lemma we conclude that u1 = u2.

Let us consider a mapping g : [0, 1]× R
d × U → R

d satisfying:

(i) For every fixed t ∈ [0, 1], g(t, ., .) is continuous on R
d × U.

(ii) For every (x, u) ∈ R
d × U, g(., x, u) is Lebesgue-measurable on [0, 1].

(iii) For every η > 0, there exists lη ∈ L1
R+([0, 1]) such that ‖g(t, x, u)−g(t, y, u)‖ ≤

lη(t)‖x− y‖ for all t ∈ [0, 1] and for all (x, y) ∈ BRd(0, η)×BRd(0, η).

(iv) There exists c ∈ L1
R+([0, 1]) such that g(t, x, U) ⊂ c(t)(1 + ‖x‖)BRd for all

(t, x) ∈ [0, 1]× R
d.

We aim to compare the solutions set of the following two differential inclusions:

(PO)

{
u̇ζ(t) ∈ −NC(t)(uζ(t)) + g(t, uζ(t), ζ(t)) a.e. t ∈ [0, 1],

uζ(0) = x0 ∈ C(0),

where ζ belongs to the set U of all original controls, i.e. ζ is a Lebesgue-measurable
mapping from [0, 1] into U with ζ(t) ∈ Γ(t) for a.e. t ∈ [0, 1], and

(PR)

{
u̇λ(t) ∈ −NC(t)(uλ(t)) +

∫
Γ(t)

g(t, uλ(t), u) dλt(u) a.e. t ∈ [0, 1],

uλ(0) = x0 ∈ C(0),
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where λ belongs to the set SΣ of all relaxed controls, i.e. λ is a Lebesgue-measurable
selection of the multifunction Σ defined by

Σ(t) := {ν ∈M+,1(U); ν(Γ(t)) = 1}

for all t ∈ [0, 1]. A nice example was given in [Jaw84] in which the author studies a
similar problem in the case of an evolution equation governed by a convex sweeping
process, namely when C(.) is a closed convex absolutely continuous multifunction.
For each λ ∈ SΣ, let us set

hλ(t, x) :=

∫
Γ(t)

g(t, x, u) dλt(u),

for all (t, x) ∈ [0, 1]× R
d. Then hλ is Lebesgue-measurable on [0, 1] and satisfies:

(∗) For every η > 0, there exists lη ∈ L1
R+ such that ‖hλ(t, x) − hλ(t, y)‖ ≤

lη(t)‖x − y‖ for all t ∈ [0, 1] and for all (x, y) ∈ BRd(0, η) × BRd(0, η) thanks to
(iii).

Moreover since λt(Γ(t)) = 1, we have

(∗∗) hλ(t, x) ∈ co g(t, x,Γ(t)) ⊂ c(t)(1 + ‖x‖)BRd ,

for all (t, x) ∈ [0, 1]× Rd.

So, in view of Proposition 7.5.1 and for each λ ∈ SΣ, there is a unique solution
uλ for the problem

(PR)

{
−u̇λ(t) ∈ NC(t)(uλ(t)) +

∫
Γ(t)

g(t, uλ(t), u) dλt(u) a.e. t ∈ [0, 1],

uλ(0) = x0 ∈ C(0).

By (∗∗) and Theorem 1.5 in [CST01], we see that the solutions set {uλ; λ ∈ SΣ}
of (PR) is relatively compact in C

(
[0, 1], Rd

)
. It is obvious that the solutions set

{uρ; ρ ∈ U} is a nonempty subset of {uλ; λ ∈ SΣ}.

Theorem 7.5.2 The set {uρ; ρ ∈ U} is dense for the uniform norm in the com-
pact solutions set {uλ; λ ∈ SΣ}.

The above denseness result is well-known in Optimal Control when (PR) and (PO)
are reduced to clasical ordinary differential equations. Theorem 7.5.2 follows from

Lemma 7.5.3 The mapping λ �→ uλ defined on the σ(L∞
C(U)∗([0, 1], L1

C(U)([0, 1]))
compact set SΣ has a closed graph.

First proof. More precisely, let λn → λ∞ for the σ(L∞
C(U)∗([0, 1]), L1

C(U)([0, 1]))

topology and uλn → u∞ in C
(
[0, 1], Rd

)
, where uλn (n ∈ N ∪ {∞}) is the unique

absolutely continuous solution (cf. Proposition 7.5.1) of the equation{
u̇λn(t) ∈ −NC(t)(uλn(t)) +

∫
Γ(t)

g(t, uλn(t), u) dλn
t (u) a.e. t ∈ [0, 1],

uλn(0) = x0 ∈ C(0),
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then u∞ = uλ∞ . Put η := supλ∈ SΣ
‖uλ‖C([0,1],Rd), then we have η < +∞ re-

membering that the solutions set {uλ; λ ∈ SΣ} of (PR) is relatively compact in
C
(
[0, 1], Rd

)
. We have

hλn(t, uλn(t))− u̇λn(t) ∈ NC(t)(uλn(t)),

and
hλ∞(t, uλ∞(t))− u̇λ∞(t) ∈ NC(t)(uλ∞(t)),

for a.e. t ∈ [0, 1]. Notice that

(7.5.5) ‖hλn(t, uλn(t))‖ ≤ c(t)(1 + ‖uλn(t)‖) ≤ m(t) := c(t)(1 + η)

for all n ∈ N ∪ {∞} and for all t ∈ [0, 1]. Using the hypomonotonicity of the
normal cone and arguing as in the proof of [CST01, Proposition 1.2 page 222], one
has

〈hλn(t, uλn(t))− u̇λn(t)− (hλ∞(t, uλ∞(t))− u̇λ∞(t)), uλn(t)− uλ∞(t)〉
≥ −γ(t)‖uλn(t)− uλ∞(t)‖2

a.e. in [0, 1], where γ(t) := v̇(t) +
m(t)

ρ
. So

1

2

d

dt
‖uλn(t)− uλ∞(t)‖2 ≤ 〈uλn(t)− uλ∞(t), hλn(t, uλn(t)) + γ(t)uλn(t)〉

− 〈uλn(t)− uλ∞(t), hλ∞(t, uλ∞(t) + γ(t)uλ∞(t)〉,

a.e. in [0, 1]. Integrating on [0, t] gives

1

2
‖uλn(t)− uλ∞(t)‖2 ≤

∫ t

0

〈uλn(s)− uλ∞(s), hλn(s, uλn(s)) + γ(s)uλn(s)〉 ds

−
∫ t

0

〈uλn(s)− uλ∞(s), hλ∞(s, uλ∞(s)) + γ(s)uλ∞(s)〉 ds.

Let us set

Ln(t) =

∫ t

0

〈uλn(s)− uλ∞(s), hλn(s, uλn(s)) + γ(s)uλn(s)〉 ds

−
∫ t

0

〈uλn(s)− uλ∞(s), hλ∞(s, uλ∞(s)) + γ(s)uλ∞(s)〉 ds.

Then Ln(t) = L1
n(t) + L2

n(t) + L3
n(t) where

L1
n(t) =

∫ t

0

〈uλn(s)− uλ∞(s), hλn(s, uλn(s)) + γ(s)uλn(s)〉 ds

−
∫ t

0

〈uλn(s)− uλ∞(s), hλn(s, uλ∞(s)) + γ(s)uλ∞(s)〉 ds,
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L2
n(t) =

∫ t

0

〈uλn(s)− u∞(s), hλn(s, uλ∞(s))− hλ∞(s, uλ∞(s))〉 ds,

L3
n(t) =

∫ t

0

〈u∞(s)− uλ∞(s), hλn(s, uλ∞(s))− hλ∞(s, uλ∞(s))〉 ds.

By (7.5.5), we have

|L2
n(t)| ≤

(
2

∫ 1

0

m(s) ds
)
‖uλn − u∞‖C([0,1],Rd).

Thus L2
n(t)→ 0 when n →∞ uniformly in [0, 1]. Similarly by (iv) the integrand

f(s, v) := 〈u∞(s)− uλ∞(s), g(s, uλ∞(s), v)〉

is estimated by

|f(s, v)| ≤ c(t)(1 + η)‖u∞ − uλ∞‖C([0,1],Rd),

for all (s, v) ∈ [0, 1]×U. Hence f ∈ L1
C(U)([0, 1]). As (λn) converges σ(L∞

C(U)∗ , L
1
C(U))

to λ∞, it is immediate that for every t ∈ [0, 1],∫ t

0

[∫
U

f(s, v) dλn
s (v)

]
ds →

∫ t

0

[∫
U

f(s, v) dλ∞
s (v)

]
ds

when n→∞. So limn→∞ L3
n(t)→ 0. Using (∗), there is lη ∈ L1

R+([0, 1]) such that

|L1
n(t)| ≤

∫ t

0

(lη(s) + γ(s))‖uλn(s)− uλ∞(s)‖2 ds.

Finally we get

1

2
‖uλn(t)− uλ∞(t)‖2 ≤ L2

n(t) + L3
n(t) +

∫ t

0

(lη(s) + γ(s))‖uλn(s)− uλ∞(s)‖2 ds.

As L2
n(t)→ 0 and L3

n(t)→ 0, by Gronwall’s inequality we obtain

uλn(t)→ uλ∞(t) = u∞(t),

for all t ∈ [0, 1] and so {uλ; λ ∈ SΣ} is compact in C
(
[0, 1], Rd

)
.

Here is an alternative proof of the preceding lemma using the fiber product of
Young measures.
Second proof. We are going to prove that the graph of the mapping λ �→ uλ from
SΣ into the Banach space C

(
[0, T ], Rd

)
is compact. Let (λn) be a sequence in SΣ.

By compactness we may assume that λn stably converges to λ∞, uλn converges
to u∞ ∈ C

(
[0, T ], Rd

)
and (u̇λn

) weakly converges to u̇∞ in L1
Rd([0, 1]). Let w ∈
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L∞
Rd([0, 1]). Then it is easy to see that the integrand (t, x, z) �→ 〈w(t), g(t, x, z)〉

defined on [0, T ]×K ×U is L1-bounded, using the growth condition (iv) and the
boundedness of K := {uλ(t); (λ, t) ∈ SΣ×[0, T ]}. Let us put, for all t ∈ [0, 1],

vn(t) =

∫
U

g(t, un
λ(t), z) dλn

t (z)],

v∞(t) =

∫
U

g(t, u∞(t), z) dλ∞
t (z)].

By Theorem 3.3.1, δun
λ
⊗ λn stably converges to δu∞ ⊗ λ∞, hence

lim
n→∞

∫ 1

0

〈w(t), vn(t)〉 dt =

∫ 1

0

〈w(t), v∞(t)〉 dt.

Using the weak convergence in L1
Rd([0, 1]) of (u̇λn

) to u̇∞ and the preceding limit,
we conclude that the sequence (u̇λn

− vn) weakly converges in L1
Rd([0, 1]) to u̇∞−

v∞. As uλn
is the solution of the corresponding evolution inclusion, we have

u̇λn
− vn(t) ∈ −N(C(t); uλn

(t)) a.e. t ∈ [0, 1],

with uλn
(0) = x0. In view of [Thi99], this inclusion is equivalent to

(7.5.6) u̇λn
− vn(t) ∈ −ψ(t) ∂[dC(t)](uλn

(t)) a.e. t ∈ [0, 1],

where ψ(t) = 2c(t) + v̇(t) for all t ∈ [0, 1], and ∂[dC(t)] denotes the subdifferential
of the distance function dC(t) : x �→ d(x, C(t)). Since uλn converges uniformly to
u∞(.), by (7.5.6) and by virtue of a closure-type lemma [CV77, Theorem VI-4] we
get

u̇∞(t) ∈ −ψ(t) ∂[dC(t)](u
∞(t)) +

∫
U

g(t, u∞(t), z) dλ∞
t (z)],

with u∞(0) = x0, and u∞(t) ∈ C(t) for all t ∈ [0, 1].
So, we have necessarily u∞(.) = uλ∞(.).



Chapter 8

Semicontinuity of integral
functionals using Young
measures

In this chapter, E is a separable Banach space and, as usual, (Ω,S, P) is a proba-
bility space.

8.1 Weak-strong lower semicontinuity of integral
functionals

Recall that we have already proved a fiber product result (Theorem 3.3.1). Now
we begin with a different proof of a particular case of this result.

Theorem 8.1.1 Let T1 and T2 be metrizable Suslin spaces, νn and τn (n ∈
N∪ {+∞}) be Young measures in Y1(Ω,S, P; T1) and Y1(Ω,S, P; T2) respectively
which are tight sequences and which satisfy νn → ν∞ and τn → τ∞. Let us
define, for n ∈ N ∪ {+∞}, θn ∈ Y1(Ω, µ; T1 × T2) by

θn
ω = νn

ω ⊗ τn
ω .

If ν∞ = δu where u : Ω → T1 is a measurable function, then θn converges stably
to θ∞ (with θ∞ω = δu(ω) ⊗ τ∞

ω ).

Remark 8.1.2 In Theorem 8.1.6 the result will be applied with, for n < +∞,
νn = δun

and τn = δvn
that is θn = δ(un,vn). Without the hypothesis “ν∞ is

associated with a function”, the result is false: see Counterexample 3.3.3 page 72.

219
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Proof. 1) If ϕ : Ω× T1 → R is an integrand which is either ≥ 0 or bounded and
Carathéodory, the following holds∫

Ω×T1×T2

ϕ(ω, ξ) dθn(ω, ξ, ζ) =

∫
Ω

[∫
T1×T2

ϕ(ω, ξ) d(νn
ω ⊗ τn

ω )(ξ, ζ)
]
d P(ω)

=

∫
Ω

[∫
T2

ϕ(ω, ξ) dνn
ω(ξ)

]
d P(ω)

=

∫
Ω×T1

ϕ dνn.

Similarly if ϕ′ is an integrand on Ω× T2,∫
Ω×T1×T2

ϕ′(ω, ζ) dθn(ω, ξ, ζ) =

∫
Ω×T2

ϕ′ dτn.

2-a) The sequence (θn)n∈N is tight because, for i = 1, 2, there exists an inte-
grand hi ≥ 0 inf-compact in the second variable, such that

sup
n∈N

∫
Ω×T1

h1 dνn =: M1 < +∞ and sup
n∈N

∫
Ω×T2

h2 dτn =: M2 < +∞.

Then h(ω, ξ, ζ) := h1(ω, ξ) + h2(ω, ζ) defines an inf-compact integrand (details of
this exercise are in [Val94, page 381]). By Part 1 it satisfies ∀n ∈ N,

∫
Ω×T1×T2

h dθn

≤M1 + M2.

2-b) Let us process by contradiction. Suppose there exists a bounded Cara-
théodory integrand ψ0 on Ω× T1 × T2 satisfying∫

ψ0 dθn �→
∫

ψ0 dθ∞,

that is, such that, for some ε > 0 and for infinitely many n,

(8.1.1)
∣∣∫ ψ0 dθn −

∫
ψ0 dθ∞

∣∣ > ε.

Extracting a subsequence one may suppose that θnk converges to σ in the space
Y1(Ω,S, P; T1 × T2) and that (8.1.1) holds for all θnk .

3) Let us prove that P-a.e. σω is carried by {u(ω)} × T2. Let us set

ψ(ω, ξ, ζ) = ϕ(ω, ξ) = min[1, d(ξ, u(ω)].

They are bounded Carathéodory integrands. Then∫
Ω×T1×T2

ψ dθnk =

∫
Ω×T1

ϕ dνnk →
∫

Ω×T1

ϕ dδu = 0.
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Hence ∫
Ω×T1×T2

ψ dσ = 0.

So σ is carried by {(ω, ξ, ζ); ψ(ω, ξ, ζ) = 0} and P-a.e. σω is carried by

{(ξ, ζ); ψ(x, ξ, ζ) = 0} = {(ξ, ζ); ϕ(x, ξ) = 0} = {u(ω)} × T2.

Consequently
σω = δu(ω) ⊗ σ̄ω ,

where σ̄ω is a probability on T2. Clearly ω �→ σ̄ω is measurable (for any Borel
subset B of T2, σ̄ω(B) = σω({u(ω)}×B) = σω(T1×B) ), and so is the disintegrated
version of some σ̄ ∈ Y1(Ω,S, P; T2).

4) Now we prove σ̄ω = τ∞
ω . This will end the proof since σω = θ∞ω implies

σ = θ∞ and θnk → θ∞, hence the contradiction to (8.1.1):∫
ψ0 dθnk →

∫
ψ0 dθ∞.

Let ϕ′ a bounded Carathéodory integrand on Ω× T2. On one side∫
Ω×T1×T2

ϕ′(ω, ζ) dθnk(ω, ξ, ζ)→
∫

Ω×T1×T2

ϕ′(ω, ζ) dσ(ω, ξ, ζ)

=

∫
Ω

[∫
T2

ϕ′(ω, ζ) dσ̄ω(ζ)
]
dµ(ω)

=

∫
Ω×T2

ϕ′ dσ̄.

On the other side, by Part 1,∫
Ω×T1×T2

ϕ′(ω, ζ) dθnk(ω, ξ, ζ) =

∫
Ω×T2

ϕ′ dτnk →
∫

Ω×T2

ϕ′ dτ∞.

Thus the expected equality σ̄ = τ∞ holds.

Let us recall the following definition. Let H be a subset of L1
E(Ω,S, P). One

says that H is RwK(E)-tight if, for any ε > 0, there exists an RwK(E)-valued
measurable multifunction, Lε, such that

∀u ∈ H P({ω ∈ Ω; u(ω) /∈ Lε(ω)}) ≤ ε.

Remarks 1) The set {ω ∈ Ω; u(ω) /∈ Lε(ω)} belongs to S since it is the projection
on Ω of gph (u) \ gph (Lε).

2) If E is a reflexive separable Banach space,H is necessarilyRwK(E)-tight because
Lε(ω) = E is a possible choice.

3) If H is RwK-tight and bounded in L1
E, it is weakly flexibly tight (see page 124).

We need here the following result. Compare with Lemma 6.1.1.
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Lemma 8.1.3 Let E be a separable Banach space and let H be a bounded and
RwK(E)-tight subset of L1

E(Ω,S, P). Then H is σ(E, E∗)-tight, i.e. for any ε > 0,
there exists a measurable multifunction with weakly compact values, Φ, such that

∀u ∈ H P({ω ∈ Ω; u(ω) /∈ Φ(ω)}) ≤ ε.

There exists a measurable ≥ 0 integrand h on Ω×E which is σ(E, E∗)-inf-compact,
such that sup{

∫
Ω

h(ω, u(ω)) d P(ω); u ∈ H} is finite.

Proof. Let

K := sup{‖u‖L1 ; u ∈ H}.

Let ε > 0, α := 2L
ε and Ωu := {ω ∈ Ω; u(ω) ∈ Lε/2(ω)}. We set

Φ(ω) := Lε/2(ω) ∩B (0, α) .

The multifunction Φ is measurable with weakly compact values. Then, ∀u ∈ H,
ω ∈ Ωu ∩ {‖u(.)‖ ≤ α} implies u(ω) ∈ Φ(ω). As

P(Ω \ Ωu) ≤ ε

2
and P({‖u(.)‖ > α}) ≤ ε

2
,

P({ω ∈ Ω; u(ω) /∈ Φ(ω)}) ≤ ε, hence H is tight. The existence of h was proved in
[Jaw84, Proposition 2.2 page 13.17] or [Bal89a, Remark 2.4 page 9.5].

We will need also the following result which extends to infinite dimension known
results about the connection between weak convergence of functions and Young
measures.

Theorem 8.1.4 Let E be a separable Banach space and (vn)n∈N a bounded uni-
formly integrable sequence in L1

E(Ω,S, P) which is RwK(E)-tight. There exists a
metric d on E whose topology is weaker than σ(E, E∗) satisfying the following: The
sequence (τn)n∈N, where τn = δvn

, is tight in Y1(Ω,S, P; (E, d)) and for any stably
convergent subsequence (τnk)k∈N, its limit, τ∞, is of first order in the sense that∫
Ω×E

‖ζ‖ dτ∞(ω, ζ) < +∞. Moreover if the function v∞ is defined by

P -a.e., v∞(ω) =

∫
E

ζ dτ∞
ω (ζ) =: bar (τ∞

ω ) ,

then v∞ ∈ L1
E(Ω,S, P) and the sequence (unk

)k∈N weakly converges (that is, with
respect to σ(L1

E, L∞
E∗

σ
)) to v∞.

Proof. 1) Let (z′n)n∈N be a sequence in E
∗ which separates the points of E. Let

d(ζ, ζ ′) =
∑
n∈N

2−n |〈z′n, ζ − ζ ′〉|
1 + |〈z′n, ζ − ζ ′〉| .
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The topology defined by d is the coarsest on E making continuous the maps ζ �→
〈z′n, ζ〉. Recall that the Borel σ-algebra of the norm topology and the Borel σ-
algebra of any Hausdorff coarser topology coincide. In particular this applies to
σ(E, E∗) and to the d-topology.

2) Let ε > 0. By Lemma 8.1.3, there exists a weakly compact valued multi-
function Φ, such that

∀n ∈ N P({ω ∈ Ω; vn(ω) /∈ Φ(ω)}) ≤ ε.

The sets Φ(ω) are also d-compact. So (vn)n∈N is d-flexibly tight. Consequently
there exists a subsequence (τnk)k∈N stably convergent (relatively to d) to τ∞. Let
h be a d-inf-compact integrand (whose existence is ensured by Lemma 8.1.3) and

M := sup
{∫

Ω

h(ω, vn(ω)) d P(ω); n ∈ N
}
.

3) Let ψ : Ω × E → [0, +∞] be measurable and σ(E, E∗)-l.s.c. in the second
variable. Following Balder ([Bal89a, formula (3.5) page 9.7], see also ([Bal86a,
page 113]), we will prove the inequality

(8.1.2)

∫
Ω×E

ψ dτ∞ ≤ lim inf
k

∫
Ω×E

ψ dτnk .

Let

YM :=
{
τ ∈ Y1(Ω, P; (E, d));

∫
Ω×E

h dτ ≤M
}
.

Then, on YM ,

(8.1.3)

∫
Ω×E

ψ dτ = sup
ε>0

[∫
Ω×E

(ψ + εh) dτ − εM
]
.

As ψ(ω, .) + εh(ω, .) is σ(E, E∗)-inf-compact, hence d-inf-compact, hence d-l.s.c,

τ �→
∫

Ω×E

(ψ + εh) dτ

is l.s.c. for the stable topology of d. By (8.1.3), τ �→
∫
Ω×E

ψ dτ is also l.s.c. for the
same topology on YM , hence (8.1.2).

Applying the foregoing lower semicontinuity result to the integrand

(ω, ζ) �→ ‖ζ‖

gives
∫
Ω×E

‖ζ‖ dτ∞(ω, ζ) ≤ sup{‖vn‖L1 ; n ∈ N} < +∞, that is, τ∞ is of first order
as said in the statement. Classically for P-almost every ω, τ∞

ω is of first order in
the sense of Probability Theory and has a barycenter bar (τ∞

ω ).
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4) Consider now an integrand ϕ such that ϕ(ω, .) is σ(E, E∗)-l.s.c. and the
sequence of negative parts (ϕ(., vn(.))−)n∈N is uniformly integrable. Using an idea
of Ioffe [Iof77, bottom of page 530 and top of page 531], one can, introducing
sup(−r, ϕ) + r (r ∈ [0, +∞[), prove

(8.1.4)

∫
Ω×E

ϕ dτ∞ ≤ lim inf
k

∫
Ω×E

ϕ dτnk .

Indeed let ϕr := sup(−r, ϕ). Since ψr := ϕr + r is ≥ 0, Part 3 implies∫
Ω×E

ψr dτ∞ ≤ lim inf
k

∫
Ω

ψr(ω, vnk
(ω)) d P(ω) ,

hence subtracting r,∫
Ω×E

ϕr dτ∞ ≤ lim inf
k

∫
Ω

ϕr(ω, vnk
(ω)) d P(ω).

But thanks to the uniform integrability of negative parts, ∀ε > 0, ∃r such that

∀n ∈ N

∫
Ω

ϕ(ω, vn(ω)) d P(ω) ≥
∫

Ω

ϕr(ω, vn(ω)) d P(ω)− ε.

Hence for any ε > 0

lim inf
k

∫
Ω

ϕ(ω, vnk
(ω)) d P(ω) ≥ lim inf

k

∫
Ω

ϕr(ω, vnk
(ω)) d P(ω)− ε

≥
∫

Ω×E

ϕr dτ∞ − ε ≥
∫

Ω×E

ϕ dτ∞ − ε.

5) Let z ∈ L∞
E∗

σ
and ϕ(ω, ζ) := 〈z(ω), ζ〉. The sequence (〈z(.), vn(.)〉)n∈N being

uniformly integrable, inequality (8.1.4) applies to ϕ and to −ϕ, and we get∫
Ω×E

〈z(ω), ζ〉 dτ∞(ω, ζ) = lim
k

∫
Ω×E

〈z(ω), ζ〉 dτnk(ω, ζ) ,

hence ∫
Ω

〈
z(ω),

∫
E

ζ dτ∞
ω (ζ)

〉
d P(ω) = lim

k

∫
Ω

〈z(ω), vnk
(ω)〉 d P(ω) ,

which proves the weak convergence vnk
→ v∞.

We shall use the following semicontinuity lemma for the fiber product, which
we give in a more general form than necessary.

Lemma 8.1.5 Let S and T be two completely regular spaces, let f be a normal
integrand on Ω×(S×T) with values in [0, +∞], let (un) be a sequence of measurable
mappings from Ω to S which converges in measure to some u∞ ∈ X(S) and let (λn)
be a sequence in Y1(T) which W–stably converges to some λ∞ ∈ Y1(T). Assume
furthermore that one of the following conditions is satisfied:
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(i) M+,1
τ (S× T) = M+,1(S× T) (e.g. S× T is Radon or hereditarily Lindelöf)

and (un) and (λn) are both flexibly tight, or

(ii) S and T are sequentially Prohorov and their compact subsets are metrizable.

Then

(8.1.5) lim inf
n

∫
Ω

[

∫
T

f(ω, un(ω), z) dλn
ω(z)] d P(ω)

≥
∫

Ω

[

∫
T

f(ω, u∞(ω), z) dλ∞
ω (z)] d P(ω).

Proof. From Theorem 3.3.1, (δun
⊗ λn) W–stably converges to δu∞ ⊗ λ∞. But,

in case (i), from Theorem 4.3.8, as (δun
⊗ λn) is flexibly tight, it also S–stably

converges to δu∞ ⊗ λ∞. The same conclusion follows from Theorem 4.5.1 in case
(ii). Then Theorem 2.1.12-(d) immediately yields (8.1.5).

Now the weak-strong lower semicontinuity theorem which is fundamental in
the Calculus of Variations follows easily.

Theorem 8.1.6 Let E be a separable Banach space and S a regular cosmic space
(e.g. S is separable metrizable or S is Suslin regular). Let f be a normal integrand
on Ω× (S×E). Let (un) be a sequence of measurable mappings from Ω to S which
converges in measure to some u∞ ∈ X(S) and let (vn) be a RwK–tight sequence
in L1

E(Ω,S, P) which σ(L1
E, L∞

E∗)–converges to some v∞ ∈ L1
E. Assume that the

sequence of negative parts (f(ω, un(ω), vn(ω))−)n is uniformly integrable and that
f(ω, u∞(ω), .) is convex on E. Then

(8.1.6) lim inf
n

∫
Ω

f(ω, un(ω), vn(ω)) d P(ω) ≥
∫

Ω

f(ω, u∞(ω), v∞(ω)) d P(ω).

Proof. The sequence (vn) is UI and bounded in L1
E because it is σ(L1

E, L∞
E∗)–

convergent (see e.g. [DU77, Theorem 4 page 104]). Thus, as (vn) is RwK–tight,
it is weakly flexibly tight. From Theorem 8.1.4, each subsequence of (vn) has a
further subsequence (again denoted by (vn)) such that (δvn

)n S–stably converges
in Y1(Eσ) to some Young measure ν∞ ∈ Y1(Eσ) (depending on the subsequence)
with bar (ν∞

ω ) = v∞(ω) a.e. Now, S×Eσ is cosmic regular (because S and Eσ are
both cosmic regular), thus it is hereditarily Lindelöf.

Assume that f is bounded from below, that is, there exists M ∈ R such that
f ≥M . Then Lemma 8.1.5-(i) gives

lim inf
n

∫
Ω

f(ω, un(ω), vn(ω)) d P(ω)

≥
∫

Ω

[

∫
E

f(ω, u∞(ω), z) dν∞
ω (z)] d P(ω).
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As f(ω, u∞(ω), .) is convex, we then get (8.1.6) by Jensen inequality.

To prove (8.1.6) in the general case, we can apply the same method as in Part
4) of the proof of Theorem 8.1.4.

Remarks 8.1.7 1) We can assume in Theorem 8.1.6 that S is simply a metric
space (non–necessarily separable), because then the measurability of the functions
vn implies that they take their values in a separable part of S.

2) Even if all ψ(ω, ξ, .) are convex, the topology on E with respect to which the
functions ψ(ω, ., .) are l.s.c. is fundamental because of the parameter ξ ∈ T. The
lower semicontinuity on T × (E, ‖.‖) does not imply the lower semicontinuity on
T× (E, σ(E, E∗)): see Example 8.1.8 below.

3) Actually we have

v∞(ω) ∈ co(
⋂
p∈N

w–sequ cl {vm(ω); m ≥ p}) a.e.

This property can be proved by applying the Biting Lemma and [ACV92, Theo-
rem 8]. We refer to [ACV92, Theorem 9] for details. See also Theorem 6.5.1 and
Remarks 6.5.2.

4) As a few references see de Giorgi [dG69] (quoted by Buttazzo [But89]: see
Th.2.3.1 p.46), Serrin [Ser59] quoted by Pedregal [Ped97], Ioffe [Iof77], Valadier
[Val90a], Balder [Bal84a, Bal85, Bal86a, Bal00b].

5) We produce in the end of this section other lower semicontinuity-type exam-
ples for integral functionals, using the techniques developed in Castaing–Clauzure
[CC82]. See also [MM89] for some applications of the strong-weak lower semiconti-
nuity theorem in the problem of minimization of functionals of classes of Lipschitz
domains.

Example 8.1.8 Let E be a separable Hilbert space, let (en)n∈N be an orthonormal
basis of E and let T be the closed unit ball of E with the topology σ(E, E). Define
ψ by

ψ(ω, ξ, ζ) = 〈ξ, ζ〉.

Then ψ is continuous on T× (E, ‖.‖) and linear on E, hence convex on E. But it
is not l.s.c. on T × (E, σ(E, E)). Indeed, if ξn = −en, ζn = en, ξn → 0 in T and
ζn → 0 in (E, σ(E, E)), but ∀n, 〈ξn, ζn〉 = −1. With these data Theorem 8.1.6
would not hold if ψ(ω, ., .) was l.s.c. on T × (E, ‖.‖). Indeed take Ω = [0, 1] with
the Lebesgue measure, and un ≡ −en, vn ≡ en.

Now we present an application of Theorem 8.1.1 to a Bolza type problem in
Optimal Control.

The following result is a direct consequence of Theorem 3.3.1 (or Theorem 8.1.1),
so its proof is omitted.
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Proposition 8.1.9 Let S be a Polish space. Let (un) be a sequence of (S,BE)-
measurable mappings from Ω to E which pointwise converges on Ω to a (S,BE)-
measurable mapping u∞ and (νn)n a sequence in Y1(Ω,S, P; S) which stably con-
verges to a Young measure ν∞ ∈ Y1(Ω,S, P; S). Let J : Ω × (E × S) → R be
an L1-bounded Carathéodory integrand (here we mean that the continuity is over
E × S) such that there exists a nonnegative integrable function ϕ ∈ L1

R(Ω,S, P)
satisfying |J(ω, x, s)| ≤ ϕ(ω) for all (ω, x, s) ∈ Ω× E× S. Then we have

lim
n→∞

∫
Ω

[∫
S

J(ω, un(ω), s) dνn
ω(s)

]
d P(ω) =

∫
Ω

[∫
S

J(ω, u∞(ω), s) dν∞
ω (s)

]
d P(ω).

In the remainder of this section U is a compact metric space and H is a separable
Hilbert space. We denote by SΓ the set of all Lebesgue-measurable selections (alias
original controls) of the Lebesgue-measurable multifunction Γ : [0, 1] → K(U)
and by SΣ the set of Lebesgue-measurable selections of the Lebesgue-measurable
multifunction Σ : [0, 1]→M+,1(U) defined by

Σ(t) := {ν ∈M+,1(U); ν(Γ(t)) = 1}

for all t ∈ [0, 1].

Let A(t) : H → 2H (t ∈ [0, 1]) be a maximal monotone operator in H satisfying:

• (H1) There exist a continuous function ρ : [0, 1] → H and a nondecreasing
function L : [0, +∞[→ [0, +∞[ such that

‖JλA(t)x− JλA(s)x‖ ≤ λ‖ρ(t)− ρ(s)‖L(‖x‖)

for all λ ∈ ]0, 1], for all (t, s) ∈ [0, 1]× [0, 1], and for all x ∈ H.

• (H2)

(a) For every L2
H([0, 1])-mapping u : [0, 1] → H satisfying u(t) ∈ D(A(t))

for all t ∈ [0, 1], the multifunction t �→ A(t)u(t) is measurable,

(b) for every x ∈ H and for every λ > 0 the function t �→ (IH + λA(t))−1x
is Lebesgue-measurable and,

(c) there exists ḡ ∈ L2
H([0, 1]) such that t �→ Jλ(t)g(t) := (IH +λA(t))−1ḡ(t)

belongs to L2
H([0, 1]) for all λ > 0.

It is well-known that (H1) implies that the domain D(A(t)) = {x ∈ H; A(t)x �= ∅}
is constant. So we put D(A(t)) = D, ∀t ∈ [0, 1].

• (H3) D is ball-compact (i.e., the intersection of D with any closed ball in H

is norm compact).

• (H4) For every s > 0, sup{‖Aλ(0)x‖; λ ∈ ]0, 1] , x ∈ D, ‖x‖ ≤ s} < +∞,

where Aλ(0) := IH−(IH+λA(0))−1

λ .
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As for every t ∈ [0, 1],

1

λ
‖Jλ(t)x− x‖ = ‖Aλ(t)x‖ ≤ |A(t)x|0 := inf

y∈A(t)x
||y||, ∀x ∈ D(A(t)),

where Aλ(t) =
IH − Jλ(t)

λ
, (H4) is satisfied if 0 ∈ D(A(0)) = D(A(0)) and A(0)

satisfies the following boundedness type condition, namely, for any closed ball
BH(0, η) of center 0 with radius η, the set {|A(0)x|0 : x ∈ D(A(0)) ∩BH(0, η)} is
bounded in R. In particular, (H4) is satisfied if A(0) : D(A(0)) ⇒ H is cwK(H)-
valued and scalarly upper semicontinuous, because, by (H3), D(A(0)) ∩ BH(0, η)
is compact for any closed ball BH(0, η) of center 0 with radius η, and so, the sets
{A(0)x : x ∈ D(A(0)) ∩BH(0, η)} are weakly compact.

Let us consider a mapping g : [0, 1]×H× U → H satisfying:

(i) For every fixed t ∈ [0, 1], g(t, ., .) is continuous on H× U.

(ii) For every (x, u) ∈ H× U, g(., x, u) is Lebesgue-measurable on [0, 1].

(iii) For every η > 0, there exists l(η) > 0 such that ‖g(t, x, u) − g(t, y, u)‖
≤ l(η)‖x− y‖ for all t ∈ [0, 1] and for all (x, y) ∈ BH(0, η)×BH(0, η).

(iv) There exists c > 0 such that g(t, x, U) ⊂ cBH for all (t, x) ∈ [0, 1]×H.

We aim to compare the solutions set of the two following evolution equations:

(PO)

{
u̇ρ(t) ∈ −A(t)uρ(t) + g(t, uρ(t), ρ(t)) a.e. t ∈ [0, 1],

uρ(0) = x0 ∈ D,

where ρ belongs to the set U of all original controls, i.e. ρ is a Lebesgue-measurable
mapping from [0, 1] into U with ρ(t) ∈ Γ(t) for a.e. t ∈ [0, 1], and

(PR)

{
u̇λ(t) ∈ −A(t)uλ(t) +

∫
Γ(t)

g(t, uλ(t), u) dλt(u) a.e. t ∈ [0, 1],

uλ(0) = x0 ∈ D,

where λ belongs to the set SΣ of all relaxed controls, i.e. λ is the Lebesgue-
measurable selection of the multifunction Σ defined by

Σ(t) := {ν ∈M+,1(U); ν(Γ(t)) = 1}

for all t ∈ [0, 1].

Now is a Bolza-type example for an optimal control problem associated with
the preceding evolution equations. As we deal here with evolution inclusions, the
proofs we present below need some unusual techniques via the fiber product of
Young measures. These techniques have been already given in Chapter 7 dealing
with evolution equations governed by nonconvex proximal closed sweeeping process
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and m-accretive operators and allow to study the properties of the associated value
function and its link with the viscosity solution of the associated Hamiton-Jacobi-
Bellman equation arisen in theses evolution equations. See Theorem 8.3.12 for
the case of ordinary differential equation and the forthcoming works by Castaing,
Jofre, Raynaud de Fitte, Salvadori for the case of the evolution inclusions under
consideration dealing with two controls Young measures.

Theorem 8.1.10 Let J : [0, 1] × (H × U) → R be an L1-bounded Carathéodo-
ry integrand, (here we mean that the continuity is over H × U) such that there
is a positive integrable function ϕ ∈ L1([0, 1], dt) with |J(t, x, u)| ≤ ϕ(t) for all
(t, x, u) ∈ [0, 1]×H× U. Let us consider the control problem

inf
λ∈SΣ

∫ 1

0

[∫
U

J(t, uλ(t), u) dλt(u)
]
dt

where uλ is the unique absolutely continuous solution to

(PR)

{
u̇λ(t) ∈ −A(t)uλ(t) +

∫
Γ(t)

g(t, uλ(t), u) dλt(u) a.e. t ∈ [0, 1],

uλ(0) = x0 ∈ D.

Then one has inf(PO) = min(PR).

We will give two different proofs.

First proof.
First Step: The graph of the single-valued mapping λ �→ uλ defined on the
σ(L∞

C(U)∗([0, 1]), L1
C(U)([0, 1])) compact set SΣ is closed.

Here we will proceed as in [CI03, Lemma 3.3]. First, by [CI03, Proposition 2.10 b],
the solutions set {uλ; λ ∈ SΣ} is compact in C ([0, 1], H) with supλ∈SΣ

||u̇λ(.)|| ≤M

for some constant M > 0. Secondly, let λn → λ∞ for the σ(L∞
C(U)∗ [0, 1], L1

C(U)[0, 1])
topology and uλn → u∞ in C ([0, 1], H), where uλn (n ∈ N ∪ {∞}) is the unique
absolutely continuous solution of the equation{

u̇λn(t) ∈ −A(t)uλn(t) +
∫
Γ(t)

g(t, uλn(t), z) dλn
t (z) a.e t ∈ [0, 1],

uλn(0) = x0 ∈ D,

then u∞ = uλ∞ . For simplicity we set

hλ(t, x) =

∫
Γ(t)

g(t, x, z) dλt(z) =

∫
Z

g(t, x, z) dλt(z) = h(t, x, λt)

for all (t, x, λ) ∈ [0, 1]×H× SΣ. We have

hλn(t, uλn(t))− u̇λn(t) ∈ A(t)uλn(t),



230 CHAPTER 8. SEMICONTINUITY OF INTEGRAL FUNCTIONALS

and
hλ∞(t, uλ∞(t))− u̇λ∞(t) ∈ A(t)uλ∞(t),

for a.e t ∈ [0, 1]. Since A(t) is monotone,

〈uλn(t)− uλ∞(t), hλn(t, uλn(t))− u̇λn(t)− hλ∞(t, uλ∞(t)) + u̇λ∞(t) ≥ 0,

a.e in [0, 1]. So

1

2

d

dt
||uλn(t)− uλ∞(t)||2 ≤ 〈uλn(t)− uλ∞(t), hλn(t, uλn(t))− hλ∞(t, uλ∞(t))〉,

a.e in [0, 1]. Integrating on [0, t] gives

1

2
||uλn(t)− uλ∞(t)||2

≤
∫ t

0

〈uλn(s)− uλ∞(s), hλn(s, uλn(s))− hλ∞(s, uλ∞(s))〉 ds.

Let us set

Ln(t) =

∫ t

0

〈uλn(s)− uλ∞(s), hλn(s, uλn(s))− hλ∞(s, uλ∞(s))〉 ds.

Then Ln(t) = L1
n(t) + L2

n(t) + L3
n(t) where

L1
n(t) =

∫ t

0

〈uλn(s)− uλ∞(s), hλn(s, uλn(s))− hλn(s, uλ∞(s))〉 ds,

L2
n(t) =

∫ t

0

〈uλn(s)− u∞(t), hλn(s, uλ∞(s))− hλ∞(s, uλ∞(s))〉 ds,

L3
n(t) =

∫ t

0

〈u∞(s)− uλ∞(s), hλn(s, uλ∞(s))− hλ∞(s, uλ∞(s))〉 ds.

As ||hλ(t, x)|| ≤ c for all λ ∈ SΣ and for all (t, x) ∈ [0, 1] ×H, using (iv), we get
the estimation

|L2
n(t)| ≤ 2c||uλn − u∞||C([0,1],H).

Thus L2
n(t)→ 0 uniformly in [0, 1], when n→∞. Similarly by (iv) the integrand

f(s, z) := 〈u∞(s)− uλ∞(s), g(s, uλ∞(s), z)〉

is estimated by
|f(s, z)| ≤ c||u∞ − uλ∞ ||C([0,1],H),

for all (s, z) ∈ [0, 1]×Z. Hence f ∈ L1
C(U)([0, 1]). As (λn) converges σ(L∞

C(U)∗ , L
1
C(U))

to λ∞, it is immediate that for every t ∈ [0, 1],∫ t

0

[

∫
Z

f(s, z)λn
s (dz)] ds →

∫ t

0

[

∫
Z

f(s, z)λ∞
s (dz)] ds
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when n →∞. So limn→∞ L3
n(t) = 0. Further there is η > 0 such that

sup{||uλ||C([0,1],H); λ ∈ SΣ} < η <∞.

Using (iv)′, there is l(η) > 0 such that

|L1
n(t)| ≤

∫ t

0

l(η)||uλn(s)− uλ∞(s)||2 ds.

Finally we get

1

2
||uλn(t)− uλ∞(t)||2 ≤ L2

n(t) + L3
n(t) +

∫ t

0

l(η)||uλn(s)− uλ∞(s)||2 ds.

As the functions L2
n(.) and L3

n(.) are continuous with L2
n(t) → 0 and L3

n(t) → 0,
by Gronwall’s lemma we conclude that

uλn(t)→ uλ∞(t)

for all t ∈ [0, 1]. So, uλ∞ = u∞. and so the set {uλ; λ ∈ SΣ} is compact in
C ([0, 1], H).

Second Step: inf(P)O = min(P)R and conclusion.

As a consequence of Step 1, the solutions set {uλ; λ ∈ SΣ} is compact in C ([0, 1], H)
for the uniform convergence. As O is dense in R := SΣ for the stable topol-
ogy according to Lemma 7.1.1, it suffices to prove that the mapping Ψ : λ �→∫ 1

0
[
∫

U
J(t, uλ(t), z) dλt(z)] dt is continuous on SΣ. Let (λn) be a sequence in R

stably converging to λ. Applying Step 1 shows that (un
λ) converges uniformly to

uλ that is solution of

u̇λ(t) ∈ −A(t)uλ(t) +

∫
Γ(t)

g(t, uλ(t), z) dλt(z); uλ(0) = x.

This implies that δuλn ⊗ λn stably converges to δuλ
⊗λ. As J is an L1-bounded

Carathéodory integrand, by virtue of Proposition 8.1.9, we get

lim
n→∞

∫ 1

0

[

∫
U

J(t, uλn(t), z) dλn
t (z)] dt =

∫ 1

0

[

∫
U

J(t, uλ(t), z) dλt(z)] dt.

The first proof is therefore complete.

Second proof.

It is clear that the main point is to prove that the mapping λ �→ uλ is continuous
on SΣ. Here we will produce a different proof which can be applied to evolution
inclusions governed by m–accretive operators [CI03]. Let (λn) be a sequence in R
stably converging to λ. Let h ∈ L2

H([0, 1]). Let us set Lh(t, x, z) := 〈h(t), g(t, x, z)〉
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for all (t, x, z) ∈ [0, 1] × H × U. Then Lh is an L1-bounded integrand, because
|〈h(t), g(t, x, z)〉| ≤ c||h(t)|| for all (t, x, z) ∈ [0, 1] × H × U with c|h| ∈ L2

R([0, 1]).
By compactness, we may assume that (uλn) uniformly converges to an absolutely
continuous function u∞ and (u̇λn) converges weakly in L2

H([0, 1]) to u̇∞ with
u∞(0) = x. Hence δuλn⊗λn stably converges to δu∞⊗λ. Applying Proposition
8.1.9 or Theorem 3.3.1 gives

lim
n→∞

∫ 1

0

[

∫
Γ(t)

Lh(t, uλn(t), z) dλn
t (z)] dt =

∫ 1

0

[

∫
Γ(t)

Lh(t, u∞(t), z) dλt(z)] dt.

Hence the sequence (vn) in L2
H([0, 1]) given by

vn(t) :=

∫
Γ(t)

g(t, uλn(t), z) dλn
t (z), ∀t ∈ [0, 1]

converges weakly in L2
H([0, 1]) to the function v given by

v(t) :=

∫
Γ(t)

g(t, u∞(t), z) dλt(z), ∀t ∈ [0, 1].

As
−u̇λn(t)− vn(t) ∈ A(t)uλn(t) a.e.

−u̇λn − vn weakly converges in L2
H([0, 1]) to −u̇∞ − v, uλn converges uniformly to

u∞, by invoking a closure type lemma [CI03, Lemma 2.3], we get

−u̇∞(t)− v(t) ∈ A(t)u∞(t) a.e.

The preceding inclusion shows that u∞ is the unique absolutely continuous solution
uλ associated with the control λ of the evolution equation

u̇λ(t) ∈ −A(t)uλ(t) +

∫
Γ(t)

g(t, uλ(t), z)dλt(z); uλ(0) = x.

Hence we can conclude that the mapping λ �→ uλ is continuous on SΣ. The
remainder of the proof is straightforward.

Example 8.1.11 Suppose that E is a reflexive separable Banach space and that
(Ω,S, P) is ([0, 1],L[0,1], dt), where L[0,1] denotes the σ–algebra of Lebesgue mea-
surable sets of [0, 1]. Let T be a topological Hausdorff space. Let (un)n∈N be a
sequence of Borel functions from Ω into T which pointwise converges to a Borel
function u∞. Let Γ be a convex weakly compact subset in E and let (vn)n∈N be
a sequence in L1

E(Ω,S, P) such that vn(ω) ∈ Γ for all n ∈ N and for all ω ∈ Ω
and that vn σ(L1

E, L∞
E∗) converges to v∞. If ψ : Ω × T × E → [0, +∞[ is lower

semicontinuous on Ω×T× (E, σ(E, E∗)), if ψ(ω, u∞(ω), .) is convex for all ω ∈ Ω,
then ∫

Ω

ψ(ω, u∞(ω), v∞(ω)) d P(ω) ≤ lim inf
n→+∞

∫
Ω

ψ(ω, un(ω), vn(ω)) d P(ω).
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Remark 8.1.12 Here T is only assumed to be a Hausdorff topological space. But
other assumptions are stronger than those given in Theorem 8.1.6. Apart from
this fact, the proof is quite different from the techniques developed above. Namely
the use of Young measures in unnecessary.

To prove Example 8.1.11, we will need the two following results.

Lemma 8.1.13 Let T be a topological Hausdorff space and let S be a topological
Suslin space. Let Γ : Ω → K(S) be a compact valued multifunction such that its
graph belongs to S ⊗ BS, let (un) be a sequence of (S,BT)-measurable mappings
from Ω into T pointwise converging to a (S,BT)-measurable mapping u∞. Let
ψ : Ω× T × S → [0, +∞] be an S ⊗ BT ⊗ BS-measurable integrand on Ω× T× S,
lower semicontinuous on T×S for all ω ∈ Ω such that ψ(ω, u∞(ω), .) is finite and
continuous on Γ(ω) for all ω ∈ Ω. Then, for every ε > 0, the following holds

lim
n→∞P

[
{ω ∈ Ω; inf

x∈Γ(ω)
[ψ(ω, un(ω), x)− ψ(ω, u∞(ω), x)] ≤ −ε}

]
= 0.

Proof. For every n ∈ N and for every ω ∈ Ω, the function x �→ ψ(ω, un(ω), x)−
ψ(ω, u∞(ω), x) is well defined and lower semicontinuous on Γ(ω). So there exists
σn(ω) ∈ Γ(ω) such that

inf
x∈Γ(ω)

[ψ(ω, un(ω), x)−ψ(ω, u∞(ω), x)] = ψ(ω, un(ω), σn(ω))−ψ(ω, u∞(ω), σn(ω)).

Notice that the function

rn : ω �→ inf
x∈Γ(ω)

[ψ(ω, un(ω), x)− ψ(ω, u∞(ω), x)]

is S-measurable by [CV77, Lemma II.39]. Now we claim that

∀ω ∈ Ω lim inf
n

rn(ω) ≥ 0.

Let ω ∈ Ω be fixed. There is a subsequence rϕ(n)(ω) such that

lim inf
n

rn(ω) = lim
n

rϕ(n)(ω).

As Γ(ω) is compact, there is a subsequence (σθ◦ϕ(n)(ω)) of (σϕ(n)(ω)) and η(ω) ∈
Γ(ω) such that limn σθ◦ϕ(n)(ω) = η(ω). Thus we have

lim
n

(uθ◦ϕ(n)(ω), σθ◦ϕ(n)(ω)) = (u∞(ω), η(ω)).

As ψ(ω, ., .) is lower semicontinuous on T × S and ψ(ω, u∞(ω), .) is finite and
continuous on Γ(ω)

lim inf
n

[ψ(ω, uθ◦ϕ(n)(ω), σθ◦ϕ(n)(ω))− ψ(ω, u∞(ω), σθ◦ϕ(n)(ω))] ≥ 0.
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But
lim inf

n
rθ◦ϕ(n)(ω) = lim

n
rθ◦ϕ(n)(ω) = lim

n
rϕ(n)(ω) = lim inf

n
rn(ω).

Hence lim infn rn(ω) ≥ 0. It follows that

Ω = {ω ∈ Ω; lim inf
n

rn(ω) ≥ 0} =
⋂
ε>0

⋃
n∈N

⋂
m≥n

{ω ∈ Ω; rm(ω) > −ε}.

So, for all ε > 0, we have

P
[ ⋂

n∈N

⋃
m≥n

{ω ∈ Ω; rm(ω) ≤ −ε}
]

= 0.

Consequently

∀ε > 0 lim
n

P
[ ⋃

m≥n

{ω; rm(ω) ≤ −ε}
]

= 0. �

References. [Ole77, CC82]. The preceding lemma is extracted from [CC82].
The lower semicontinuity of ψ(ω, ., .) on T × S is essential. In most applications,
S = (E, σ(E, E∗)), or S = (E∗, σ(E∗, E)) or S = (E, ‖.‖).

Here is an approximation result that is an analogous of Hausdorff–Baire’s ap-
proximation for lower semicontinuous function defined on a metric space.

Theorem 8.1.14 Let X be a topological locally convex Suslin space. Let Γ be a
multifunction on Ω with convex circled compact values such that its graph belongs
to S ⊗ BX and let g : Ω × X → [0, +∞] be a l.s.c. integrand such that, ∀ω ∈ Ω,
g(ω, .) is finite on Γ(ω). Then there exists a nondecreasing sequence of nonnegative
integrands (gk)k on Ω× X which satisfies the following properties:

(a) ∀ω ∈ Ω, gk(ω, .) is convex on X.

(b) ∀x ∈ X, gk(., x) is S-measurable.

(c) ∀ω ∈ Ω, gk(ω, .) finite and continuous on Γ(ω).

(d) ∀ω ∈ Ω, ∀x ∈ X, g(ω, x) = limk ↑ gk(ω, x).

Proof. Let (e′n) be a sequence in the topological dual X∗ of X which separates the
points of X. Let us set

(8.1.7) ϕ(ω, x) =

⎧⎨⎩
∑∞

n=1 2−n |〈e′n, x〉|
1 + δ∗(e′n, Γ(ω))

if x ∈ Γ(ω),

+∞ if x /∈ Γ(ω).

Then ϕ is a convex normal integrand. Further, for each ω ∈ Ω, the function ϕ(ω, .)
is subadditive, convex and continuous on Γ(ω). For each k ∈ N let us set

(8.1.8) gk(ω, x) =

{
infy∈Γ(ω)

[
kϕ(ω, x−y

2 ) + g(ω, y)
]

if x ∈ Γ(ω),

+∞ if x /∈ Γ(ω).
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Using the Projection Theorem, it is not difficult to see that gk(., x) is S-measurable
for all x ∈ X. By its definition, gk(ω, .) is convex lower semicontinuous on X, for
all ω ∈ Ω. It is obvious that

∀k ∈ N ∀ω ∈ Ω ∀x ∈ Γ(ω) 0 ≤ gk(ω, x) ≤ gk+1(ω, x) ≤ g(ω, x).

So supk gk(ω, x) ≤ g(ω, x) for all ω ∈ ω and for all x ∈ Γ(ω). Now let (ω, x) ∈
gph (Γ) be fixed. Let r ∈ R such that g(ω, x) > r. We claim that there is k0 ∈ N

such that gk0
(ω, x) ≥ r. As g(ω, .) is lower semicontinuous on Γ(ω) there is an

open neigbourhood V (x) of x such that g(ω, y) > r for all y ∈ V (x) ∩ Γ(ω). This
implies

kϕ(ω,
x− y

2
) + g(ω, y) > r

for all k ∈ N and for all y ∈ V (x)∩ Γ(ω). So it is enough to find k0 ∈ N such that

k0ϕ(ω,
x− y

2
) ≥ r −miny∈V (x)\Γ(ω) g(ω, y). Notice that

m := min
y∈V (x)\Γ(ω)

ϕ(ω,
x− y

2
)

is strictly positive. Pick k0 ∈ N such that k0 m ≥ r −miny∈V (x)\Γ(ω) g(ω, y), then
gk0

(ω, x) ≥ r. Consequently supk gk(ω, x) = g(ω, x). Thanks to the subadditivity
of ϕ we have

gk(ω, x)− gk(ω, y) ≤ kϕ(ω,
x− y

2
)

for all ω ∈ Ω and x, y in Γ(ω). This proves the continuity of gk(ω, .) on Γ(ω).

Remark 8.1.15 If Ω is a Kσ-topological space, X = (E, σ(E, E∗)) where E is a
reflexive separable space, Γ is a fixed convex compact circled set in X, g : Ω×X →
[0, +∞] is lower semicontinuous, convex on X and finite on Γ, then (8.1.7) is
reduced to

ϕ(x) =

⎧⎨⎩
∑∞

n=1 2−n |〈e′n, x〉|
1 + δ∗(e′n, Γ)

if x ∈ Γ,

+∞ if x /∈ Γ,

and thus the integrand gk given by the formula (8.1.8) which becomes

gk(ω, x) =

⎧⎨⎩infy∈Γ

[
kϕ(

x− y

2
) + g(ω, y)

]
if x ∈ Γ,

+∞ if x /∈ Γ,

is Borel on Ω × X. Indeed, since X = Eσ is a Kσ-space, we deduce using the
preceding formulas that, for every r ∈ R, the set {gk ≤ r} is a Kσ subset in Ω×X.
To see this, let us denote by δΓ the indicator of Γ. Then the function

ϕk : (ω, x, y) �→ kϕ

(
x− y

2

)
+ g(ω, y) + δΓ(y)
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is lower semicontinuous on Ω×Eσ ×Eσ. Hence {(ω, x) ∈ Ω×Eσ; gk(ω, x) ≤ r} is
equal to

(Ω× Γ) ∩ πΩ×Eσ
[{(ω, x, y) ∈ Ω× Eσ × Eσ; ϕk(ω, x, y) ≤ r}],

where πΩ×Eσ
is the canonical projection onto Ω× Eσ. As Ω× Eσ is a Kσ-set and

the projection of a Kσ-set is a Kσ-set, the result follows. In particular, this shows
that gk is Borel on Ω× Eσ.

Reference: [CC82, Théorèmes 1–2].

Proof of Example 8.1.11. Step 1 Let us focus our attention to the integrand
(ω, x) �→ ψ(ω, u∞(ω), x). We may suppose that Γ is circled. Now apply Re-
mark 8.1.15 to the space X = Eσ := (E, σ(E, E∗)), the integrand ψ(ω, u∞(ω), x)
with ω ∈ Ω = [0, 1] and x ∈ E, and the convex compact set Γ in Eσ. Then there
exists a nondecreasing sequence of nonnegative integrands (gk)k on [0, 1] × Eσ

which satisfies the properties (a)–(d) of the theorem and is Borel on [0, 1] × Eσ.
Let us set

(8.1.9) ψk(ω, s, x) =

{
gk(ω, x) if s = u∞(ω),

ψ̂(ω, s, x) if s �= u∞(ω),

where

ψ̂(ω, s, x) =

{
ψ(ω, s, x) if (s, x) ∈ T× Γ,

= +∞ if (s, x) ∈ T× (E \ Γ).

Then ψ(ω, s, x) = limk ↑ ψk(ω, s, x), ∀(ω, s, x) ∈ Ω×T×E. Further, for all k ∈ N,
∀n ∈ N, ∀ω ∈ Ω, we have

(8.1.10) ψk(ω, un(ω), vn(ω)) ≤ ψ(ω, un(ω), vn(ω))

and

(8.1.11) ψk(ω, u∞(ω), vn(ω)) = gk(ω, vn(ω)) ≤ ψ(ω, u∞(ω), vn(ω))

using the formula (8.1.9). As ψ is lower semicontinuous on [0, 1] × T × Eσ by
hypothesis, so ψk(ω, ., .) is lower semicontinuous on T × Eσ thanks to formula
(8.1.9) (see [CC82, Lemme 3]). Again by (8.1.9), the integrands ψk(ω, u∞(ω), x)
are finite and σ(E, E∗)-continuous on Γ for every fixed ω ∈ Ω. Further ψk is Borel
on [0, 1]× T× Eσ since gk is Borel on [0, 1]× Eσ (see [CC82, Lemme 2]).

Step 2 We may suppose that a := lim infn

∫
Ω

ψ(ω, un(ω), vn(ω)) d P(ω) is finite
and by extracting a subsequence that a = limn

∫
Ω

ψ(ω, un(ω), vn(ω)) d P(ω). Let
k ∈ N, ε > 0 and n ∈ N. Let us consider the truncated integrand ψk(ω, s, x)
associated with the integrand ψ(ω, s, x). We claim that

(8.1.12) lim inf
n

∫
Ω

ψk(ω, u∞(ω), vn(ω)) d P(ω) ≥
∫

Ω

ψk(ω, u∞(ω), v∞(ω)) d P(ω).
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Similarly we may suppose that

bk := lim inf
n

∫
Ω

ψk(ω, u∞(ω), vn(ω)) d P(ω) ∈ R

and by extracting a subsequence that

bk = lim
n

∫
Ω

ψk(ω, u∞(ω), vn(ω)) d P(ω).

By Mazur’s lemma, there is a sequence (ṽn)n where ṽn =
∑νn

j=n λnj vnj
with

0 ≤ λnj ≤ 1 and
∑νn

j=n λnj = 1 which converges a.e. to v∞(ω). By convexity,
we have

∀ω ∀n ψk(ω, u∞(ω), ṽn(ω)) ≤
νn∑

j=n

λnj ψk(ω, u∞(ω), vnj
(ω)).

Hence

lim sup
n

∫
Ω

ψk(ω, u∞(ω), ṽn(ω)) d P(ω) ≤ bk.

By the lower semicontinuity of ψk(ω, u∞(ω), .) and by Fatou’s lemma, we get

bk ≥ lim inf
n

∫
Ω

ψk(ω, u∞(ω), ṽn(ω)) d P(ω) ≥
∫

Ω

ψk(ω, u∞(ω), v∞(ω)) d P(ω),

thus proving the claim. At this point let us observe that (8.1.12) holds if we
replace the sequence (vn) by any sequence which σ(L1

E, L∞
E∗)-converges to v∞. By

the properties of the integrand ψk obtained in Step 1 we may consider the set

Ωk
n,ε = {ω ∈ Ω; inf

x∈Γ
[ψk(ω, un(ω), x)− ψk(ω, u∞(ω), x)] ≤ −ε}

and apply Lemma 8.1.13 to the integrand ψk by noting that the vector space E

equipped with the σ(E, E∗) topology is a Lusin space. So we have

(8.1.13) lim
n→∞P(Ωk

n,ε) = 0.

By what has been demonstrated, there exists v̄ with v̄(ω) ∈ Γ for all ω such that

(8.1.14)

∫
Ω

ψk(ω, u∞(ω), v̄(ω)) d P(ω) < +∞.

Let us set

(8.1.15) vk
n,ε = 1lΩk

n,ε
v̄ + 1lΩ\Ωk

n,ε
vn.
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Using (8.1.13) and(8.1.15) it is easily seen that (vk
n,ε− vn)n weakly converges to 0

and thus (vk
n,ε)n weakly converges to v∞. We have∫

Ω

ψk(ω, u∞(ω), vk
n,ε(ω)) d P(ω) =

∫
Ωk

n,ε

ψk(ω, u∞(ω), v̄(ω)) d P(ω)

+

∫
Ω\Ωk

n,ε

ψk(ω, u∞(ω), vn(ω)) d P(ω).

Using (8.1.13) and (8.1.14) we pick Nε ∈ N such that n > Nε implies∫
Ω

ψk(ω, u∞(ω), vk
n,ε(ω)) d P(ω) ≤ ε +

∫
Ω\Ωk

n,ε

ψk(ω, u∞(ω), vn(ω)) d P(ω).

Thus, for n > Nε we get∫
Ω

ψk(ω,u∞(ω), vk
n,ε(ω)) d P(ω)

≤ ε +

∫
Ω\Ωk

n,ε

[ψk(ω, u∞(ω), vn(ω))− ψk(ω, un(ω), vn(ω))] d P(ω)

+

∫
Ω

ψk(ω, un(ω), vn(ω)) d P(ω)

< ε + ε +

∫
Ω

ψk(ω, un(ω), vn(ω)) d P(ω).

Consequently, there is N ′
ε ∈ N such that n > N ′

ε implies∫
Ω

ψk(ω, u∞(ω), vk
n,ε(ω)) d P(ω) < 3ε + a.

So we get

lim sup
n

∫
Ω

ψk(ω, u∞(ω), vk
n,ε(ω)) d P(ω) ≤ a.

Since

lim inf
n

∫
Ω

ψk(ω, u∞(ω), vk
n,ε(ω)) d P(ω) ≥

∫
Ω

ψk(ω, u∞(ω), v∞(ω)) d P(ω)

as we have already proved in the first step, we finally get∫
Ω

ψk(ω, u∞(ω), v∞(ω)) d P(ω) ≤ a = lim inf
n

∫
Ω

ψ(ω, un(ω), vn(ω)) d P(ω).

As ψk(ω, u∞(ω), v∞(ω)) ↑ ψ(ω, u∞(ω), v∞(ω)), by monotone convergence theo-
rem, we deduce that∫

Ω

ψ(ω, u∞(ω), v∞(ω)) d P(ω) ≤ a = lim inf
n

∫
Ω

ψ(ω, un(ω), vn(ω)) d P(ω).
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The proof is therefore complete.

References Castaing–Clauzure [CC82, Theorem 4], Olech [Ole77]. Example
8.1.11 holds for any topological compact space (Ω, TP, P) equipped with a proba-
bility Radon measure P, TP being the σ-algebra of all P-measurable sets. A variant
of Example 8.1.11 is:

Example 8.1.16 Suppose that E
∗
σ is the weak dual of a separable Banach space

E and (Ω, P) is a topological compact space equipped with a probability Radon
measure P. Let T be a topological Hausdorff space. Let (un)n∈N be a sequence
of Borel functions from Ω into T which pointwise converges to a Borel function
u∞. Let Γ be convex weakly compact in E

∗
σ and let (vn)n∈N be a sequence in

L∞
E∗

σ
(Ω, P) such that vn(ω) ∈ Γ for all n ∈ N and for all ω ∈ Ω and that vn

σ(L∞
E∗

σ
, L1

E)-converges to v∞. If ψ : Ω × T × E → [0, +∞[ is lower semicontinuous
on Ω× T× E

∗
σ, if ψ(ω, u∞(ω), .) is convex for all ω ∈ Ω, then∫

Ω

ψ(ω, u∞(ω), v∞(ω)) d P(ω) ≤ lim inf
n→+∞

∫
Ω

ψ(ω, un(ω), vn(ω)) d P(ω).

Proof. Since E
∗
σ is a Kσ Suslin space, the proof follows the same line as Step 1

of the proof of Example 8.1.11. Using the approximated integrand ψk one can
prove that the Fatou property holds in this case via the duality of convex integral
functionals [CV77]. Indeed we only need to check that

ck := lim inf
n

∫
Ω

ψk(ω, u∞(ω), wn(ω)) d P(ω) ≥
∫

Ω

ψk(ω, u∞(ω), v∞(ω)) d P(ω),

for any sequence (wn) of measurable selections of Γ which σ(L∞
E∗

σ
, L1

E)-converges to
v∞. We may suppose that ck ∈ R and by extracting a subsequence that

ck = lim
n

∫
Ω

ψk(ω, u∞(ω), wn(ω)) d P(ω).

Pick v̄ with v̄(ω) ∈ Γ a.e. such that ψk(ω, u∞(ω), v̄(ω)) is integrable. Hence the
convex dual function gk of the convex integrand hk(ω, x) := ψk(ω, u∞(ω), x))
satisfies

0 ≤ −gk(ω, 0) ≤ hk(ω, v̄(ω)).

Thus the convex integral functionals

Ihk
(v) =

∫
Ω

hk(ω, v(ω)) d P(ω), v ∈ L∞
E∗

σ

and

Igk
(u) =

∫
Ω

gk(ω, u(ω)) d P(ω), u ∈ L1
E
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are dual functionals. In particular Ihk
is convex lower semicontinuous for the

σ(L∞
E∗

σ
, L1

E) topology, thus proving the desired lower semicontinuity property. The
remainder of the proof is mutatis mutandis the same as in the proof of Example
8.1.11.

To finish this section let us mention another example (compare with the ex-
ample just after Theorem 8.1.6) which arises from the theory of sweeping process
(see [Mor77, CV77, MM93]).

Example 8.1.17 Suppose that (H, ‖.‖
H
) is a Hilbert space. Let C be a lower

semicontinuous multifunction on [0, 1] with closed convex values in H. Let (un)
be a uniformly bounded sequence in L∞

H ([0, 1]) which converges in measure with
respect to the norm ‖.‖

H
to a function u∞ ∈ L∞

H ([0, 1]) and (vn) be a uniformly
integrable sequence in L1

H([0, 1], dt) which σ(L1
H, L∞

H ) converges to a function v∞ ∈
L1

H([0, 1], dt). Let ψ be the integrand defined on [0, 1]×H×H by

ψ(t, y, x) := δ∗(x, C(t)) + 〈y, x〉

for (t, x, y) ∈ [0, 1]×H×H. Then∫ 1

0

ψ(t, u∞(t), v∞(t)) dt ≤ lim inf
n→+∞

∫ 1

0

ψ(t, un(t), vn(t)) dt.

Hint Firstly, use the fact that the topology of the convergence in measure on
bounded subsets of L∞

H coincides with the topology of uniform convergence on
uniformly integrable subsets of L1

H [Cas80], to get

lim
n→+∞

∫ 1

0

〈un(t), vn(t)〉 dt =

∫ 1

0

〈u∞(t), v∞(t)〉 dt.

Secondly, since C is lower semicontinuous, the integrand (t, x) �→ δ∗(x, C(t)) is
lower semicontinuous on [0, 1]×H, using Michael’s selection theorem, and is convex
lower semicontinuous on H. Thus∫ 1

0

δ∗(v∞(t)), C(t)) dt ≤ lim inf
n→+∞

∫ 1

0

δ∗(vn(t)), C(t)) dt.

The result follows.

8.2 Reshetnyak–type theorems for Banach-valued
measure

Most parts of the material is this section is borrowed from [CJ95]. Let T be a
Polish space and BT its Borel σ-algebra. Let E be a separable reflexive Banach
space with norm ‖ · ‖, E

∗ be its strong dual space and 〈., .〉 be the duality bilinear
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form between E and E
∗. The closed unit ball BE∗ of E∗ is equipped with the

weak* topology σ(E∗, E); it is a metrizable compact space.
We denote by Cb (T, E) the Banach space of all bounded continuous E-valued

functions on T equipped with the sup-norm.
An E

∗-valued measure on T is a σ-additive set-function m from BT into E
∗.

The variation of the measure m is the non-negative real-valued measure |m| on T

defined, for all A ∈ BT, by

|m|(A) = sup
{∑

i∈I

‖m(Ai)‖; (Ai)i∈I finite BT-partition of A
}
.

We denote by M(T, E∗) the space of all E∗-valued measures m on T with bounded
variation (i.e. |m| is a bounded Radon measure on T). We set ‖m‖ = |m|(T).

For every m ∈M(T, E∗), there is a |m|-measurable function (dm/d|m|) : T −→
E
∗ such that m = (dm/d|m|)|m|, that is,

m(A) =

∫
A

dm

d|m| (t) d|m|(t), ∀A ∈ BT .

For every f ∈ Cb (T, E) and every m ∈ M(T, E∗), we define the integral of f
with respect to m by ∫

f dm =

∫ 〈
f(t),

dm

d|m| (t)
〉
d|m|(t).

Thus, the space M(T, E∗) is identified with a subspace of the topological dual
space of Cb (T, E). It is equipped with the weak* topology σ(M(T, E∗), Cb (T, E)
usually called weak (or narrow) topology.

For further details on vector measures, we refer to [DU77].

A subset H of M(T, E∗) is bounded if

sup
m∈H

‖m‖ < +∞.

It is tight (or it satisfies Prohorov’s condition) if for every ε > 0, there is a compact
subset Kε of T such that

|m|(T \Kε) ≤ ε ∀m ∈ H.

We recall a classical statement of Prohorov’s theorem which is, for positive
measures, a particular case of Theorem 4.3.5.

References: [Bou69, §5 Théorème 1], [DM75, Théorème III.59].

Theorem 8.2.1 Let H be a bounded tight subset ofM(T, R). Then H is relatively
narrowly compact in M(T, R).
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The following result is the generalization to Banach valued measures defined
on a Polish space of a well-known result of Y. Reshetnyak ([Res68, Theorem 2]).

Theorem 8.2.2 Let φ : T×BE∗ −→ [0, +∞] be a lower semicontinuous function
on T×BE∗ such that for all t ∈ T, φ(t, .) is convex and positively 1-homogeneous
on BE∗ i.e. for all x ∈ BE∗ and all λ ∈ [0, 1], φ(t, λx) = λφ(t, x). Let (mk)k be a
bounded tight sequence in M(T, E∗) which narrowly converges to m ∈ M(T, E∗).
Then we have

lim inf
k

∫
T

φ
(
t,

dmk

d|mk|
(t)) d|mk|(t) ≥

∫
T

φ
(
t,

dm

d|m| (t)) d|m|(t).

Proof. This proof follows some steps developed by Y. Reshetnyak [Res68, Cas87]
in the case when T is locally compact, with some necessary modifications.

Extracting a subsequence, we can suppose that

a = lim inf
k

∫
T

φ
(
t,

dmk

d|mk|
(t)) d|mk|(t) = lim

k

∫
T

φ
(
t,

dm

d|m| )(t)) d|mk|(t).

For each k ∈ N, we consider the measure νk ∈ M+(T × BE∗ , R), image of |mk|
by the map t �→ (t, (dmk/d|mk|(t)) , T → T × BE∗ . We have ([DM75, III(73)
page 128]),

νk =

∫
T

δt ⊗ δdmk/d|mk|(t) d|mk|(t).

Since (mk)k is bounded and since ‖νk‖ =
∫

d|mk| = ‖mk‖, the sequence (νk)k is
bounded too. Moreover, since the sequence (mk)k is tight, for every ε > 0, there
exists a compact subset K of T such that supk |mk|(T \K) ≤ ε. It follows that

νk([T×BE∗ ] \ [K ×BE∗ ]) = νk([T \K]×BE∗) = |mk|(T \K).

And so supk νk([T × BE∗ ] \ [K × BE∗ ]) ≤ ε. Since K × BE∗ is compact, this
proves that (νk)k is tight. Thus, by Prohorov’s theorem (Theorem 8.2.1), it is
relatively weakly compact in the space M+(T×BE∗ , R) of non-negative bounded
Radon measures on T × BE∗ ; observe that M+(T × BE∗ , R) equipped with the
weak topology is a Polish space: see [Bou69, §5 Proposition 10]. Therefore, there
exist a subsequence (νkp

)p of (νk)k and a measure ν ∈M+(T×BE∗ , R) such that
(νkp

)p converges weakly to ν. Since φ is non-negative and lower semicontinuous

on T× BE∗ , the map τ �−→
∫

φ dτ defined on M+(T× BE∗ , R) is narrowly lower
semicontinuous [DM75, Théorème III.55]. Then we obtain

a = lim
k

∫
T

φ(t,
dmk

d|mk|
(t)) d|mk|(t) = lim

p

∫
T×BE∗

φ(t, x) dνkp
(t, x)

≥
∫

T×BE∗
φ(t, x) dν(t, x).(8.2.1)
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Let µ be the projection of ν onto T defined by

µ =

∫
T×BE∗

δt dν(t, x),

that is,

µ(A) = ν(A×BE∗)

for every A ∈ BT. Thanks to a result on disintegration of measures ([SP75], [Val72,
Théorème 9], [Val73, Théorème 2], [CV77, VII.17], [IT69]), there is a µ-measurable
function λ : t �−→ λt from T into the space M+,1(BE∗) of Radon probabilities on
BE∗ equipped with the narrow topology, such that

ν =

∫
T

δt ⊗ λt dµ(t).

Coming back to (8.2.1), we find

(8.2.2) a ≥
∫

T×BE∗
φ(t, x) dν(t, x) =

∫
T

∫
BE∗

φ(t, x) dλt(x) dµ(t).

Let now bar (λt) ∈ BE∗ be the barycenter of λt defined by

bar (λt) =

∫
BE∗

x dλt(x).

Since bar (λ) : T −→ BE∗ , t �−→ bar (λt) is measurable and for every t ∈ T, the
function φ(t, .) is convex and lower semicontinuous on BE∗ , by Jensen’s inequality
we have ∫

BE∗
φ(t, x) dλt(x) ≥ φ(t, bar (λt)), ∀t ∈ T.

It follows from (8.2.2) that

(8.2.3) a ≥
∫

T

φ(t, bar (λt)) dµ(t).

Let us show now that m = (bar (λ)) µ. Let f ∈ Cb (T, E). For each k ∈ N, we have∫
T

f(t) dmk(t) =

∫
T

〈
f(t),

dmk

d|mk|
(t)

〉
d|mk|(t) =

∫
T×BE∗

〈f(t), x〉 dνk(t, x).

On the other hand, since (mkp
)
p

narrowly converges to m, we have∫
T

f(t) dm(t) = lim
p

∫
T

f(t) dmkp
(t).
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Moreover, since 〈f(.), .〉 ∈ Cb

(
T×BE∗ , R

)
and the sequence (νkp

)p narrowly con-
verges to ν, we have∫

T×BE∗
〈f(t), x〉 dν(t, x) = lim

p

∫
T×BE∗

〈f(t), x〉 dνkp
(t, x).

Then, we put together the three previous equalities to obtain∫
T

f(t) dm(t) =

∫
T×BE∗

〈f(t), x〉 dν(t, x) =

∫
T

∫
BE∗
〈f(t), x〉 dλt(x) dµ(t)

=

∫
T

〈
f(t),

∫
BE∗

x dλt(x)
〉
dµ(t) =

∫
T

〈f(t), bar (λt)〉 dµ(t)

=

∫
T

f(t) d(bar (λ)µ)(t).

This proves that m = bar (λ)µ and thus
dm

dµ
= bar (λ). We deduce now from

(8.2.3) that

(8.2.4) a ≥
∫

T

φ(t, bar (λt)) dµ(t) =

∫
T

φ
(
t,

dm

dµ
(t)

)
dµ(t).

Let | bar (λ) | : T −→ [0, 1], t �−→ ‖bar (λt) ‖. Since µ is a non-negative measure
on T, we have d|m| = | bar (λ) | dµ and so

dm =
dm

d |m|
d |m|
dµ

dµ =
dm

d |m| | bar (λ) | dµ.

We obtain for almost every t ∈ T,

φ
(
t,

dm

dµ
(t)

)
= φ

(
t, ‖ bar (λt) ‖

dm

d|m| (t)
)

= ‖ bar (λt) ‖φ
(
t,

dm

d|m| (t)
)
.

Finally, with (8.2.4), we find

a ≥
∫

T

φ
(
t,

dm

dµ
(t)

)
dµ(t) =

∫
T

φ
(
t,

dm

d|m| (t)
)
‖ bar (λt) ‖ dµ(t)

=

∫
T

φ
(
t,

dm

d|m| (t)
)
d(| bar (λ) |µ)(t) =

∫
T

φ
(
t,

dm

d|m| (t)
)
d|m|(t).

This proves the result.

Remark 8.2.3 1) Reshetnyak’s theorem shows that the functional

Iφ :M(T, E∗) −→ R
+ , m �−→

∫
T

φ
(
t,

dm

d|m| (t)
)
d|m|(t)
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is narrowly sequentially lower semicontinuous on the bounded tight subsets of
M(T, E∗).

2) When T is a locally compact topological space, the first author proves in [Cas87]
the same result that we present below.

In the following T is a locally compact space, CK(T, E) is the space of all con-
tinuous mappings from T into E with compact support,M+(T) is the space of pos-
itive Radon measures on T equipped with the vague topology σ(M+(T), CK(T, R))
where CK(T, R) is the space of all real valued continuous functions defined on T

with compact support. We endow the space M(T, E∗) of all E
∗-valued measures

m on T with bounded variation with the vague topology σ(M(T, E∗), CK(T, E)).
Now we proceed to a second type of Reshetnyak’s theorem in the locally compact
framework. Although the proof follows some lines in Reshetnyak’s theorem, we
need to be a bit more careful since we work with the vague topology, in contrast
to Theorem 8.2.2 dealing with the narrow topology. So, in order to avoid any risk
of confusion, we will produce the proof of this variant with full details.

Theorem 8.2.4 Let φ : T×BE∗ −→ [0, +∞] be a lower semicontinuous function
on T×BE∗ such that for all t ∈ T, φ(t, .)) is convex and positively 1-homogeneous
on BE∗ i.e. for all x ∈ BE∗ and all λ ∈ [0, 1], φ(t, λx) = λφ(t, x). Let (mk)k be a
bounded sequence in M(T, E∗) which vaguely converges to m ∈ M(T, E∗). Then
we have

lim inf
k

∫
T

φ
(
t,

dmk

d|mk|
(t)) d|mk|(t) ≥

∫
T

φ
(
t,

dm

d|m| (t)) d|m|(t).

Proof. Extracting a subsequence, we can suppose that

(8.2.5) a = lim inf
k

∫
T

φ
(
t, ,

dmk

d|mk|
(t)) d|mk|(t) = lim

k

∫
T

φ
(
t,

dm

d|m| (t)) d|mk|(t).

For each k ∈ N, we consider the measure νk ∈M+(T×BE∗ , R), image of |mk| by
the map t �→ (t, (dmk/d|mk|(t)), T → T×BE∗ . We have ([DM75, III(73)]),

νk =

∫
T

δt ⊗ δdmk/d|mk|(t) d|mk|(t).

Since (mk)k is bounded and since ‖νk‖ =
∫

d|mk| = ‖mk‖, the sequence (νk)k is
bounded too. Hence (νk)k is relatively vaguely compact in the spaceM+(T×BE∗)
of positive bounded Radon measures on the locally compact space T × BE∗ . So,
there exist a filter F finer than the Fréchet filter and a positive Radon measure
ν ∈M+(T×BE∗) such that

σ(M+(T×BE∗), CK(T×BE∗ , R))- lim
F

νk = ν.
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Using the lower semicontinuity of φ and (8.2.5) we get

a = lim
k

∫
T

φ
(
t, ,

dmk

d|mk|
(t)) d|mk|(t) = lim

k

∫
T×BE∗

φ(t, s) dνk(t, s)

≥
∫

T×BE∗
φ(t, s) dνk(t, s).

Let µ be the projection of ν onto T defined by

µ =

∫
T×BE∗

δt dν(t, x).

As in the proof of Theorem 8.2.2 thanks to a result on disintegration of mea-
sures, there is a µ-measurable function λ : t �−→ λt from T into the space
M+,1(BE∗) of Radon probabilities on BE∗ equipped with the vague topology
σ(M+,1(BE∗), C(BE∗)) such that

ν =

∫
T

δt ⊗ λt dµ(t).

Here C(BE∗) is the space of all real-valued continous function defined on the
σ(E∗, E) compact set BE∗ . Coming back to (8.2.5) we find

(8.2.6) a ≥
∫

T×BE∗
φ(t, x) dν(t, x) =

∫
T

∫
BE∗

φ(t, x) dλt(x) dµ(t).

Let now bar (λt) ∈ BE∗ be the barycenter of λt defined by

bar (λt) =

∫
BE∗

x dλt(x).

Since the mapping t �−→ bar (λt) is measurable and for every t ∈ T, the function
φ(t, .) is convex and lower semicontinuous on BE∗ , by Jensen’s inequality we have∫

BE∗
φ(t, x) dλt(x) ≥ φ(t, bar (λt)), ∀t ∈ T.

It follows from (8.2.6) that

(8.2.7) a ≥
∫

T

φ(t, bar (λt)) dµ(t).

Let us show now that m = bar (λ)µ. Let f ∈ CK(T, E). For each k ∈ N, we have∫
T

f(t) dmk(t) =

∫
T

〈
f(t),

dmk

d|mk|
(t)

〉
d|mk|(t) =

∫
T×BE∗

〈f(t), x〉 dνk(t, x).
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On the other hand, since (mkp
)
p

vaguely converges to m, we have∫
T

f(t) dm(t) = lim
p

∫
T

f(t) dmkp
(t).

Moreover, since 〈f(.), .〉 ∈ CK(T × BE∗ , R) and the sequence (νkp
)p vaguely con-

verges to ν, we have∫
T×BE∗

〈f(t), x〉 dν(t, x) = lim
p

∫
T×BE∗

〈f(t), x〉 dνkp
(t, x).

Then, we put together the three previous equalities to obtain∫
T

f(t) dm(t) =

∫
T×BE∗

〈f(t), x〉 dν(t, x) =

∫
T

∫
BE∗
〈f(t), x〉 dλt(x) dµ(t)

=

∫
T

〈
f(t),

∫
BE∗

x dλt(x)
〉
dµ(t) =

∫
T

〈f(t), bar (λt)〉 dµ(t)

=

∫
T

f(t) d(bar (λ)µ)(t).

This proves that m = bar (λ) µ and thus
dm

dµ
= bar (λ). We deduce now from

(8.2.7) that

(8.2.8) a ≥
∫

T

φ(t, bar (λt)) dµ(t) =

∫
T

φ
(
t,

dm

dµ
(t)

)
dµ(t).

Let | bar (λ) | : T −→ [0, 1], t �−→ ‖bar (λt) ‖. Since µ is a non-negative measure
on T, we have d|m| = | bar (λ) | dµ and so

dm =
dm

d|m|
d|m|
dµ

dµ =
dm

d|m| | bar (λ) | dµ.

We obtain for almost every t ∈ T,

φ
(
t,

dm

dµ
(t)

)
= φ

(
t, ‖ bar (λt) ‖

dm

d|m| (t)
)

= ‖ bar (λt) ‖φ
(
t,

dm

d|m| (t)
)
.

Finally, with (8.2.8), we find

a ≥
∫

T

φ
(
t,

dm

dµ
(t)

)
dµ(t) =

∫
T

φ
(
t,

dm

d|m| (t)
)
‖ bar (λt) ‖ dµ(t)

=

∫
T

φ
(
t,

dm

d|m| (t)
)
d(| bar (λ) |µ)(t) =

∫
T

φ
(
t,

dm

d|m| (t)
)
d|m|(t).
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Remark 8.2.5 We refer to [CJ95] for the usefulness of the Reshetnyak-type theo-
rems presented above in the statement of epiconvergence of some integral function-
als and the sweeping process. In this vein, using the techniques developed therein,
we give below some examples of epiconvergence integral functionals involving the
fiber product type limit theorem for Young measures.

Example 8.2.6 Let (T, TP, P) = ([0, 1],L[0,1], dt), N̂ = N ∪ {∞} and S and Y be

two Polish spaces. Let {ϕk; k ∈ N̂} be lower semicontinuous functions on T×S×Y
with values in [0, +∞] such that, for every sequence ((tk, xk, yk))k in T × S × Y
which converges to (t, x, y), we have

(8.2.9) lim inf
k

ϕk(tk, xk, yk) ≥ ϕ∞(t, x, y).

Let (λk) be a tight sequence of Young measures in Y1(T, TP, P; S) which stably con-
verges to λ∞ ∈ Y1(T, TP, P; S) and let (uk) be a sequence of continuous functions
on T with values in Y which converges uniformly on T to a continuous function
u∞. Then we have

lim inf
k

∫
T

[∫
S

ϕk(t, s, uk(t)) dλk
t (s)

]
dt ≥

∫
T

[∫
S

ϕ∞(t, s, u∞(t)) dλ∞
t (s)

]
dt.

Proof. Remark that the (Alexandroff) one point compactification N̂ of N is a

compact metric space. We define a function ψ : T × N̂ × S −→ [0, +∞], by
ψ(t, k, x) = ϕk(t, x, uk(t)). Let us show that ψ is lower semicontinuous on T ×
N̂ × S. Let (tk, pk, xk)k be a sequence in T × N̂ × S converging to (t, p, x). We
set a = lim infk ψ(tk, pk, xk). If p ∈ N, for k large enough, pk = p. Since up is
continuous, the sequence (up(tk))k converges to up(t) in Y . It follows from the
lower semicontinuity of ϕp that

lim inf
k

ϕ(tk, pk, xk) = lim inf
k

ϕpk
(tk, xk, upk

(tk)) = lim inf
k

ϕp(tk, xk, up(tk))

≥ ϕp(t, x, up(t)) = ψ(t, p, x).

Consider now the case p = ∞. Extracting a subsequence, we may assume that
a = limk ψ(tk, pk, xk) and that the sequence (pk)k is increasing. For each n ∈ N,
we define

sn =

{
t1, if n < p1 ,

tk, if pk ≤ n < pk+1 ,
and yn =

{
x1, if n < p1 ,

xk, if pk ≤ n < pk+1 .

Then, we have

t = lim
n

sn , (spk
)k = (tk)k ,(8.2.10)

x = lim
n

yn , (ypk
)k = (xk)k .(8.2.11)
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Moreover, since u is continuous and (un)n converges uniformly to u on the compact
set {t, sn; n ∈ N}, the sequence (un(sn))n converges to u(t) in Y . Hence, by (8.2.9),
we get

lim inf
k

ψ(tk, pk, xk) ≥ lim inf
n

ψ(sn, n, yn) = lim inf
n

φn(sn, yn, un(sn))

≥ φ∞(t, x, u(t)) = ψ(t,∞, x).

This proves the lower semicontinuity of ψ. For each k ∈ N̂, consider the Young
measure νk = δk ⊗ λk. Then νk ∈ Y1(T; N̂× S). Since the sequence (δk) is tight

and stably converges to δ∞ in Mb(N̂, R), the sequence (νk) = (δk ⊗ λk) stably
converges to ν∞ = δ∞ ⊗ λ∞, using Theorem 8.1.1 or Theorem 3.3.1. Applying
Portmanteau Theorem 2.1.3 to (νk) and the function ψ gives
(8.2.12)

lim inf
k

∫
T

[∫
bN×S

ψ(t, n, s) dνk
t ((n, s))

]
dt ≥

∫
T

[∫
bN×S

ψ(t, n, s) dν∞
t ((n, s))

]
dt.

Since for each k ∈ N̂, we have

(8.2.13)

∫
T

[∫
bN×S

ψ(t, n, s) dνk
t ((n, s))

]
dt =

∫
T

[∫
S

ψ(t, k, s) dλk
t (s)

]
dt

So the result follows from (8.2.12) and (8.2.13).

Example 8.2.7 Let (T, TP, P) = ([0, 1],L[0,1], dt), N̂ = N ∪ {∞} and S be a

compact metric space. Let {ϕk; k ∈ N̂} be lower semicontinuous functions on
T × S with values in [0, +∞]. Assume that there is s̄ ∈ S such that ϕk(t, s̄) = 0

for all (t, k) ∈ S × N̂. And assume that for every (t, ν) ∈ T ×M+,1(S) (M+,1(S)
being the space of all Probability Radon measures on S equipped with the vague
topology), there is a sequence (νk) in M+,1(S) such that

(8.2.14) lim sup
k

∫
S

ϕk(t, s) dνk(s) ≤
∫

S

ϕ∞(t, s) dν(s).

Then for every λ ∈ Y1(T, TP, P; S) there exists a sequence of Young measures (λk)
in Y1(T, TP, P; S) which pointwise vaguely converges to λt ∈ Y1(T, TP, P; S) (that
is, for every t ∈ T, λk

t vaguely converges to λt) and satisfies

lim sup
k

∫
T

[∫
S

ϕk(t, s) dλk
t (s)

]
dt ≤

∫
T

[∫
S

ϕ∞(t, s) dλt(s)
]
dt.

Proof. Let λ ∈ Y1(T, TP, P; S). We may assume that∫
S

ϕ∞(t, s) dλt(s) < +∞
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for all t ∈ T. For each k ∈ N̂, let us consider the integrand ψk : T ×M+,1(S) →
[0, +∞] defined by

ψk(t, µ) =
[∫

S

ϕk(t, s) dµ(s)−
∫

S

ϕ∞(t, s) dλt(s)
]+

.

It is clear that ψk is TP⊗BM+,1(S)-measurable on T×M+,1(S) and lower semicon-

tinuous on M+,1(S). Let us denote by d a distance compatible with the vaguely
compact metrizable topology on M+,1(S). Consider now the multifunction Γk on
T with values in the set of all subsets of M+,1(S) defined by

Γk(t) =
{
ν ∈M+,1(S); d(λt, ν) + ψk(t, ν) = min

ν∈M+,1(S)
{d(λt, ν) + ψk(t, ν)}

}
.

Since M+,1(S) is vaguely compact set, it is clear that for all t ∈ T, Γk(t) is non
empty. Then, by [CV77, III.39], there exists a (TP,BM+,1(S))-measurable selection

λk of Γk. For every t ∈ T, by (8.2.14), there exists a sequence (νk)k in M+,1(S)
vaguely converging to λt such that limk ψk(t, νk) = 0. Since

d(λt, λ
k
t ) + ψk(t, λk

t ) ≤ d(λt, νk) + ψk(t, νk),

we get
lim

k
d(λt, λ

k
t ) = 0 and lim

k
ψk(t, λk

t ) = 0.

On the other hand, since ϕk(t, s̄) = 0 by our assumption, we have ψk(t, δs̄) = 0
and thus

d(λt, λ
k
t ) + ψk(t, λk

t ) ≤ d(λt, δs̄) + ψk(t, δs̄) ≤M,

where M = sup{d(µ, ν); (µ, ν) ∈ M+,1(S) ×M+,1(S)}. So by Lebesgue’s domi-
nated convergence theorem, we deduce that (ψk(., λk

t ))k converges to 0 in the space
L1([0, 1],L[0,1], dt). Thus we have

lim
k

∫
T

[∫
S

ϕk(t, s) dλk
t (s)−

∫
S

ϕ∞(t, s) dλt(s)
]+

dt = 0,

hence

lim sup
k

∫
T

[∫
S

ϕk(t, s) dλk
t (s)

]
dt ≤

∫
T

[∫
S

ϕ∞(t, s) dλt(s)
]
dt.

That completes the proof.

8.3 Some new applications of the Fiber Product
Lemma for Young measures

This section is essentially taken from [CRdF04]. It is devoted to the study of the
value functions of a control problem where the dynamic is governed by an ordinary
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differential equation (ODE) where the controls are Young measures. Here the sta-
ble convergence for the fiber product of Young measures is crucial in the statement
of the variational properties of the value functions in the control problems under
consideration and the developments of Mathematical Economics (see e.g. [Tat02]).
References for control problems are e.g. [EK72, Ell87, ES84, KS88, BJ91].

Here, E = R
d is a finite dimensional space and [0, 1] is equipped with the

Lebesgue measure.

8.3.A The value function of a control problem governed by
a first order ordinary differential equation

In this section we present a study of the value function of a control problem where
the controls are Young measures. As the proofs are rather long, we do not make
weak assumptions on the Control spaces but we only focus on the main ideas in
order to present some sharp applications of the fiber product for Young measures
presented above. Namely we assume here that S and Z are metric compact spaces.
Let k(Z) be the set of all compact subsets of Z, Γ : [0, 1] → k(Z) be a compact
valued Lebesgue measurable multifunction from [0, 1] to Z. It is well–known that
M+,1(S) (resp. M+,1(Z) is a compact metrizable space for the σ(C∗(S), C(S))
(resp. σ(C(Z)

∗
, C(Z)))–topology.

Let us consider a mapping f : [0, 1]× E× S× Z → E satisfying:

(i) For every fixed t ∈ [0, 1], f(t, ., ., .) is continuous on E× S× Z;

(ii) For every (x, s, z) ∈ E× S× Z, f(., x, s, z) is Lebesgue-measurable on [0, 1];

(iii) There is a positive Lebesgue integrable function c such that f(t, x, s, z) ∈
c(t)BE for all (t, x, s, z) in [0, 1]× E× S× Z;

(iv) There exists a Lipschitz constant λ such that

||f(t, x1, s, z)− f(t, x2, s, z)|| ≤ λ||x1 − x2||

for all (t, x1, s, z), (t, x2, s, z) ∈ [0, 1]× E× S× Z.

We consider the absolutely continuous solutions set of the following ordinary
differential equations (ODE)

(IM,H,O)

{
u̇x,µ,ζ(t) =

∫
S
f(t, ux,µ,ζ(t), s, ζ(t)) dµt(s)

ux,µ,ζ(0) = x ∈M ⊂ E

where ζ belongs to the set SΓ of all original controls, which means that ζ is a
Lebesgue-measurable mapping from [0, 1] into Z with ζ(t) ∈ Γ(t) for a.e. t ∈ [0, 1],
and M is a compact subset of E, µ ∈ H, where H is a subset in the space of Young
measures Y1([0, 1]; S) defined on S, and

(IM,H,R)

{
u̇x,µ,ν(t) =

∫
Γ(t)

[
∫

S
f(t, ux,µ,ν(t), s, z) dµt(s)] dνt(z)

ux,µ,ν(0) = x ∈M ⊂ E
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where ν belongs to the set R of all relaxed controls, which means that ν is a
Lebesgue-measurable selection of the multifunction Σ defined by

Σ(t) := {σ ∈M+,1(Z); σ(Γ(t)) = 1}

for all t ∈ [0, 1]. These assumptions are sufficient to guarantee that for each
(x, µ, ν) ∈ M ×H ×R there is a unique absolutely continuous solution ux,µ,ν for
the ODE under consideration on the interval [0, 1] with ux,µ,ν(0) = x ∈M ⊂ E.

Theorem 8.3.1 Assume that J : [0, 1] × E × S × Z → R is an L1-bounded
Carathéodory integrand, (that is, J(t, ., ., ., .) is continuous on E×S×Z for every t ∈
[0, 1] and J(., x, s, z) is Lebesgue-measurable on [0, 1], for every (x, s, z) ∈ E×S×Z)
which satisfies the condition: There is an integrable function ϕ ∈ L1

R+([0, 1] such
that |J(t, x, s, z)| ≤ ϕ(t) for all (t, x, s, z) ∈ [0, 1] × E × S × Z. Assume further
that H is compact for the convergence in probability. Let us consider the control
problems

(PM,H,O) : inf
(x,µ,ζ)∈M×H×SΓ

∫ 1

0

[

∫
S

J(t, ux,µ,ζ(t), s, ζ(t)) dµt(s)] dt

and

(PM,H,R) : inf
(x,µ,ν)∈M×H×R

∫ 1

0

[

∫
Z

[

∫
S

J(t, ux,µ,ν(t), s, z) dµt(s)] dνt(z)] dt

where ux,µ,ζ (resp. ux,µ,ν) is the unique solution associated with (x, µ, ζ) (resp.
(x, µ, ν) to the ODE (IM,H,O) (resp. (IM,H,R). Then one has inf(PM,H,O) =
min(PM,H,R).

Proof.
Claim 1. The graph of the single valued mapping (x, µ, ν) �→ ux,µ,ν defined on

the compact space M ×H×R with value in the Banach space CE([0, 1]) endowed
with the topology of the sup-norm is compact.

It is obvious that the solution ux,µ,ν for the ODE under consideration is given
explicitely by

ux,µ,ν(t) = x +

∫ t

0

[

∫
Z

[

∫
S

f(τ, ux,µ,ν(τ), s, z) dµτ (s)] dντ (z)]dt

for each t ∈ [0, 1]. Let (xn, µn, νn) be a sequence in M ×H×R and let uxn,µn,νn

be the unique absolutely continuous solution to{
u̇xn,µn,νn(t) =

∫
Z
[
∫

S
f(t, uxn,µn,νn(t), s, z) dµn

t (s)] dνn
t (z) a.e.

uxn,µn,νn(0) = xn ∈M.

Since M is compact we may suppose that (xn) converges to a point x∞ ∈ M.
Taking into account the assumption on f , it is easily seen that the sequence
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(uxn,µn,νn) is relatively compact in CE([0, 1]). We may suppose, by extracting
subsequences, that (uxn,µn,νn) converges uniformly to an absolutely continuous
function u∞(.) with u∞(0) = x∞ and (u̇xn,µn,νn) converges σ(L1

E
, L∞

E
) to u̇∞.

We may also assume that (µn) converges in probability to µ∞ ∈ H. Further the
sequence (νn) of Young measures is relatively compact for the stable topology
on the space Y1([0, 1]; Z) of Young measures, and hence by extracting a subse-
quence, we may suppose that (νn) stably converges to a Young measure ν∞ with
ν∞

t (Γ(t)) = 1 a.e. So, in view of Theorem 3.3.1, δuxn,µn,νn ⊗ µn ⊗ νn stably

converges to δu∞ ⊗ µ∞ ⊗ ν∞. Let h ∈ L∞
E ([0, 1]). It is clear that the function

L : (t, x, s, z) �→ 〈h(t), f(t, x, s, z)〉 is an L1- bounded Carathéodory integrand de-
fined on the compact space [0, 1]×M × S×Z, namely, |L(t, x, s, z)| ≤ h(t)c(t) for
all (t, x, s, z) ∈ [0, 1]×M×S×Z, using condition (iii). Consequently, by the stable
convergence of (δuxn,µn,νn ⊗ µn ⊗ νn) to δu∞ ⊗ µ∞ ⊗ ν∞, we get

lim
n→∞

∫ 1

0

[

∫
Z

[

∫
S

〈h(t), f(t, uxn,µn,νn(t), s, z)〉µn
t (s)] dνn

t (z)] dt

= lim
n→∞

∫ 1

0

〈h(t), vn(t)〉 dt =

∫ 1

0

[

∫
Z

[

∫
S

〈h(t), f(t, u∞(t), s, z)〉 dµ∞
t (s)] dν∞

t (z)] dt

=

∫ 1

0

〈h(t), v∞(t)〉 dt

where, for notational convenience,

vn(t) =

∫
Z

[

∫
S

f(t, uxn,µn,νn(t), s, z) dµn
t (s)] dνn

t (z), ∀t ∈ [0, 1],

and

v∞(t) =

∫
Z

[

∫
S

f(t, u∞(t), s, z) dµ∞
t (s)] dν∞

t (z), ∀t ∈ [0, 1].

Hence (vn) weakly converges in L1
E([0, 1]) to v∞. Using the weak convergence in

L1
E([0, 1]) of (u̇xn,µn,νn) to u̇∞, and the preceding limit, we get

u̇∞(t) =

∫
Z

[

∫
S

f(t, u∞(t), s, z) dµ∞
t (s)] dν∞

t (z) a.e..

So, we have necessarily u∞(.) = ux∞,µ∞,ν∞(.), where ux∞,µ∞,ν∞ is the unique ab-
solutely continuous solution of the ODE (IM,H,R) associated with (x∞, µ∞, ν∞).
Hence Claim 1 is proved.

Claim 2. inf(PM,H,O) = min(PM,H,R).

As a consequence of Claim 1, the solutions set {ux,µ,ν : (x, µ, ν) ∈M ×H×R} is
compact for the topology of uniform convergence. Since O is dense in R for the
stable topology, it suffices to prove that the mapping

Ψ : (x, µ, ν)→
∫ 1

0

[

∫
Z

[

∫
S

J(t, ux,µ,ν(t), s, z) dµt(s)] dνt(z)] dt
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is continuous on M ×H×R. Let (xn, µn, νn) be a sequence in M ×H,×R such
that (xn) converges to x ∈M and (νn) converges in probability to µ ∈ H and (νn)
stably converges to ν ∈ R. Applying the result in Claim 1, shows that (uxn,µn,νn)
converges uniformly to ux,µ,ν that is a solution of our ODE{

u̇x,µ,ν(t) =
∫

Z
[
∫

S
f(t, ux,µ,ν(t), s, z) dµt(s)] dνt(z) a.e.

ux,µ,ν(0) = x ∈M.

This implies that (δuxn,µn,νn ⊗ µn ⊗ νn) stably converges to (δux,µ,ν
⊗ µ ⊗ ν).

As J is an L1-bounded Carathéodory integrand, it follows that

lim
n→∞

∫ 1

0

[

∫
Z

[

∫
S

J(t, uxn,µn,νn(t), s, z) dµn
t (s)] dνn

t (z)] dt

=

∫ 1

0

[

∫
Z

[

∫
S

J(t, ux,µ,ν(t), s, z) dµt(s)] dνt(z)] dt.

The proof is therefore complete.

Remark 8.3.2 In the course of the proof of Theorem 8.3.1, we have proven a
significant property, namely, the continuous dependence of the trajectories ux,µ,ν

of the dynamic under consideration with respect to the data (x, µ, ν) ∈M×H×R.
At this point it is worth to mention that this continuity property is valid under
more general conditions.

First, we may assume that E is a separable Banach space, S and Z are topo-
logical Lusin spaces, and the dynamic f is a mapping from [0, 1]× E× S× Z into
E satisfying (i), (ii), (iv) and

(iii)’ There exists a measurable and integrably bounded convex compact val-
ued multifunction Γ : [0, 1] ⇒ E such that f(t, x, s, z) ∈ (1 + ||x||)Γ(t) for all
(t, x, x, s, z)∈ [0, 1]× E× S× Z.

Secondly, we may assume that H is sequentially compact for the convergence
in probability and R is compact metrizable for the stable topology.

Indeed (i)- (ii)-(iii)’-(iv) are sufficient to guarantee the measurability of the
mappings t �→

∫
Z
[
∫

S
f(t, x, s, z) µt(ds)] νt(dz) for all (µ, ν) ∈ H × R and that, for

each (x, µ, ν) ∈ M ×H ×R, there exists a unique absolutely continuous solution
and the solutions set {ux,µν ; (x, µ, ν) ∈ M × H × R} is relatively compact for
the topology of uniform convergence (see Proposition 6.2.3, Example 7.3.1 and
Proposition 7.3.2).

To illustrate this fact and before going further we present below a min-max type
result for Young measures.

Proposition 8.3.3 Let S be a Polish space andH be a convex subset in Y1([0, 1]; S)
which is closed for the convergence in probability (or for the stable topology, see
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Corollary 4.5.9). Let T be a Polish space and let K be a τ *

Y1–compact (metriz-

able) subset of Y1([0, 1]; T). Let us consider a real-valued function Φ : H×K such
that, for every fixed µ ∈ H, Φ(µ, .) is upper-semicontinuous on K and for every
fixed ν ∈ K, Φ(., ν) is convex lower-semicontinuous on H. Then there exist a pair
(µ̃, ν̃) ∈ H ×K such that

max
ν∈K

min
µ∈H

Φ(µ, ν) ≤ Φ(µ̃, ν̃) ≤ min
µ∈H

max
ν∈K

Φ(µ, ν).

Proof. Let us set

p(µ) := max
ν∈K

Φ(µ, ν), ∀µ ∈ H,

q(ν) = inf
µ∈H

Φ(µ, ν), ∀ν ∈ K.

Then p(.) is convex lower semicontinuous on H and q(.) is upper semicontinuous
on K. As H has the Mazur property (see Theorem 4.5.8), it is not difficult to
provide an element µ̃ ∈ H such that

p(µ̃) = min
µ∈H

p(µ).

As q(.) is upper semicontinuous for the stable topology on the compact set K there
exists ν̃ ∈ K such that

q(ν̃) = max
ν∈K

q(ν).

So we get

q(ν̃) ≤ Φ(µ̃, ν̃) ≤ p(µ̃).

Proposition 8.3.4 Assume that the hypotheses of Theorem 8.3.1 are satisfied.
Let l : E → E be a continuous mapping. Let x ∈ M and θ ∈]0, 1] be fixed. Then
the control problem

Ψx(µ, ν) :=

∫ 1

0

[

∫
Z

[

∫
S

J(t, ux,µ,ν(t), s, z) dµt(s)] dνt(z)] dt + l(ux,µ,ν(θ))

subject to{
u̇x,µ,ν(t) =

∫
Γ(t)

[
∫

S
f(t, ux,µ,ν(t), s, z) dµt(s)] dνt(z) a.e. t ∈ [0, 1];

ux,µ,ν(0) = x ∈M

admits at least a quasi-saddle point (µ̃, ν̃) ∈ H ×R, that is

max
ν∈R

min
µ∈H

Ψx(µ, ν) ≤ Ψx(µ̃, ν̃) ≤ min
µ∈H

max
ν∈R

Ψx(µ, ν).
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Proof. Taking Theorem 8.3.1 and Remark 8.3.2 into account, we see that the
function Ψx is continuous on H × R. Repeating the arguments of Proposition
8.3.3 and using the compactness assumption on H gives the result.

Remark 8.3.5 The conclusions of Theorem 8.3.1 and Proposition 8.3.4 may fail
if one only assumes that H is compact for the stable topology (instead of the
topology of convergence in probability), because the Fiber Product Lemma is not
valid: By compactness, the sequence δuxn,µn,νn ⊗ µn ⊗ νn has limit points in

Y1([0, 1]; CE([0, 1]) × S × Z), but they do not necessarily have the form δu∞ ⊗
µ∞ ⊗ ν∞ (see Counterexample 3.3.3).

In the preceding dynamical system, we focus essentially on the continuous depen-
dence of the solutions on the data (x, µ, ν) ∈ M × H × R. In order to illustrate
our techniques, we develop some new properties of the value function Vg(x, µ, t)
associated with the dynamical system under consideration as follows:

Vg(x, µ, t) = inf
ν∈R

g(ux,µ,ν(t))

with the data (x, µ, ν) ∈ M ×H ×R where g is a bounded lower semicontinuous
function defined on E and t ∈ [0, 1]. Recall that ux,µ,ν(t) is the value of the
solution ux,µ,ν at t of the dynamic (IM,H,R). The following result provides a
lower semicontinuity property for the integrand

J : (g, x, µ, t) �→ Vg(x, µ, t)

defined on IE × M × H × [0, 1] where IE denotes the set of all bounded lower
semicontinuous functions defined on E.

Proposition 8.3.6 Assume the same hypothesis as in Theorem 8.3.1. Let g ∈ IE,
let (x, µ) ∈ M × H and let t ∈ [0, 1]. Then for any an increasing sequence (gi)
of bounded Lipschitz functions defined on E converging pointwisely to g, for any
sequence (ti) in [0, 1] converging to t, for any a sequence (xi) in M converging to
x ∈M and for any sequence (µi) in H converging in measure to µ,

lim inf
i

Vgi(xi, µi, ti) ≥ Vg(x, µ, t).

Proof. Note that, for every s ∈ [0, 1], the functions (x, µ, ν) → gi(ux,µ,ν(s))
are continuous (thus uniformly continuous) on the compact space M × H × R
because the mapping (x, µ, ν)→ (ux,µ,ν) is continuous on M ×H×R as we have
already proved in Theorem 8.3.1. Therefore, for each i, the mapping (s, x, µ, ν)→
gi(ux,µ,ν(s)) is continuous. On the other hand, for each i, there is ν i ∈ R with

Vgi(xi, µi, ti) = gi(uxi,µi,νi(ti))
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where uxi,µi,νi is the solution of the dynamic (IM,H,R), that is

u̇xi,µi,νi(τ) =

∫
Γ(τ)

[

∫
S

f(τ, uxi,µi,νi(τ), s, z) dµi
τ (s)] dνi

τ (z) a.e. τ ∈ [0, 1],

uxi,µi,νi(0) = xi.

Then, there is a subsequence of (µi, νi) with the same notation such that (µi ⊗ νi)
stably converges to µ ⊗ ν and such that (uxi,µi,νi) converges uniformly to ux,µ,ν

which is the solution of this dynamic, using Theorem 8.3.1, that is

u̇x,µ,ν(τ) =

∫
Γ(τ)

[

∫
S

f(τ, ux,µ,ν(τ), s, z) dµτ (s)] dντ (z) a.e. τ ∈ [0, 1],

ux,µ,ν(0) = x.

So, for i ≥ k, we immediately have the estimate

Vgi
(xi, µi, ti) = gi(uxi,µi,νi(ti)) ≥ gk(uxi,µi,νi(ti))− g(ux,µ,ν(t)) + Vg(x, µ, t).

Let ε > 0. There is k > 0 such that 0 ≤ g(ux,µ,ν(t))− gk(ux,µ,ν(t)) ≤ ε. As (gi) is
increasing, we have

lim inf
i→∞

gi(uxi,µi,νi(ti)) ≥ lim inf
i→∞

gk(uxi,µi,νi(ti)) = gk(ux,µ,ν(t)) ≥ g(ux,µ,ν(t))− ε.

The preceding inequality implies that

lim inf
i→∞

Vgi
(xi, µi, ti) = lim inf

i→∞
gi(uxi,µi,νi(ti)) ≥ Vg(x, µ, t)− ε.

In the preceding result the data g is of simple nature. Now we give an extension
to Proposition 8.3.6 concerning a relaxation property for the relaxed value func-
tion, when the data is the integral functional associated with a positive, bounded
normal integrand. Namely, let h : [0, 1]× E × S × Z → R

+ be a bounded normal
L[0,1]–B(E×S×Z)–measurable integrand, that is, h is measurable and h(t, ., ., ., .)
is lower-semicontinuous on E × S × Z for every fixed t ∈ [0, 1], and let Ih be the
integral functional on H×R given by

Ih(x, µ, ν) =

∫ 1

0

[

∫
Z

[

∫
S

h(t, ux,µ,ν(t), s, z) µt(s)] dνt(z)] dt,

where ux,µ,ν is the unique solution to

u̇x,ν,µ(t) =

∫
Γ(t)

[

∫
S

f(t, ux,µ,ν(t), s, z) dµt(s)] dνt(z) a.e. t ∈ [0, 1],

ux,µ,ν(0) = x.
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Proposition 8.3.7 Let h be as above, and let (x, µ) ∈ M × H. Let (hi) be an
increasing sequence of bounded, Carathéodory integrands defined on [0, 1]×E×S×Z

such that h = supi hi. Let (xi) be a sequence in M which converges to x ∈M , let
(µi) be a sequence in H which converges in probability to µ. Let us consider the
value function

Wh(x, µ) = inf
ν∈R

Ih(x, µ, ν) = inf
ν∈R

∫ 1

0

[

∫
Z

[

∫
S

h(t, ux,µ,ν(t), s, z) dµt(s)] dνt(z)] dt,

where ux,µ,ν is the solution of the dynamic (IM,H,R). We then have

lim inf
i

Whi(xi, µi) ≥Wh(x, µ),

where, for all i,

Whi(xi, µi) := inf
ζ∈SΓ

Ihi(xi, µi, ζ) = inf
ζ∈SΓ

∫ 1

0

[

∫
S

hi(t, uxi,µi,ζ(t), s, ζ(t)) dµi
t(s)] dt.

Remark 8.3.8 It is well–known that a sequence such as (hi) always exists. It
is enough to combine the Baire-Hausdorff approximations with the Projection
Theorem to obtain such approximates (hi).

Proof of Proposition 8.3.7. By Theorem 8.3.1, for each i, we have

inf
ν∈SΣ

Ihi(x, µ, ν) = inf
ν∈SΣ

∫ 1

0

[

∫
Z

[

∫
S

hi(t, ux,µ,ν(t), s, z) dµt(s)] dνt(z)] dt

= inf
ζ∈SΓ

∫ 1

0

[

∫
S

hi(t, ux,µ,ζ(t), s, ζ(t)) dµt(s)] dt = Whi(x, µ).

We have already observed that the mappings (x, µ, ν) �→ ux,µ,ν and (x, µ, ν) �→
Ihi(x, µ, ν) are continuous on the compact space M ×H×R. For each i, there is
νi ∈ SΣ with

Whi(xi, µi) = Ihi(xi, µi, νi),

where uxi,µi,νi is the trajectory solution of (IM,H,R). Then, as in the proof of
Proposition 8.3.6, there is a subsequence with the same notation such that (µi ⊗
νi) stably converges to µ ⊗ ν and (uxi,µi,νi) converges uniformly to ux,µ,ν which
is a trajectory solution with the initial condition ux,µ,ν(0) = x . So, for i ≥ k, we
immediately have the estimate

Whi(xi, µi) = Ihi(xi, µi, νi) ≥ Ihk(xi, µi, νi)− Ih(x, µ, ν) + Wh(x, µ).

For every fixed (x, µ, ν) ∈M×H×R, we have, by using the monotone convergence
theorem,

sup
i

Ihi(x, µ, ν) = sup
i

∫ 1

0

∫
Z

[

∫
S

hi(t, ux,µ,ν(t), s, z) dµt(s)] dνt(z)] dt

=

∫ 1

0

∫
Z

[

∫
S

h(t, ux,µ,ν(t), s, z) dµt(s)] dνt(z)] dt = Ih(x, µ, ν).
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Let ε > 0. There is k > 0 such that 0 ≤ Ih(x, µ, ν)− Ihk(x, µ, ν) ≤ ε. As (Ihi) is
increasing, we have

lim inf
i→∞

Ihi(xi, µi, νi) ≥ lim inf
i→∞

Ihk(xi, µi, νi) = Ihk(x, µ, ν) ≥ Ih(x, µ, ν)− ε.

The preceding inequality implies that

lim inf
i→∞

Whi(xi, µi) = lim inf
i→∞

Ihi(xi, µi) ≥Wh(x, µ)− ε.

8.3.B Dynamic programming

In the following we aim to present other types of value functions which occur
in the problem of viscosity solutions of the Hamilton–Jacobi–Bellman equation
associated with the relaxed upper Hamiltonian H+ defined by

H+(t, x, ρ) = min
µ∈M+,1(S)

max
ν∈M+,1(Z)

{〈ρ,

∫
Z

[

∫
S

f(t, x, s, z) dµ(s)] dν(z)〉

+

∫
Z

[

∫
S

J(t, x, s, z) dµ(s)] dν(z)}

where the cost function has the form∫ 1

τ

[

∫
Z

[

∫
S

J(t, ux,µ,ν(t), s, z) dµt(s)] dνt(z)] dt + g(ux,µ,ν(1)),

where J : [0, 1] × E × S × Z → R is an L1-bounded Carathéodory integrand
and ux,µ,ν is the trajectory solution starting at position x at intermediate time
τ ∈ [0, 1[, associated with the control (µ, ν) ∈ H × R, where H is the set of all
Lebesgue-measurable mappings µ : [0, 1]→M+,1(S), namely

u̇x,µ,ν(t) =

∫
Z

[

∫
S

f(t, ux,µ,ν(t), s, z) dµt(s), ] dνt(z), ux,µ,ν(τ) = x

and g is an upper-semicontinuous continuous function defined on E (see Remark
8.3.10-1).

In the remainder of this section, we assume that H is a decomposable subset of
the space of Young measures Y1([0, 1]; S), that is, for every Lebesgue-measurable
set A ⊂ [0, 1] and for every µ1, µ2 in H, 1Aµ1 +1Acµ2 ∈ H, in particular, H is the
set of all Lebesgue-measurable mappings ζ : [0, 1]→ S. Here only decomposability
assumption on H is used by contrast to the results obtained above.
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Theorem 8.3.9 (of dynamic programming) Assume that J : [0, 1]× E× S×
Z → R is an L1-bounded Carathéodory integrand. Let x ∈ E, let τ ∈ [0, 1[ and let
σ > 0 such that τ + σ < 1. Assume further that H is a decomposable subset of the
space of Young measures Y1([0, 1]; S). Let us consider the upper value function

VJ (τ, x) := inf
µ∈H

max
ν∈R

{
∫ 1

τ

[

∫
Z

[

∫
S

J(t, ux,µ,ν(t), s, z) dµt(s)] dνt(z)] dt}.

Here ux,µ,ν denotes the solution trajectory determined by the relaxed dynamic asso-
ciated with f and the control (µ, ν) ∈ H×R starting at position x at time τ ∈ [0, 1],
namely

u̇x,µ,ν(t) =

∫
Z

[

∫
S

f(t, ux,µ,ν(t), s, z) µt(s)] dνt(z); ux,µ,ν(τ) = x.

Then the following hold:

VJ(τ, x) = inf
µ∈H

max
ν∈R

{
∫ τ+σ

τ

[

∫
Z

[

∫
S

J(t, ux,µ,ν(t), s, z) dµt(s)] dνt(z)] dt

+ VJ(τ + σ, ux,µ,ν(τ + σ)}.(8.3.1)

Here

VJ(τ+σ, ux,µ,ν(τ+σ)) := inf
β∈H

max
γ∈R

{
∫ 1

τ+σ

[

∫
Z

[

∫
S

J(t, vx,β,γ(t), y, z) dβt(s)] dγt(z)] dt}.

vx,β,γ denotes the trajectory on [τ + σ, 1] associated with (β, γ) ∈ H ×R with the
initial condition vx,β,γ(τ + σ) = ux,µ,ν(τ + σ).

Proof. We will use the continuity results obtained above. Let WJ(τ, x) denote
the right hand side of (8.3.1). Take ε > 0 and µ1 ∈ H such that

WJ(τ, x) ≥ max
ν∈R

{
∫ τ+σ

τ

[

∫
Z

[

∫
S

J(t, ux,µ1,ν(t), s, z) dµ1
t (s)] dνt(z)] dt

+ VJ(τ + σ, ux,µ1,ν(τ + σ)} − ε.

There is µ2 ∈ H such that

VJ(τ +σ, ux,µ1,ν(τ +σ)) > max
γ∈R

∫ 1

τ+σ

[

∫
Z

[

∫
S

J(t, vx,µ2,γ(t), s, z) dµ2
t (s)] dγt(z)]dt−ε.

Here vx,µ2,γ denotes the solution trajectory on [τ + σ, 1] associated with (µ2, γ) ∈
H×R with the initial condition vx,µ2,γ(τ + σ) = ux,µ1,ν(τ + σ). By compactness
of R and by the continuity of

ν �→
∫ τ+σ

τ

[

∫
Z

[

∫
S

J(t, ux,µ,ν(t), s, z) dµt(s)] dνt(z)] dt
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on R, we can choose ν1 ∈ R such that

max
ν∈R

∫ τ+σ

τ

[

∫
Z

[

∫
S

J(t, ux,µ1,ν(t), s, z) dµ1
t (s)] dνt(z)] dt

=

∫ τ+σ

τ

[

∫
Z

[

∫
S

J(t, ux,µ1,ν1(t), s, z) dµ1
t (s)] dν1

t (z)] dt

and similarly there is ν2 ∈ R such that

max
γ∈R

∫ 1

τ+σ

[

∫
Z

[

∫
S

J(t, vx,µ2,γ(t), s, z) dµ2
t (s)] dγt(z)] dt

=

∫ 1

τ+σ

[

∫
Z

[

∫
S

J(t, vx,µ2,ν2(t), s, z) µ2
t (s)] dν2

t (z)] dt.

Here vx,µ2,ν2 is the trajectory solution defined on [τ+σ, 1] associated with (µ2, ν2) ∈
H ×R with the initial condition vx,µ2,ν2(τ + σ) = ux,µ1,ν(τ + σ). Let us set

µ := 1[τ,τ+σ]µ
1 + 1[τ+σ,1]µ

2

and
ν := 1[τ,σ]ν

1 + 1[τ+σ,1]ν
2.

By the decomposability of H and R (recall that R is the set of measurable se-
lections of a multifunction), we have that µ ∈ H and ν ∈ R. Let wx,µ,ν be the
trajectory on [τ, 1] associated with (µ, ν) ∈ H × R with the initial condition x,
that is, wx,µ,ν(t) = ux,µ1,ν1(t) for t ∈ [τ, τ + σ] and wx,µ,ν(t) = vx,µ2,ν2(t) for
t ∈ [τ + σ, 1]. Coming back to the definition of VJ (τ, x), we have

VJ(τ, x) ≤ sup
ν∈R

∫ 1

τ

[

∫
Z

[

∫
S

J(t, ux,µ,ν , s, z) dµt(s)] dνt(z)] dt

=

∫ τ+σ

τ

[

∫
Z

[

∫
S

J(t, ux,µ1,ν1 , s, z) dµ1
t (s)] dν1

t (z)] dt

+

∫ 1

τ+σ

[

∫
Z

[

∫
S

J(t, vx,µ2,ν2 , s, z) dµ2
t (s)] dν2

t (z)] dt

=

∫ 1

τ

[

∫
Z

[

∫
S

J(t, wx,µ,ν , s, z) dµt(s)] dνt(z)] dt ≤WJ(τ, x) + 2ε.

On the other hand, there is µ̃ ∈ H such that

VJ(τ, x) ≥ max
ν∈R

{
∫ 1

τ

[

∫
Z

[

∫
S

J(t, ux,eµ,ν(t), s, z) µ̃t(s)] dνt(z)] dt} − ε.

Then

WJ(τ, x) ≤ max
ν∈R

{
∫ τ+σ

τ

[

∫
Z

[

∫
S

J(t, ux,eµ,ν(t), s, z) dµ̃t(s)] dνt(z)] dt

+VJ(τ + σ, ux,eµ,ν(τ + σ)},
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with

VJ(τ + σ, ux,eµ,ν(τ + σ) ≤ max
ν∈R

∫ 1

τ+σ

[

∫
Z

[

∫
S

J(t, ux,eµ,ν(t), s, z) dµ̃t(s)] dνt(z)]dt.

Here vx,eµ,ν is the trajectory solution associated with the controls (µ̃, ν) ∈ H ×R
with the initial condition vx,eµ,ν(τ+σ) = ux,eµ,ν(τ+σ). By continuity of the integral

functionals under consideration and by compactness ofR, there exists ν1 ∈ R such
that

max
ν∈R

∫ τ+σ

τ

[

∫
Z

[

∫
S

J(t, ux,eµ,ν , s, z) dµ̃t(s)] dνt(z)] dt

=

∫ τ+σ

τ

[

∫
Z

[

∫
S

J(t, ux,eµ,ν1 , s, z) dµ̃t(s)] dν1
t(z)] dt

and similarly there exists ν2 ∈ R such that∫ 1

τ+σ

J(t, vx,eµ,ν2(t), s, z) µ̃t(s)] dν2
t (z)] dt

= max
ν∈R

∫ 1

τ+σ

J(t, vx,eµ,ν(t), s, z) dµ̃t(s)] dνt(z)] dt.

Here vx,eµ,ν2 is the trajectory on [τ +σ, 1] associated with (µ̃, ν2) ∈ H×R with the

initial condition vx,eµ,ν2(τ +σ) = ux,eµ,ν(τ +σ). Let ν̃ = 1[τ,τ+σ]ν1 +1[τ+σ,1]ν
2 ∈ R

and ũx,eµ,eν(t) = ux,eµ,ν1(t) if t ∈ [τ, τ + σ] and ũx,eµ,eν(t) = vx,eµ,ν2(t) if t ∈ [τ + σ, 1].
Taking the above estimate of WJ (τ, x) into account, we get

WJ(τ, x) ≤
∫ 1

τ

[

∫
Z

[

∫
S

J(t, ũx,eµ,eν(t), s, z) µ̃t(s)] dν̃t(z)] dt

≤max
ν∈R

∫ 1

τ

[

∫
Z

[

∫
S

J(t, ux,eµ,ν(t), s, z) dµ̃t(s)] dνt(z)] dt

≤VJ(τ, x) + ε.

Remarks 8.3.10 1) The preceding result still holds when the upper value func-
tions has the form

V g
J (τ, x) = inf

µ∈H
max
ν∈R

{
∫ 1

τ

[

∫
Z

[

∫
S

J(t, ux,µ,ν(t), y, z) dµt(s)] dνt(z)] dt + g(ux,µ,ν(1))},

where g is a bounded upper semicontinuous function defined on E. Here the
decomposability properties of H and R and the compactness of R for the stable
topology in the space of Young measures Y1([0, 1]; Z) are very useful in the proof
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of Theorem 8.3.9. Similarly, one can give an analogous result for the lower value
function

Ug
J (τ, x) = sup

R
inf
H
{
∫ τ+σ

τ

[

∫
Z

[

∫
S

J(t, ux,µ,ν(t), s, z) dµt(s)] dνt(z)] dt + g(ux,µ,ν(1)}

by permuting the role of R and H and by assuming that g is a bounded lower
semicontinous function defined on E.

2) It is worth to mention that the preceding result holds in the particular case
where H is the set of all Lebesgue-measurable mappings from [0, 1] to M+,1(S)
endowed with the vague topology σ(C(S)

∗
, C(S)).

3) Taking the remarks of Theorem 8.3.1 into account, let us mention that
Theorem 8.3.9 is valid if we assume that S and Z are topological Lusin spaces,
and the dynamic f satisfies the conditions (i)- (ii)-(iii)’-(iv) of Remark 8.3.2, H is
a decomposable space of Y1([0, 1]; S) and R is compact metrizable for the stable
topology.

In the sequel of this section, we will make the following assumptions.

(H1) H = Y1([0, 1]; S) and K = Y1([0, 1]; Z). In particular, the sets H and K are
decomposable and compact for the stable topology.

(H2) f : [0, 1] × E × S × Z → E is bounded continuous, f is uniformly Lipschitz
with respect to the variable x ∈ E and the family (f(., ., s, z))(s,z)∈S×Z is
equicontinuous; J : [0, 1] × E × S × Z → R is bounded continuous and the
family (J(., ., s, z))(s,z)∈S×Z is equicontinuous.

It is obvious that the mappings f̃ : [0, 1]× E×M+,1(S)×M+,1(Z) → E and

J̃ : [0, 1]× E×M+,1(S)×M+,1(Z) → R defined by

f̃(t, x, µ, ν) =

∫
Z

[

∫
S

f(t, x, s, z) dµ(s)] dν(z)

and

J̃(t, x, µ, ν) =

∫
Z

[

∫
S

J(t, x, s, z) dµ(s)] dν(z)

inherit the properties of f and J respectively.
The remainder is a careful adaptation of the techniques given in [Ell87] and

[ES84]. Before going further let us mention a useful lemma.

Lemma 8.3.11 Let (t0, x0) ∈ [0, 1] × E, and let Λ : [t0, 1] × E × M+,1(S) ×
M+,1(Z)→ R be a continuous mapping such that the family

(Λ(., ., µ, ν))(µ,ν)∈M+,1(S)×M+,1(Z)

is equicontinuous.



264 CHAPTER 8. SEMICONTINUITY OF INTEGRAL FUNCTIONALS

(a) If minµ∈M+,1(S) maxν∈M+,1(Z) Λ(t0, x0, µ, ν) < −η < 0 for some η > 0, then
there exist µ ∈ H and σ > 0 such that

max
ν∈K

∫ t0+σ

t0

Λ(t, ux0,µ,ν(t), µ, νt) dt < −ση

2
,

where ux0,µ,ν denotes the trajectory solution of the relaxed dynamic associated
with f and the controls µ and ν with the initial condition ux0,µt,ν(t0) = x0,
that is,

u̇x0,µ,ν(t) =

∫
Z

[

∫
S

f(t, ux,µ,ν(t), s, z) dµt(s)] dνt(z) a.e. t ∈ [0, 1],

ux0,µ,ν(t0) = x0.

(b) If minµ∈M+,1(S) maxν∈M+,1(Z) Λ(t0, x0, µ, ν) > η > 0 for some η > 0, then
there exists σ > 0 such that, for each µ ∈ H, we have

max
ν∈K

∫ t0+σ

t0

Λ(t, ux0,µ,ν(t), µt, νt) dt >
ση

2
.

Proof.
(a) By hypothesis, there is µ ∈M+,1(S) such that maxν∈M+,1(Z) Λ(t0, x0, µ, ν)

< −η < 0. Also, by the equicontinuity hypothesis, there exists ξ > 0 such that
maxν∈M+,1(Z)Λ(t, x, µ, ν) < −η/2 for 0 ≤ t− t0 ≤ ξ and ‖x− x0‖ ≤ ξ. Take σ > 0

such that
∫ t0+σ

t0
c(t) dt ≤ ξ so that ‖ux0,µ,ν(t)− ux0,µ,ν(t0)‖ ≤

∫ t0+σ

t0
c(t) dt ≤ ξ

for all t ∈ [t0, t0 + σ] and for all ν ∈ K (we also denote by µ the constant Young
measure t �→ µt = µ). Then, by integrating,∫ t0+σ

t0

Λ(t, ux0,µ,ν(t), µ, νt) dt ≤
∫ t0+σ

t0

max
ν′∈M+,1(Z)

Λ(t, ux0,µ,ν(t), µ, ν′) dt < −ση

2

for all ν ∈ K and the result follows.

(b) Let ξ > 0 such that, for all (µ, ν) ∈ M+,1(S)×M+,1(Z), if 0 ≤ t− t0 < ξ
and ‖x− x0‖ ≤ ξ, then |Λ(t, x, µ, ν)− Λ(t0, x0, µ, ν| < η/2. Let µ : [0, 1] →
M+,1(S) be a Lebesgue–measurable mapping. By virtue of the Sainte Beuve–
von Neumann–Aumann Selection Theorem, there exists a Lebesgue–measurable
mapping νµ : [0, 1]→M+,1(Z) such that

Λ(t0, x0, µt, ν
µ
t ) = max

ν∈M+,1(Z)
Λ(t0, x0, µt, ν)

for all t ∈ [0, 1], because the nonempty compact valued multifunction

t �→ {ν ∈M+,1(Z); Λ(t0, x0, µt, ν) = max
ν′∈M+,1(Z)

Λ(t0, x0, µt, ν
′)}
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has its graph in L[0,1] ⊗ B(M+,1(Z)). Take σ > 0 such that
∫ t0+σ

t0
c(t) dt ≤ ξ so

that ‖ux0,µ,ν(t)− ux0,µ,ν(t0)‖ ≤
∫ t0+σ

t0
c(t) dt ≤ ξ for all t ∈ [t0, t0 + σ] and for all

ν ∈ K. As in (a), we then have, by integrating,∫ t0+σ

t0

Λ(t, ux0,µ,νµ(t), µt, ν
µ
t ) dt ≥

∫ t0+σ

t0

[Λ(t, x0, µt, ν
µ
t )− η

2
] dt

>

∫ t0+σ

t0

η

2
dt =

ση

2
.

Theorem 8.3.12 (of viscosity solution) Assume that (H1) and (H2) are sat-
isfied. Let us consider the lower value function

UJ(τ, x) := max
ν∈K

min
µ∈H

{
∫ 1

τ

[

∫
Z

[

∫
S

J(t, ux,µ,ν(t), s, z) dµt(s)] dνt(z)] dt}.

Here ux,µ,ν is the trajectory solution to

u̇x,µ,ν(t) =

∫
Z

[

∫
S

f(t, ux,µ,ν(t), s, z) dµt(s)] dνt(z), ux,µ,ν(τ) = x.

Let us consider the relaxed upper Hamiltonian

H+(t, x, ρ) := min
µ∈M+,1(S)

max
ν∈M+,1(Z)

{〈ρ,

∫
Z

[

∫
S

f(t, x, s, z) dµ(s)] dν(z)〉

+

∫
Z

[

∫
S

J(t, x, s, z) dµ(s)] dν(z)}.

Then UJ is a viscosity solution to the Hamilton–Jacobi–Bellman equation ∂U
∂t +

H+(t, x,∇U) = 0, that is, for any ϕ ∈ C1([0, 1]× E) for which UJ − ϕ attains a
local maximum at (t0, x0), we have

∂ϕ

∂t
(t0, x0) + H+(t0, x0,∇ϕ(t0, x0)) ≥ 0,

and for any ϕ ∈ C1([0, 1]) × E) for which UJ − ϕ attains a local minimum at
(t0, x0), we have

∂ϕ

∂t
(t0, x0) + H+(t0, x0,∇ϕ(t0, x0)) ≤ 0.

Proof. Assume by contradiction that there exists a ϕ ∈ C1([0, 1]×E) and a point
(t0, x0) for which

∂ϕ

∂t
(t0, x0) + H+(t0, x0,∇ϕ(t0, x0)) ≤ −η < 0 for η > 0.
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Applying Lemma 8.3.11-(a), by taking Λ = J̃ + 〈∇ϕ, f̃〉 +
∂ϕ

∂t
, where, for all

(t, x, µ, ν) ∈ [0, 1]× E×M+,1(S)×M+,1(Z),

J̃(t, x, µ, ν) =

∫
Z

[

∫
S

J(t, x, s, z) dµ(s)] dν(z)

and

f̃(t, x, µ, ν) =

∫
Z

[

∫
S

f(t, x, s, z) dµ(s)] dν(z),

provides a control µ ∈M+,1(S) and σ > 0 such that

max
ν∈K

{
∫ t0+σ

t0

[

∫
Z

[

∫
S

J(t, ux0,µ,ν(t), s, z) dµ(s)] dνt(z)] dt

+

∫ t0+σ

t0

[

∫
Z

[

∫
S

〈∇ϕ(t, ux0,µ,ν(t)), f(t, ux0,µ,ν(t), s, z)〉 dµ(s)] dνt(z)] dt

+

∫ t0+σ

t0

∂ϕ

∂t
(t, ux0,µ,ν(t)) dt}

≤ −ση/2.

Thus

max
ν∈K

min
µ∈H

{
∫ t0+σ

t0

[

∫
Z

[

∫
S

J(t, ux0,µ,ν(t), s, z) dµ(s)] dνt(z)] dt

+

∫ t0+σ

t0

[

∫
Z

[

∫
S

〈∇ϕ(t, ux0,µ,ν(t)), f(t, ux0,µ,ν(t), s, z)〉 dµt(s)] dνt(z)] dt

+

∫ t0+σ

t0

∂ϕ

∂t
(t, ux0,µ,ν(t)) dt}

≤ −ση/2.(8.3.2)

From the dynamic programming identity (see Remark 8.3.10-1),

UJ (t0, x0) = max
ν∈K

min
µ∈H

{
∫ t0+σ

t0

[

∫
Z

[

∫
S

J(t, ux,µ,ν(t), s, z) dµt(s)] dνt(z)] dt

+ UJ(t0 + σ, ux0,µ,ν(t0 + σ))}.(8.3.3)

Here ux0,µ,ν is the trajectory solution of the relaxed dynamic f̃ associated with
µ ∈ H and ν ∈ K with the initial condition ux0,ζ,ν(t0) = x0. Since UJ − ϕ has a
local maximum at (t0, x0), so for small enough σ

(8.3.4) UJ(t0, x0)−ϕ(t0, x0) ≥ UJ (t0+σ, ux0,µ,ν(t0+σ))−ϕ(t0+σ, ux0,µ,ν(t0+σ)).
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From (8.3.3) and (8.3.4),

max
ν∈K

min
µ∈H

{
∫ t0+σ

t0

[

∫
Z

[

∫
S

J(t, ux,µ,ν(t), s, z) dµt(s)] dνt(z)] dt

+ ϕ(t0 + σ, ux0,µ,ν(t0 + σ)− ϕ(t0, x0))}
≥ 0.(8.3.5)

As ϕ is C1

ϕ(t0 + σ,ux0,µ,ν(t0 + σ))− ϕ(t0, x0)

=

∫ t0+σ

t0

〈∇ϕ(t, ux0,µ,ν(t)), [

∫
Z

[

∫
S

f(t, ux0,µ,ν(t), s, z) dµt(s)] dνt(z)] 〉dt

+

∫ t0+σ

t0

∂ϕ

∂t
(t, ux0,µ,ν(t)) dt.(8.3.6)

Substituting (8.3.6) in (8.3.5) we have a contradiction to (8.3.2). Therefore we
must have

∂ϕ

∂t
(t0, x0) + H+(t0, x0,∇ϕ(t0, x0)) ≥ 0.

The verification for the min point is similar, using Lemma 8.3.11-(b).

Remark 8.3.13 Theorem 8.3.12 remains valid under the hypothesis (H1) and
(H2) if E is a separable Banach space with additional assumptions and the dynamic
f satisfies the conditions (i)-(ii)-(iii)’-(iv) of Remark 8.3.2. See e.g. Example 7.3.1.

Now we give a variant of the dynamic programming identity with strategies.
Let A ⊂ Y1([0, 1]; S) be compact for the convergence in probability (note that
A is then compact for the stable topology) and let B ⊂ Y1([0, 1]; Z) be compact
(metrizable) for the stable topology, e.g. B = R. We denote by ∆ the set of all
continuous mappings (strategies) α : A → B. Then the dynamic programming
identity becomes as follows.

Theorem 8.3.14 (The dynamic programming identity with strategies)
Let x ∈ E and let σ, τ ∈ [0, 1[ such that τ +σ < 1. Let J : [0, 1]×E×S×Z → R be
an L1-bounded Carathéodory integrand. Let us consider the lower value function

HJ (τ, x) := inf
α∈∆

max
µ∈A

{
∫ 1

τ

[

∫
Z

[

∫
S

J(t, ux,µ,α(µ)(t), s, y, z) dµt(s)] dα(µ)t(z)] dt.}

Here ux,µ,α(µ) denotes the solution trajectory determined by the relaxed dynamic
associated with f and the controls α(µ), (α ∈ ∆) and µ ∈ A starting at position x
at time τ ∈ [0, 1[, that is,

u̇x,µ,α(µ)(t) =

∫
Z

[

∫
S

f(t, ux,µ,α(µ)(t), s, z) dµt(s)] dα(µ)t(z); ux,µ,α(µ)(τ) = x.
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Then the following holds:

HJ (τ, x) = inf
α∈∆

max
µ∈A

{
∫ τ+σ

τ

[

∫
Z

[

∫
S

J(t, ux,µ,α(µ)(t), s, z) dµt(s)] dα(µ)t(z)] dt

+ HJ(τ + σ, ux,µ,α(µ),ν(τ + σ)}.(8.3.7)

Here

HJ (τ + σ, ux,µ,α(µ),(τ + σ))

:= inf
γ∈∆

sup
µ∈A

{
∫ 1

τ+σ

[

∫
Z

[

∫
S

J(t, vx,µ,γ(µ)(t), y, z) dµt(s)] dγ(µ)t(z)] dt}

where vx,µ,γ(µ) denotes the trajectory on [τ + σ, 1] associated with (γ(µ), µ) (γ ∈
∆, µ ∈ A) with the initial condition vx,µ,γ(µ)(τ + σ) = ux,µ,α(µ)(τ + σ).

Proof. Let KJ (τ, x) be the second member of (8.3.7). Take ε > 0 and γ1 ∈ ∆
such that

KJ (τ, x) ≥ max
µ∈A

{
∫ τ+σ

τ

[

∫
Z

[

∫
S

J(t, ux,µ,γ1(µ)(t), s, z) dµt(s)] dγ1(µ)t(z)] dt

+ HJ(τ + σ, ux,µ,γ1(µ)(τ + σ)} − ε.

There is γ2 ∈ ∆ such that

HJ (τ + σ, ux,µ,γ1(µ)(τ + σ))

> sup
µ∈A

∫ 1

τ+σ

[

∫
Z

[

∫
S

J(t, vx,µ,γ2(µ)(t), s, z) dµt(s)] dγ2(µ)t(z)]dt− ε.

Here vx,µ,γ2(µ) denotes the trajectory of the dynamic on [τ + σ, 1] associated
with (γ2(µ), µ) (γ2 ∈ ∆, µ ∈ A) and the initial condition vx,µ,γ2(µ)(τ + σ) =
ux,µ,γ1(µ)(τ + σ). In view of the continuity of γ1 and the Fiber Product Lemma
(Theorem 3.3.1), we see that the mapping

µ �→
∫ τ+σ

τ

[

∫
Z

[

∫
S

J(t, ux,µ,γ1(µ)(t), s, z) µt(s)] dγ1(µ)t(z)] dt

is continuous on the compact (for the convergence in probability) set A. Hence
we can choose µ1 ∈ A such that

max
µ∈A

∫ τ+σ

τ

[

∫
Z

[

∫
S

J(t, ux,µ,γ1(µ)(t), s, z) dµt(s)] dγ1(µ)t(z)] dt

=

∫ τ+σ

τ

[

∫
Z

[

∫
S

J(t, ux,µ1,γ1(µ1)(t), s, z) dµ1
t (s)] dγ1(µ1)t(z)] dt
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where ux,µ1,γ1(µ1) is the solution trajectory defined on [τ, τ + σ] by γ1(µ1), (γ1 ∈
∆), µ1 ∈ A. Similarly there is µ2 ∈ A such that

max
µ∈A

∫ 1

τ+σ

[

∫
Z

[

∫
S

J(t, vx,µ,γ2(µ)(t), s, z) dµt(s)] dγ2(µ)t(z)] dt

=

∫ 1

τ+σ

[

∫
Z

[

∫
S

J(t, vx,µ2,γ2(µ2)(t), s, z) dµ2
t (s)] dγ2(µ2)t(z)] dt.

Let us define γ ∈ ∆ by setting, for all µ ∈ A: γ(µ)t = γ1(µ)t for t ∈ [τ, σ] and
γ(µ)t = γ2(µ)t for t ∈ [τ + σ, 1]. Coming back to the definition of HJ(τ, x)

HJ (τ, x) ≤ sup
µ∈A

∫ 1

τ

[

∫
Z

[

∫
S

J(t, ux,µ,γ(µ), s, z) dµt(s)] dγ(µ)t(z)] dt

=

∫ τ+σ

τ

[

∫
Z

[

∫
S

J(t, ux,µ1,γ1(µ1), s, z) dµ1
t (s)] dγ1(µ1)t(z)] dt

+

∫ 1

τ+σ

[

∫
Z

[

∫
S

J(t, vx,µ2,γ2(µ), s, z) dµ2
t (s)] dγ2(µ2)t(z)] dt

≤ KJ (τ, x) + 2ε.

On the other hand, there is γ̃ ∈ ∆ such that

HJ (τ, x) ≥ sup
µ∈A

{
∫ 1

τ

[

∫
Z

[

∫
S

J(t, ux,µ,eγ(µ)(t), s, z) dµt(s)] dγ̃(µ)t(z)] dt} − ε.

Then

KJ (τ, x) ≤ max
µ∈A

{
∫ τ+σ

τ

[

∫
Z

[

∫
S

J(t, ux,µ,eγ(µ)(t), s, z) dµt(s)] dγ̃(µ)t(z)] dt

+ HJ (τ + σ, ux,µ,eγ(µ)(τ + σ)}
with

HJ (τ + σ, ux,µ,eγ(µ)(τ + σ)

≤ sup
µ∈A

∫ 1

τ+σ

[

∫
Z

[

∫
S

J(t, vx,µ,eγ(µ)(t), s, z) µt(s)] dγ̃(µ)t(z)]dt.

Here vx,µ,eγ(µ) is the trajectory on [τ + σ, 1] associated with (γ̃(µ2), µ2) with the
initial condition vx,µ,eγ(µ)(τ + σ) = ux,µ,eγ(µ)(τ + σ). As above, by continuity of
the integral functionals under consideration and by compactness of A, there exists
µ1 ∈ A such that

max
µ∈A

∫ τ+σ

τ

[

∫
Z

[

∫
S

J(t, ux,µ,eγ(µ), s, z) µt(s)] dγ̃(µ)t(z)] dt

=

∫ τ+σ

τ

[

∫
Z

[

∫
S

J(t, ux,µ1,eγ(µ1), s, z) dµ1
t (s)] dγ̃(µ1)t(z)] dt.



270 CHAPTER 8. SEMICONTINUITY OF INTEGRAL FUNCTIONALS

Here ux,eγ(µ1),µ1 is the trajectory on [τ, τ + σ] associated with (γ̃(µ1), µ1) and

similarly there is µ2 ∈ A such that∫ 1

τ+σ

[

∫
Z

[

∫
S

J(t, vx,µ2,eγ(µ2)(t), s, z) dγ̃(µ2)t(s)] dγ̃(µ2)t(z)] dt

= max
µ∈A

∫ 1

τ+σ

[

∫
Z

[

∫
S

J(t, vx,µ,eγ(µ)(t), s, z) dµ̃t(s)] dγ(µ)t(z)] dt.

Let

wx,eγ(µ),µ(t) =

{
ux,eγ(µ1),µ1(t) for t ∈ [τ, τ + σ]

vx,eγ(µ2),µ2(t) for t ∈ [τ + σ, 1].

Taking the expression of KJ(τ, x) into account, we get

KJ (τ, x) ≤
∫ 1

τ

[

∫
Z

[

∫
S

J(t, wx,eγ(µ),µ(t), s, z) dγ̃(µ)t(s)] dµt(z)] dt

≤ sup
µ∈A

∫ 1

τ

[

∫
Z

[

∫
S

J(t, ux,eγ(µ),µ(t), s, z) dγ̃(µ)t(s)] dµt(z)] dt

≤ HJ(τ, x) + ε.

Remark 8.3.15 The preceding techniques can be applied to the case when A is
equal toM+,1(S), Γ is the set of all Carathéodory mappings α : [0, 1]×M+,1(S)→
M+,1(Z) and ∆ is the set of all mappings α̂ : M+,1(S) → Y1([0, 1], Z) given by
α̂(µ)t = αt(µ) for all α ∈ Γ, µ ∈M+,1(S) and for all t ∈ [0, 1].



Chapter 9

Stable convergence in limit
theorems of probability
theory

A. Rényi [Rén66, Rén70] was the first to observe that, in most limit theorems of
probability theory, when weak convergence is obtained, it is actually possible to
prove stable convergence, which is a much stronger result. We shall illustrate this
fact here in locally convex spaces, and give an application of the Fiber Product
Lemma to limit theorems with a random number of random vectors.

9.1 Weak limit theorems in locally convex spaces

In order to make further developments readable, we need to recall some definitions
and results.

Measures and random elements on locally convex spaces By LCS we
shall always mean “real locally convex Hausdorff topological vector space with
metrizable compact subsets”. This implies in particular that a measure on an
LCS is Radon if and only if it is tight (see page 12), and that, in this case, it has
a separable support (see page 96).

Let E be an LCS. Let Cyl (E) denote the algebra of sets of the form

{x ∈ E; (〈x1
∗, x〉 , . . . , 〈xn

∗, x〉) ∈ B}

where n ≥ 1, (x1
∗, . . . , xn

∗) ∈ (E∗)n
and B ∈ BRn . The elements of Cyl (E) are

called cylinder sets. Let Ĉyl (E) denote the σ–algebra generated by Cyl (E). From

[VTC87, Theorem I.3.4], every tight measure on Ĉyl (E) has a unique extension

271
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to a Radon measure on BE. In particular, if two Radon measures on BE coincide
on Cyl (E), they are equal. Note that, if E is a countable union of metrizable

compact subsets, it is not difficult to prove that Ĉyl (E) = BE (see [Bad70, page
44] or [VTC87, Proposition I.1.6]).

Let p ≥ 0. We say that a Radon measure µ on an LCS E has strong p–th order
if, for each continuous seminorm ‖.‖ on E, we have

∫
E
‖x‖p

dµ(x) < +∞.
We say that µ has weak p–th order if, for every x∗ ∈ E

∗, the measure (x∗)� µ
on R has a moment of order p.

We call mean of a Radon measure µ ∈M+,1
R (E) (or of a random vector X such

that L (X) = µ) the Pettis integral, if it exists, of µ, that is, the only element m
of E such that 〈x∗, m〉 =

∫
E
〈x∗, x〉 dµ(x) for every x∗ ∈ E

∗. The vector m is then

denoted by E (µ) (or E (X)). If E is reflexive and µ ∈ M+,1
R (E) has weak first

order, then µ has a mean. The same conclusion holds true if E is a Fréchet space
and µ has strong first order, see e.g. [CRdF00, Proposition 1] or [VT78, Theorem
4]. If E (µ) = 0, we say that µ (or X) is centered.

The covariance operator of a law µ ∈ M+,1
R (E) with weak second order and

with mean m is the mapping

Covµ :

{
E
∗ × E

∗ → R

(x∗, y∗) �→
∫

E
〈x∗, x−m〉 〈y∗, x−m〉 dµ(x).

We say that a Radon law µ ∈ M+,1
R (E) is Gaussian if, for every x∗ ∈ E

∗, the
measure (x∗)� µ on R is Gaussian (see [Bog98a]). Then µ is characterized by its
mean E (µ) and its covariance operator, and we denote it by N (m, Covµ).

In this chapter, we are interested in limits of weighted sums of random vectors
of an LCS E. Note that, if X and Y are random elements of E, then X + Y is
not necessarily BE–measurable (see [Sto76]), because we do not necessarily have
BE×E = BE ⊗ BE (see Theorem 2.1.13.C about this equality). However, X + Y

is obviously Ĉyl (E)–measurable. If X and Y have Radon laws, then it is easy
to check that X + Y is measurable, with Radon law. Indeed, there exists an
increasing sequence (Km)m≥1 of compact subsets of E such that, for each m, the
set Ωm= {X ∈ Km and Y ∈ Km} satisfies P(Ωm)≥ 1 − 1/m. Let A1 = Ω1 and,
for m > 1, let Am = Ωm \Ωm−1. For each m ≥ 1, the restriction to Am of X + Y
is measurable, thus X + Y is measurable.

Another advantage of Radon laws is that, on an LCS, weak convergence of
Radon laws amounts to narrow convergence of these laws (see page 13).

For the sake of simplicity, we shall in the sequel consider only random vectors
which have Radon laws. If E is a Fréchet space and contains a dense subspace
with non–measurable cardinal, then every Borel measure on E is separable (see
Section 1.4), thus Radon.

Weak limit theorems in locally convex spaces Let E be an LCS. Let
(Xn)n≥1 be a sequence of centered random elements of E, with Radon laws,
and let (Cn)n≥1 be a sequence of positive real numbers. For every n ≥ 1, let
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Sn =
∑n

k=1 Xk. We say that (Xn)n≥1 satisfies a weak limit theorem with norm-
ing coefficients (Cn)n≥1 if there exists a Radon measure γ ∈ M+,1(E) such that
L (Sn/Cn) weakly (thus narrowly) converges to γ (for the clarity of the presen-
tation, we shall not consider limit theorems for triangular arrays). If the limit
γ is Gaussian, we say that (Xn)n≥1 satisfies the Central Limit Theorem (for
short CLT). When the norming coefficients Cn are not specified, this means that
Cn =

√
n.

It is well-known that a Banach space E has type 2 if and only if, for every
i.i.d. sequence (Xn)n≥1 with common centered law µ ∈ M+,1

R (E) of strong order
2, (Xn)n≥1 satisfies the CLT; conversely, E has cotype 2 if and only if, for every

i.i.d. sequence (Xn)n≥1 with common centered law µ ∈ M+,1
R (E) which satisfies

the CLT, µ has strong second order; a Banach space has type 2 and cotype 2 if
and only if it is isomorphic to a Hilbert space (see [AG80, LT91]).

A Banach space in which every i.i.d. sequence (Xn)n≥1 of centered random

vectors with common law µ ∈ M+,1
R (E) of weak order 2 satisfies the CLT is

necessarily finite dimensional; however, in some non–normable infinite dimensional
spaces, in particular in duals of nuclear Fréchet spaces, the CLT holds for all i.i.d.
sequences with weak second order [Bog86]. We say that an LCS F is nuclear if
there exists a net (〈., .〉α)α∈A of pre-Hilbertian scalar products on F which defines
the topology of F and such that, for each α ∈ A, there exists β ∈ A such that
the associated norm ‖.‖β is finer than ‖.‖α and such that the canonical mapping

(F̂β , 〈., .〉β) → (F̂α, 〈., .〉α) is Hilbert-Schmidt, where F̂α denotes the completion of
F/{‖.‖α = 0} for ‖.‖α [Sch73, Proposition 5 page 220].

Every Fréchet nuclear space F is a Montel space [Trè67, Corollary 3 to Propo-
sition 50.2], thus it is reflexive [Trè67, Corollary to Proposition 36.9] and its strong
dual G = F

∗
b is a complete barrelled nuclear space. We have seen in Example 4.4.1

that G is a submetrizable kω–space, and, in particular, it is Prohorov and Radon.
An important example of dual of a nuclear Fréchet space is the Schwartz space S ′

of tempered distributions (see e.g. [Trè67]).
Recall that the characteristic function (or Fourier transform) Φµ of a law µ ∈

M+,1(G) is the mapping

Φµ :

{
G

∗ → C

x∗ �→
∫

G
ei〈x∗,x〉 dµ(x).

Here, as G is reflexive, its dual space G
∗ is F. Let (µn)n be a sequence inM+,1(G).

Fernique [Mey66], extending Lévy’s continuity theorem, proved that

1. if (Φµn
)n is equicontinuous (equivalently, if (Φµn

)n is equicontinuous at 0), then
(µn)n is tight;

2. if (Φµn
)n is pointwise convergent to some continuous function Φ : F → C, then

Φ is the characteristic function of some Radon probability law µ on G and (µn)n

narrowly converges to µ.
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To show the equicontinuity at 0 of (Φµn
)n, one can estimate the weak second

moments of (µn)n. Indeed, it is easy to check that, for any t ∈ R, we have∣∣1− eit
∣∣2 = 4 sin2

(
t

2

)
≤ t2,

thus, for any n ≥ 1 and any x∗ ∈ F, using Jensen inequality,

|1− Φµn
(x∗)|2 ≤

∫
G

∣∣∣1− ei〈x∗,x〉
∣∣∣2 dµn(x) ≤

∫
G

〈x∗, x〉2 dµn(x).

For each n ≥ 1, let Xn be a random vector of G such that L (Xn) = µn and
consider the operator

Tn :

{
F → L2

R(Ω,S, P)
x∗ �→ 〈x∗, Xn〉 .

The space F is barrelled, thus, from [VT78, Corollary 2], each Tn is continuous.
Furthermore, the sequence (Tn)n is equicontinuous if and only if it is pointwise
bounded (see [Bou81, Theorem 1 page III.25] or [Sch66, Theorem 4.2 page 83]).
We thus have the following lemma.

Lemma 9.1.1 Let F be a Fréchet nuclear LCS. Let G be the strong dual of F. Let
(µn)n be a sequence of laws with weak second order on G. If, for each x∗ ∈ F, the

sequence
(∫

G
〈x∗, x〉2 dµn(x)

)
n

is bounded, then (µn)n is tight.

The following result is a variant of [Bog86, Theorem 2].

Theorem 9.1.2 (Central limit theorem in the dual of a Fréchet nuclear
space) Assume that F is a Fréchet nuclear LCS. Let G be the strong dual of F.
Let (Xn)n≥1 be a sequence of random vectors of G, with (necessarily Radon) laws
of weak order 2. For each n ≥ 1, let Sn = X1 + · · · + Xn. Let (Cn)n≥1 be a
sequence of positive real numbers. Assume that

1. for each finite sequence (x1
∗, . . . , xm

∗) of elements of F, the sequence ((〈x1
∗, Xn〉 ,

. . . , 〈xm
∗, Xn〉)n satisfies the CLT in Rm with norming coefficients (Cn)n≥1,

2. for each x∗ ∈ F, the sequence
(
E

(
〈x∗, Sn/Cn〉2

))
n

is bounded.

Then there exists a Gaussian Radon probability law γ on G such that

L
(

1

Cn
Sn

)
narrow−−−−−→ γ.

Proof. For each n ≥ 1, let

µ∗n = L
(

1

Cn
Sn

)
.
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From Lemma 9.1.1, the sequence (µ∗n)n is tight. Now, from the finite dimensional
CLT in Condition 1, all limits of (µ∗n)n coincide on Cyl (G), thus they are equal.
Thus (µ∗n)n weakly (thus narrowly) converges to some γ ∈ M+,1(G). Further-
more, by Condition 1, each (x∗)� µ is Gaussian, thus γ is Gaussian.

Corollary 9.1.3 ([Bog86]) Assume that F is a Fréchet nuclear LCS. Let G be
the strong dual of F. Let (Xn)n≥1 be a centered i.i.d. sequence with common law
µ ∈M+,1(G) of weak order 2. Then (Xn)n≥1 satisfies the CLT, that is,

L
(

1√
n

(X1 + · · ·+ Xn)

)
narrow−−−−−→ N (0, Covµ)

(this proves in particular that there exists a Gaussian law on E with same covari-
ance as µ!).

Proof. Condition 1 of Theorem 9.1.2 is obviously satisfied. Furthermore, with the
notations of the proof of Theorem 9.1.2, we have∫

G

〈x∗, x〉2 dµ∗n(x) = E

(〈
x∗,

1√
n

Sn

〉2
)

=

∫
G

〈x∗, x〉2 dµ(x)

which proves Condition 2. Thus (µ∗n)n converges to some Gaussian law γ ∈
M+,1(G). From the finite dimensional CLT, we have

γ = N (0, Covµ) .

Remark 9.1.4 The strong dual of an inductive limit of locally convex Fréchet
spaces is the projective limit of the strong duals of these spaces, see [Sch66, pages
140 and 146]. Thus Theorem 9.1.2 and Corollary 9.1.3 have obvious extensions
to the case when F is the inductive limit of a sequence (Fn)n of Fréchet nuclear
locally convex spaces.

9.2 More on stable convergence

Portmanteau Theorem revisited We shall need in this chapter the following
easy reduction lemma, which holds without any hypothesis on T. The technique
of the proof has already been used in Lemma 4.1.1)

Lemma 9.2.1 Let (µα)α∈A be a net in Y1
dis and let µ∞ ∈ Y1

dis. Let S0 be the σ–
algebra generated by the random laws µα

. , α ∈ A ∪ {∞}. The following conditions
are equivalent.

(a) µα W–stably−−−−−→ µ∞.
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(b) µα S0–W–stably−−−−−→ µ∞.

Proof. The implication (a)⇒(b) is obvious.

Conversely, assume (b) and let g : Ω→ [0, 1] be measurable and f : T → [0, 1]
be continuous. The conditional expectation ES0 (g) of g w.r.t. S0 is a bounded
measurable function thus we have, from Part D of Theorem 2.1.3,

µ∞(g ⊗ f) =

∫
Ω

g(ω)µ∞
ω (f) d P(ω) =

∫
Ω

[
ES0 (g) (ω)

]
µ∞

ω (f) d P(ω)

= lim
α

∫
Ω

[
ES0 (g) (ω)

]
µα

ω(f) d P(ω) = lim
α

µα(g ⊗ f).

From Theorem 2.1.3, this proves (a).

The next result is an easy consequence of results of Chapters 2, 3 and 4. For
any A ∈ S such that P(A) > 0, we denote by PA the probability on A defined by
PA(B) = (1/ P(A)) P(B) for every measurable B ⊂ A, and, for any X ∈ X(E), we
denote by X

A
the restriction to A of X. If X is a random element, we denote by

L(PA) (X) its law under PA.

Proposition 9.2.2 (Portmanteau Theorem for stable convergence of ran-
dom vectors) Let T be a completely regular topological space with metrizable
compact subsets. Let (Xn)n be a strictly tight sequence of random elements of
T. Let S0 be a sub–σ–algebra of S such that each Xn is S0–measurable. Let C
be a subset of S0 which is stable under finite intersections and generates S0. Let
H be a set of bounded continuous functions on T which separate the elements of
M+,1

R (T) (i.e. for all µ, ν ∈M+,1
R (T) such that µ �= ν, there exists f ∈ H such that

µ(f) �= ν(f)). Finally, let S be a regular cosmic topological space which contains
at least two elements. The following conditions are equivalent:

1. (Xn)n is S–stably convergent.

2. For each A ∈ C and for each f ∈ H, the sequence (E ( 1lA f ◦Xn))n is
convergent.

3. For each A ∈ C such that P(A) > 0, the sequence
(
L(PA)

(
Xn

A

))
n

is

narrowly (equivalently, weakly) convergent.

4. For any sequence (Zn)n of random elements of S with Radon laws which con-
verges in probability to a random element Z of T, the sequence (L (Xn, Zn))n

is narrowly (equivalently, weakly) convergent.

5. For any S0–measurable random element Z of S with Radon law, the sequence
(L (Xn, Z))n is narrowly (equivalently, weakly) convergent.
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If these conditions are satisfied, the limit µ∞
. of (Xn)n is S0–measurable. More-

over, with the notations of Condition 4, we have

(9.2.1) lim
n→+∞L (Xn, Zn) = µ∞ ⊗ δZ .

Proof. With the help of Lemma 9.2.1, the equivalence 1 ⇔ 2 ⇔ 3 is immediate,
following the lines of Theorem 4.3.8.

Now, as (Xn)n is strictly tight, by the Change of Topology Lemma 4.4.3, there
exists a Kσ subset T0 of T and a topology τ ′

0 on T0 which is Lusin regular and finer
than the topology induced by T and has the same Borel subsets, such that all Xn

take their values in T0 with probability 1 and the topology Y1(T0, τ
′
0) coincides

with Y1(T) on the closure in Y1(T) of (Xn)n (we have identified each Xn with
δXn

). Thus we can consider without loss of generality that T is Lusin regular.
Then the space T× S is hereditarily Lindelöf regular.

The implication 1 ⇒ 4 and Formula (9.2.1), are obvious from Corollary 3.3.5,
or from Theorem 3.3.1 and the observation that δX ⊗ δZ = δ(X,Z) for all X ∈ X(E)
and all Z ∈ X(S).

The implication 4⇒ 5 is clear.
Now, we only need to prove 5 ⇒ 2. Let A ∈ S and let f be a bounded

continuous function on T. Let a and b be two distinct elements of S and let
Z ∈ X(S) be defined by Z(ω) = a if ω ∈ A and Z(ω) = b if ω ∈ B. Let
g : S → [0, 1] be a continuous function such that g(a) = 1 and g(b) = 0. Let
h = f⊗g. Assuming 5, the sequence (Xn, Z)n converges in law to some probability
law ν on T× S. We thus have

lim
n

δXn
( 1lA ⊗ f) = lim

n
E ( 1lAf(Xn)) = lim

n
E (h(Xα, Z)) = ν(h),

which proves 2.
Finally, the S0–measurability of the limit µ∞

. can be deduced from e.g. Lemma
4.5.4.

Remark 9.2.3 The equivalence 5 ⇔ 1 appears in [AE78].

Corollary 9.2.4 Let E be an LCS. Let (Xn)n be a strictly tight sequence of ran-
dom elements of E. Let S0 be a sub–σ–algebra of S such that each Xn is S0–
measurable. Let C be a subset of S0 which is stable under finite intersections and
generates S0. The following conditions are equivalent:

1. (Xn)n is S–stably convergent.

2. For each x∗ ∈ E
∗ and for each A ∈ C, the sequence

(
E

(
1lA ei〈x∗,Xn〉))

n
is

convergent.

Proof. The implication 1 ⇒ 2 is obvious. Now, the functions φx∗ : x �→
exp(i 〈x∗, x〉) separate the measures on Ĉyl (E), thus they separate Radon mea-
sures on E. Thus 2 ⇒ 1 follows from the corresponding implication 2 ⇒ 1 in
Proposition 9.2.2.
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Rényi–mixing Let (Xα)α be a net in X(T). We say that (Xα)α is Rényi–
mixing if (Xα)α W–stably converges to a homogeneous limit µ∞ ∈ Y1

dis (that is,
µ∞ has the form µ = P⊗ν for some ν ∈M+,1(T)). The following lemma is easily
deduced from Parts D and E of Theorem 2.1.3 and from Lemma 9.2.1. We skip
its demonstration.

Lemma 9.2.5 Let (Xα)α be a net in X(T) and let ν ∈M+,1(T). Let S0 be the σ–
algebra generated by (Xα)α. Let C be a set of nonnegative S–measurable bounded
functions which is stable under multiplication of two elements, which contains
the constant function 1lΩ and which generates S0. The following conditions are
equivalent:

(a) (Xα)α is Rényi–mixing with limit P⊗ν.

(b) For any A ∈ C and for any f ∈ Cb (T), we have limα E (f(Xα) 1lA) = P(A)ν(f).

If furthermore T is is hereditarily Lindelöf and regular (thus completely regular)
and D is a σ–upwards filtering family of semidistances which defines the topology
of T, then Conditions (a) and (b) are equivalent to

(c) For every A ∈ C, for every d ∈ D and for any f ∈ BL1(T, d), we have
limα E (f(Xα) 1lA) = P(A)ν(f).

W–Stable convergence of random elements generalizes both Rényi–mixing and
convergence in probability, as illustrated in the following diagram, assuming that
T is separable completely regular (see Theorem 3.1.2).

stable

Rényi–mixing
µ∞

ω = ν
convergent in probability

µ∞
ω = δX(ω)

convergent in probability
to a constant

�
�

�
��

�
�

�
��

�
�

�
��

�
�

�
��

Change of probability Let us start with a simple observation. Let Q be a
probability on (Ω,S) which is absolutely continuous w.r.t. P. Let (Xα)α be a net of
random elements of a topological space T which ∗–stably converges in Y 1(Ω,S, P)
to a Young measure µ ∈ Y1(Ω,S, P), ∗ = S, M, N, W. The following results are
straightforward:
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1. (Xα)α ∗–stably converges in Y1(Ω,S, Q) to the measure µQ =

(
d Q

d P
⊗ 1lT

)
.µ;

2. If furthermore (Xα)α is Rényi–mixing w.r.t. P, then it is Rényi–mixing w.r.t.
Q.

This makes the difference with convergence in law. For example, let Ω = [0, 1] and
P = dt be the Lebesgue measure. Let Q = 2t dt. Let (an)n∈N be a sequence of
elements of [0, 1/2]. For each n ∈ N, set Xn = 1l[an,an+1/2]. The law of Xn under
P is

L(P) (Xn) =
1

2
δ0 +

1

2
δ1,

thus (Xn)n is convergent in law under P. But we have

L(Q) (Xn) = cnδ0 + (1− cn)δ1,

with

cn =

∫
[0,an]∪[an+1/2,1]

2t dt =
3

4
− an,

thus, if (an)n is not convergent, (Xn)n is not convergent in law under Q.

Proposition 9.2.6 Assume that T is completely regular separable and that each
compact subset of T is metrizable. Let (Xα) be a strictly tight net of random
elements of T. The following assertions are equivalent:

(a) (Xα)α W–stably converges in Y1(Ω,S, P).

(b) (Xα)α S–stably converges in Y1(Ω,S, P).

(c) For any probability Q on (Ω,S) which is absolutely continuous w.r.t. P, (Xα)α

converges in law under Q to some probability νQ on T.

(d) For any probability Q on (Ω,S) which is equivalent to P, (Xα)α converges in
law under Q to some probability νQ on T.

If these conditions are satisfied, (Xα)α S–stably converges to a disintegrable Young
measure µ such that, for any probability Q on (Ω,S) which is absolutely continuous
w.r.t. P,

(9.2.2) νQ =

∫
Ω

µω d Q(ω).

Proof. The equivalence (a)⇔(b) is contained in Theorem 4.3.8. Furthermore, from
Lemma 4.3.1, we know that the limit µ of (Xα)α for τ S

Y1 will be disintegrable. The

implications (a)⇒(c)⇒(d) are obvious. Assume now (d). Let A ∈ S such that
P(A) > 0. For each ε ∈ ]0, 1[, let Qε be the probability on (Ω,S) with density

gε =
1− ε

P(A)
1lA +

ε

P(Ac)
1lAc .



280 CHAPTER 9. STABLE CONVERGENCE IN PROBABILITY THEORY

The probability Qε is equivalent to P, thus (Xα)α converges in law under Qε to
some probability νε on T, that is, for any continuous f : T → [0, 1], the limit along
α of

aε
α :=

1− ε

P(A)

∫
A

f ◦Xα d P +
ε

P(Ac)

∫
Ac

f ◦Xα d P

exists. Let aε be this limit. On the other hand, when ε goes to 0, aε
α converges,

uniformly w.r.t. α, to

aα :=
1

P(A)

∫
A

f ◦Xα d P .

It is classical and easy to check that both (aα)α and (aε)ε are Cauchy and that
they converge to the same limit. As (Xα)α is strictly tight in Y1(Ω,S, P), this
proves (a), using the last part of Theorem 4.3.8.

To prove (9.2.2), if µ ∈ Y1
dis and Q is a probability on (Ω,S) which is equivalent

to P, the mixing

νQ :=

∫
Ω

µω dQ(ω)

satisfies for any Borel f : T → [0, 1] the following formula:∫
T

f dνQ =

∫
Ω

[∫
Ω

f(x) dµω(x)
]
dQ(ω) =

∫
Ω×T

f(x)
d Q

d P
(ω) dµ(ω, x) .

Now Formula (9.2.2) is easily explained: If moreover f is continuous, we have∫
Ω

f(Xα(ω)) dQ(ω) =

∫
Ω×T

f(x)
d Q

d P
(ω) dδXα

(ω, x)→
∫

Ω×T

f(x)
d Q

d P
(ω) dµ(ω, x).

Remark 9.2.7 If T is Prohorov, and if (Xα)α is a sequence, we can drop the
assumption of tightness in Theorem 9.2.6: Indeed, this assumption is automatically
satisfied in each of Conditions (a), (b), (c) and (d).

This remark also applies to Corollary 9.2.8 below.

The equivalence (a)⇔(e) in the following theorem is a generalization of a result
of Padmanabhan [Pad70, Theorem 2.1].

Corollary 9.2.8 (Padmanabhan Criterion) Assume that T is completely reg-
ular and that the compact subsets of T are metrizable. Let (Xα)α be a strictly tight
net of random elements of T. Let X be a random element of T. The following
propositions are equivalent:

(a) For any probability Q on (Ω,S) which is absolutely continuous w.r.t. P, (Xα)α

converges in law under Q to X.

(b) For any probability Q on (Ω,S) which is equivalent to P, (Xα)α converges in
law under Q to X.
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(c) (Xα)α W–stably converges to X.

(d) (Xα)α S–stably converges to X.

(e) (Xα)α converges in P–probability to X.

Proof. From Theorem 9.2.6, we have (a)⇔(b)⇔(c)⇔(d).
The equivalence (c)⇔(e) comes from the fact that, from Theorem 3.1.2, the

topologies τprob

(
Y1

dis

)
and τ *

Y1 coincide on X (in Chapter 3, and in particular in

the proof of Theorem 3.1.2, we assumed that T contains a dense subspace with
non–measurable cardinal, e.g. T is separable, see Section 1.4; here, from strict
tightness, all Young measures considered here are supported by Ω × T0, where
T0 is a countable union of compact metrizable spaces, thus Theorem 3.1.2 applies
without any restriction).

9.3 Rényi–mixing Central Limit Theorem
for α–mixing sequences

Let (Xn)n be a sequence of random elements of some measurable space (T,B).
Let α = (αn)n be a sequence of nonnegative real numbers which converges to 0.
Assume that, for all k, n ≥ 1, if A ∈ σ(X1, . . . , Xk) and B ∈ σ(Xk+n, Xk+n+1, . . . )
we have

(9.3.1) |P(A ∩B)− P(A) P(B)| ≤ αn.

Then we say that (Xn)n is α–mixing (here the letter α denotes both the kind of
mixing condition satisfied by (Xn)n and the sequence (αn)n). Note that α–mixing
is often also called strong mixing since [Ros56]. There are some stronger notions
of mixing in the literature, that we shall not detail here, such as ϕ–mixing or
ρ–mixing. The reader is referred to [Dou94] or [Bra93, PU97]: We only need to
know that they are stronger than “strong mixing”.

We see that α–mixing is a kind of asymptotic independence. Inequality 9.3.1
passes to random variables in the following way. With the same hypothesis than
in the above definition, let Y and Z be real random variables defined on the same
probability space as (Xn)n. Assume that Y and Z are essentially bounded and
that Y is σ(X1, . . . , Xk)–measurable and Z is σ(Xk+n, Xk+n+1, . . . )–measurable.
We then have

(9.3.2) |E (Y Z)−E (Y ) E (Z)| ≤ 4 ‖Y ‖∞ ‖Z‖∞ αn

(this result appears in [VR59], with constant 16, it is given without proof in [Ibr62,
Lemma 1.2] with constant 4, a proof can be found in e.g. [HH80, theorem A.5]
or in [Bil95, Lemma 2, page 365]). It is easy to see that if (Xn)n∈N is identi-
cally distributed and α–mixing, then it is Rényi–mixing: Indeed, using (9.3.2),
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we can apply Lemma 9.2.5, taking for C the set of elements A of S which are in
σ(X1, . . . , Xn) for some n ∈ N.

There is a huge literature on the Central Limit Theorem for α–mixing (or ϕ–
mixing or ρ–mixing) stationary sequences of real random variables since [Ros56]:
see e.g. [Ibr62], [Bil95, Theorem 27.4], a survey is given in [Dou94]; for more recent
results, see [PU97, Rio00]. There are less results about the Central Limit Theorem
for α– or ϕ–mixing nonindependent random vectors of a separable Banach space:
see e.g. [KP80, Sam84, Ute92, PS99].

We shall see that, actually, the weighted sums involved in all central limit
theorems for stationnary α–mixing sequences are Rényi–mixing, as was already
observed by Rényi himself [Rén66, Rén70] in the independent case. The proof is
easy and natural, and in the same spirit as that of Rényi.

Let (Xn)n≥1 be a sequence of random elements (with Radon laws) of an LCS.
For all k, n ≥ 1, let Sk = X1 + · · · + Xk and Sn,n+k = Xn+1 + · · · + Xn+k.
We say that (Xn)n has stationary sums if, for any k ≥ 1 and for any n ≥ 1,
(Sn,n+1, . . . , Sn,n+k) has the same law as (S1, . . . , Sk). This condition is obviously
less restrictive than that of stationarity of (Xn)n.

Theorem 9.3.1 (Rényi–mixing Central Limit Theorem for α–mixing sta-
tionary sequences) Let E be a hereditarily Lindelöf LCS and let (Xn)n≥1 be
a sequence of random elements of E with Radon laws. For each n ≥ 1, let
Sn = X1 + · · · + Xn. Let (Cn)n be a sequence of positive real numbers. Let ν
be a Radon probability on E. Assume that

(i) limn Cn = +∞ and limn

(
1− Cn−m

Cn

)
= 0 for each fixed m ≥ 1,

(ii) (Xn)n≥1 is α–mixing and has stationary sums,

(iii)
Sn

Cn

weakly−−−−−→ ν.

Then (Sn/Cn)n is Rényi–mixing, that is,

Sn

Cn

W–stably−−−−−→ P⊗ν.

Note that Condition (i) is satisfied in the classical case Cn =
√

n.
The proof of Theorem 9.3.1 will use the following lemma. In this result, the

space does not need to be hereditarily Lindelöf, because we deal with narrow
convergence instead of stable convergence.

Lemma 9.3.2 Let E be a LCS. Let (Xn)n be a sequence of random elements of a
E, which converges in law to a Radon law ν ∈ M+,1

R (E). Let (βn)n be a sequence
of real numbers which converges to 1. Then (βnXn)n converges in law to ν.
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Proof. Let (‖.‖α)α∈A be an upwards filtering family of seminorms which defines
the topology of E. From Lemma 1.3.3, we only need to prove that, for every α ∈ A

and every bounded ‖.‖α–Lipschitz function f on E, we have

(9.3.3) lim
n

E (f(βnXn)) = ν(f).

Let ε > 0. We can find a compact subset Kε of E such that ν(Kε) ≥ 1− ε/2. Let

Kε
ε = {x ∈ E; dα(x, Kε) < ε} ,

where dα is the distance associated with ‖.‖α. As Kε
ε is open, there exists an

integer Nε such that

∀n ≥ Nε P {Xn ∈ Kε
ε} ≥ 1− ε.

Let Rε = sup{‖x‖α ; x ∈ Kε
ε}. Let C denote the Lipschitz constant of f for ‖.‖α.

We have

lim
n
|E (f(βnXn))− ν(f)| = lim

n
(|E (f(βnXn)− f(Xn))|+ |E (f(Xn))− ν(f)|)

≤ lim
n

∣∣E (
(f(βnXn)− f(Xn)) 1l{Xn∈Kε

ε}
)∣∣ + 2ε ‖f‖∞

≤ lim
n

CRε |1− βn|+ 2ε ‖f‖∞
= 2ε ‖f‖∞ .

As ε is arbitrary, this proves (9.3.3).

Proof of Theorem 9.3.1. Let (‖.‖α)α∈A be a σ–upwards filtering family of
seminorms which defines the topology of E. Let C be the set of elements A of S
which are in σ(X1, . . . , Xn0

) for some n0 ≥ 1. From Lemma 9.2.5 we only need to
show that, for any A ∈ C, any α ∈ A and any bounded ‖.‖α–Lipschitz function f
on E, we have

lim
n

E (f(Sn/Cn) 1lA) = P(A)ν(f).

Let A ∈ C (we assume w.l.g. that P(A) > 0) and let f be a bounded ‖.‖α–
Lipschitz function on E. For n > m, let Sm,n = Xm+1 + · · ·+ Xn. As (Xn)n has
stationary sums, we have

(9.3.4) E

(
f

(
Sm,n

Cn−m

))
= E

(
f

(
Sn−m

Cn−m

))
→ ν(f) when n→ +∞.

Furthermore, as the random variable f

(
Sm,n

Cn−m

)
is measurable w.r.t. σ(Xm+1,

Xm+2, . . . ), we have, for m > n0, using (9.3.2),

(9.3.5)

∥∥∥∥E

(
1lA f

(
Sm,n

Cn−m

))
− P(A)E

(
f

(
Sm,n

Cn−m

))∥∥∥∥
α

≤ 4 ‖f‖∞ αm−n0
.
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Let us denote by EA the expectation with respect to the probability PA (see page
276). From (9.3.4) and (9.3.5), we have

lim
n

EA f

(
Sm,n

Cn−m

)
=

1

P(A)
lim
n

E

(
1lA f

(
Sm,n

Cn−m

))
= ν(f),

thus (Sm,n/Cn−m)n converges in law to ν under PA. From Lemma 9.3.2, we thus
have

lim
n→+∞E

(
1lA f

(
Sm,n

Cn

))
= P(A) lim

n→+∞EA f

(
Sm,n

Cn

)
= P(A)ν(f).(9.3.6)

On the other hand, we have∣∣∣∣f (
Sn

Cn

)
− f

(
Sm,n

Cn

)∣∣∣∣ ≤ C

∥∥∥∥Sm

Cn

∥∥∥∥
α

∧ 2 ‖f‖∞ ,

where C is the Lipschitz constant of f for ‖.‖α. Note that the right hand side is
bounded by 2 ‖f‖∞ and that (Sm/Cn)n converges pointwise to 0. From Lebesgue’s
Dominated Convergence Theorem, we thus have, for any m ≥ 1,

(9.3.7) lim
n→+∞E

(∣∣∣∣ 1lA f

(
Sn

Cn

)
− 1lA f

(
Sm,n

Cn

)∣∣∣∣) = 0.

The result then follows from (9.3.6) and (9.3.7).

Remark 9.3.3 This method does not apply without any extra hypothesis to tri-
angular arrays such as in [Sam84]. For more sophisticated stable limit theorems
for triangular arrays, (with E = R), see [LP96, Let98, Xue91]. For Rényi–mixing
or stable theorems for martingale differences, see [AE78], and [Xue91] for arrays
of martingale differences. Other very general stable theorems for stationary se-
quences of real variables can be found in [DM02], where actually τ W

p,|.|–convergence

is proved (see Section 2.4).

9.4 Stable Central Limit Theorem for a random
number of random vectors

Let (Xn)n satisfy the Central Limit Theorem. We are interested here in the
convergence of (Sηn

/Cηn
), where (ηn) is a sequence of random positive integers

which converges in probability to +∞. This topic is extensively studied and we
only present here, in a general setting, some well-known results which illustrate
our techniques.

We start with a presentation of the case when (ηn)n is independent of (Xn)n.
This case is easy and can be solved with the tools of U–stable convergence (see
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the definition page 22): If Zn = Sn/Cn converges in law, then Zηn
converges in

law to the same limit. If Zn converges stably, so does Zηn
.

In the second case, no assumption is made on the interdependence between
(ηn)n and (Xn)n, and stable convergence plays an essential role.

Case when the number of random vectors is independent of the sequence
of random vectors It is easy to see that, with the hypothesis and notations
of Theorem 9.3.1, if (ηn)n is a sequence of random positive integers which is
independent of (Xn)n and converges to +∞ in probability, then

Sηn

Cηn

stably−−−−−→ P⊗ν.

This can be deduced from the following general result.

Theorem 9.4.1 Let U be a sub–σ–algebra of S. Let (Zn)n be a sequence of ran-
dom elements of T which U–W–stably converges to a disintegrable Young measure
µ ∈ Y1

dis. Let (ηn)n be a sequence of random positive integers which is independent
of (Zn)n and of µ. and converges to +∞ in probability. Let S1 be the σ–algebra
generated by (Zn)n and µ. and let S2 be the σ–algebra generated by (ηn)n. Assume
that U is generated by a sub–σ–algebra S ′

1 of S1 and a sub–σ–algebra of S ′
2 of S2.

Then (Zηn
)n U–W–stably converges to µ.

Proof. Using the Monotone Class Theorem, the same reasoning as in the proof
of Part C of the Portmanteau Theorem 2.1.3 shows that, to prove Theorem 9.4.1,
we only need to prove
(9.4.1)
∀B ∈ S ′

1 ∀C ∈ S ′
2 ∀f ∈ C(T, [0, 1]) lim

n
E ( 1lB∩C f ◦ Zηn

) = µ( 1lB∩C ⊗ f).

Let B ∈ S1, let C ∈ S2 and let f ∈ C(T, [0, 1]). We have

(9.4.2) µ( 1lB∩C ⊗ f) = E
(
ES1 ( 1lC) 1lB µ.(f)

)
= P(C)µ( 1lB ⊗ f).

Let ε > 0. There exists N ≥ 1 such that

∀n ≥ N

[
|E ( 1lB f ◦ Zn)− µ( 1lB ⊗ f)| < ε and |E (f ◦ Zn)− µ( 1lΩ ⊗ f)| < ε

]
.

Furthermore, there exists N1 > 0 such that

(9.4.3) ∀n ≥ N1 P (ηn < N) < ε.
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We thus have, for n ≥ N1, using the independence assumption, (9.4.2) and (9.4.3),

|E ( 1lB∩C f ◦ Zηn
)− µ( 1lB∩C ⊗ f)|

=

∣∣∣∣∑
k≥1

E
(
1l{ηn=k} 1lB∩C f ◦ Zk

)
− µ( 1lB∩C ⊗ f)

∣∣∣∣
≤ P {ηn < N}+

∣∣∣∣∑
k≥N

E
(
1l{ηn=k} 1lB∩C f ◦ Zk

)
− P {ηn ≥ N} µ( 1lB∩C ⊗ f)

∣∣∣∣
≤ ε +

∣∣∣∣∑
k≥N

E
(
1l{ηn=k} 1lC

)
E ( 1lB f ◦ Zk)− P {ηn ≥ N} µ( 1lB∩C ⊗ f)

∣∣∣∣
≤ 2ε +

∣∣∣∣∑
k≥N

E
(
1l{ηn=k} 1lC

)
µ( 1lB ⊗ f)− P {ηn ≥ N} µ( 1lB∩C ⊗ f)

∣∣∣∣
≤ 4ε +

∣∣P(C) µ( 1lB ⊗ f)− µ( 1lB∩C ⊗ f)
∣∣

= 4ε.

As ε is arbitrary, this proves (9.4.1).

Corollary 9.4.2 The preceding result also holds true in the case when U = S.

Proof. Let A ∈ U and let f ∈ C(T, [0, 1]). Let us show that

(9.4.4) lim
n

E ( 1lA f ◦ Zηn
) = µ( 1lA ⊗ f).

Let S0 be the σ–algebra generated by (Zn)n, µ. and (ηn)n. Let U = ES0 ( 1lA).
Then (9.4.4) is equivalent to

(9.4.5) lim
n

E (U f ◦ Zηn
) = µ(U ⊗ f),

because we have

∀n ≥ 1 E ( 1lA f ◦ Zηn
) = E

(
ES0 ( 1lA f ◦ Zηn

)
)

= E (U f ◦ Zηn
) ,

µ( 1lA ⊗ f) =

∫
Ω

U(ω)µω(f) d P(ω) = µ(U ⊗ f).

But (9.4.5) follows from Theorem 9.4.1.

Principle of invariance for a random sum of random of vectors If we drop
the condition of independence between (ηn)n and (Xn)n, we have to replace it by
some other hypothesis. The most studied one seems to be Anscombe’s condition
[Ans52] and its generalizations. The work of Aldous [Ald78] is fundamental in
this topic, see also [KR98] for a recent work with many references. Anscombe’s
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condition is satisfied in particular when (Xn)n satisfies a functional limit theorem
(see the definition below). We shall restrict ourselves to this case, using the elegant
ideas of Billingsley [Bil68, Section 17], developped by Fischler [Fis76] and Aldous
[Ald78]. In our general topological setting, this is an application of the results of
Chapters 2 and 3, in particular the Fiber Product Lemma.

Let T be a completely regular topological space and let D be a set of semidis-
tances which defines the topology of T. Let I be the interval [0, T ] for some T > 0
or the interval R

+. We denote by D(I, T) the space of mappings from I to T which
are right continuous and have left limits everywhere. We shall be mainly interested
in D(R+, T). When no confusion should arise about the space T, we shall denote
simply D = D(R+, T). The space D(I, T) is called a Skorokhod space. We endow
D(I, T) with Skorokhod’s J1 topology. Actually, the space D considered by Sko-
rokhod [Sko56] was D([0, 1], R) (see also [Bil68]). The interval [0, 1] was enlarged
to R

+ by [Lin73] (see also [Jac85]). Then D([0, 1], R) and D(R+, R) were gener-
alized by Mitoma [Mit83] to D([0, 1], T) and D(R+, T) with T completely regular,
and extensively studied by Jakubowski [Jak86] in this general case. When study-
ing limit theorems with random indexes, it is more convenient to use D(R+, T)
instead of D([0, 1], T), as was noticed by Aldous [Ald78].

We shall not give a precise definition of the J1 topology on D(I, T), we refer
for this to [Jak86]. What we mainly need to know is that, with each d ∈ D, we

can associate a semidistance d̃ on D in such a way that

1. the topology of D is defined by the set D̃ = {d̃; d ∈ D},

2. for each sequence (Fn)n∈N in D and for each d ∈ D, the sequence (Fn)n∈N

converges in (D, d̃) to some F ∈ D if and only if there exists a sequence (un)n

of continuous one–to–one mappings from R
+ to itself which converges uniformly

on bounded subsets of R+ to the identity mapping IdI and such that (Fn ◦ un)
converges to F d–uniformly on bounded subsets of I.

In particular, if F is continuous at t and (Fn)n converges to F in D, then Fn(t)→
F (t). Note that the uniform convergence of (un) on bounded sets is automatically
satisfied if (un) converges pointwise, see Lemma 9.4.6.

If T = E is a topological vector space, D is the projective limit of the spaces
D([0, n], E) through the projections φn : D(R+, E)→ D([0, n + 1], E) defined by

φn(F )(t) =

{
F (t) if 0 ≤ t ≤ n

(−t + n + 1)F (t) if n ≤ t ≤ n + 1.

If B is a subset of T, the topology of D(I, B) is induced by the topology of D(I, T).
If B is closed (resp. open) subset of T, then D(I, B) is a closed (open) subset of
D(I, T). If the compact subsets of T are metrizable, then the same holds for
D(I, T).

We denote by C(R+, T) (or simply C) the subspace of continuous mappings
from R

+ to T. The space C is dense in D for the topology J1, and closed in C for
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the topology of uniform convergence on bounded subsets of R
+. Both topologies

coincide on C.
In general, measurability of D–valued mappings can be a delicate matter (see

[Jak86]). But the D–valued mappings we shall consider here have a very special
form and are constructed from a sequence of random vectors (in particular, they
have at most a countable number of jumps).

Let E be an LCS, let t0 ∈ I, let X be a random element of E with Radon law,
and, for all (ω, t) ∈ Ω × I, set H(ω)(t) = 0E if 0 ≤ t < t0 and H(ω)(t) = X(ω)
if t0 ≤ t. Let us prove that H is a random element of D(I, E). There exists an
increasing sequence (Km)m≥1 of compact subsets of E such that, for each m, the
set Ωm= {X ∈ Km} satisfies P(Ωm)≥ 1 − 1/m. We only need to prove that the
restriction to each Ωm of H is measurable, thus we can assume w.l.g. that X takes
its values in a compact set K. As K is metrizable, the conclusion immediately
follows by approximating uniformly X by finitely valued random elements, or by
applying a well-known criterion of measurability for D(R+, T) when T is Polish
[Jak86, Propositions 3.4 and 4.4]. Furthermore, the law of H is tight (see [Jak86,
Theorems 3.1 and 4.6]), thus it is Radon. Note that the same holds if I = [0, n+1]
and if we replace H by φn ◦H, because the convex hull of {0} ∪K is compact.

Now, let (Yn)n≥1 be a sequence of random elements of E, with Radon laws, and
let θ > 0. For each ω ∈ Ω and each t ∈ R

+, let G(ω, t) = Y[θt], where [θt] denotes
the integer part of θt. For each ω ∈ Ω, G(ω, .) is in D(R+, E). Furthermore, for
each integer n ≥ 0, φn ◦ G is a finite sum of random elements of D([0, n + 1], E)
with Radon laws, thus φn ◦G is a random element of D([0, n + 1], E) with Radon
law. Thus G is measurable. As the projective limit of compact sets is compact, it
is straightforward to check that the law of G is tight, thus Radon.

Let E be an LCS, let (Xn)n≥1 be a sequence of random elements of E, with
Radon laws, and let (Cn)n be a sequence of positive real numbers. Set, for any
n ≥ 1, any ω ∈ Ω and any t ∈ R

+,
(9.4.6)

Sn(ω) =
n∑

i=1

Xi(ω), Zn(ω) =
Sn(ω)

Cn
and Gn(ω, t) = Gn(ω)(t) =

S[nt](ω)

Cn
,

where [nt] denotes the integer part of nt. Each Gn is a random element of
D(R+, E), with Radon law. We say that (Xn)n satisfies a functional limit the-
orem, if (Gn)n converges in law in the space D(R+, E) to a probability law
ν ∈ M+,1(D(R+, E)). If furthermore ν is Gaussian (that is, if ν(C) = 1 and
ν is a Gaussian Radon measure on C), then we say that (Xn)n satisfies the in-
variance principle, or the functional central limit theorem. We then have

L (Zn) = L (Gn(., 1))
narrow−−−−−→ ν1,

where ν1 is the image of ν by the projection

π1 :

{
D(R+, E) → E

H �→ H(1),
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thus the invariance principle implies the Central Limit Theorem.
There exist functional limit theorems fore more general D–valued random el-

ements than the processes Gn generated by (Zn)n, for example one can consider
semimartingales, see e.g. [Jac97, Fie90].

If the convergence of (Gn)n to ν is stable, that is, if there exists a Young
measure γ ∈ Y1 (D(R+, E)) (with Radon margin ν = γ (Ω× .)) such that

(9.4.7) Gn
W–stably−−−−−→ γ,

we say that (Xn)n satisfies a stable functional limit theorem. Let us say that γ
is a Gaussian Young measure if γ(A × .) is Gaussian for each A ∈ S. If γ is
Gaussian, we say that (Xn)n satisfies the stable invariance principle, or the stable
functional central limit theorem. Of course, if furthermore the limit γ has the form
γ = P⊗ν, we say that (Xn)n satisfies the (Rényi–)mixing invariance principle, or
the (Rényi–)mixing functional central limit theorem.

Theorem 9.4.3 (Invariance principle for a random number of random
vectors) Let E be an LCS. Assume that E is Lusin. Let (Xn)n≥1 be a sequence of
random elements of E. Let α > 0 and set Cn = nα for each n ≥ 1. Define (Sn)n,
(Zn)n and (Gn)n as in (9.4.6). Let θ be a real random variable such that θ > 0
a.e. and let (an)n be a sequence of positive real numbers which converges to +∞.
Assume that

(i) (Xn)n≥1 satisfies a stable functional limit theorem:

Gn
W–stably−−−−−→ γ

for some γ ∈ Y1
dis (D(R+, E)),

(ii)
ηn

an

prob−−−−−→ θ.

Then we have

(9.4.8) Gηn

W–stably−−−−−→ γ.

To prove Theorem 9.4.3, we need some auxilliary results. The Lusin condition on
E will allow us to use the following lemma.

Lemma 9.4.4 Under the conditions of Theorem 9.4.3, the space D(R+, E) is reg-
ular Suslin.

Proof. As E is Lusin, there exists a Polish topology τ̃ on E which is finer than
the original topology of E. Let us denote by Ẽ the space E endowed with τ̃ . It
is well-known that D([0, 1], Ẽ) is Polish. Thus D([0, 1], E) is Lusin, thus Suslin.
Similarly, for each integer n, D([0, n], E) is Suslin. Thus the space D(R+, E) is a
countable projective limit of Suslin spaces, and therefore it is Suslin.
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Remark 9.4.5 We can replace the hypothesis that E is Lusin by assuming that
the sequence (Zn)n is tight. Then, with probability 1, the random vectors Zn

take their values in a (Lusin) Kσ subspace T0 of E. Furthermore, the topology of
D(R+, T0) is the topology induced by D(R+, E).

Let C∞
0 be the set of one-to-one continuous (increasing) elements of D(R+, R+).

We endow C∞
0 with the topology induced by the Suslin space D(R+, R+).

Lemma 9.4.6 The topology of C∞
0 coincides with the topologies of pointwise con-

vergence and of uniform convergence. Furthermore, if (Fn)n∈N converges in C∞
0

to an element F of C∞
0 , the sequence (F−1

n ) of converse mappings converges in
C∞

0 to F−1.

Proof. As C∞
0 ⊂ C, the topology of C∞

0 is the topology of uniform convergence
on bounded subsets of [0, +∞[. So the first part of the lemma will be proved if
we show that, on C∞

0 , the topologies of pointwise convergence and of uniform
convergence coincide.

Note that the elements of C∞
0 can be seen as continuous increasing mappings

from [0, +∞] to [0, +∞]. Recall that, if (Fn)n∈N is a sequence of distribution
functions which pointwise converges to a continuous distribution function F , then
this convergence is uniform (see e.g. the proof of Glivenko–Cantelli Theorem in
[Chu74]). In particular, this holds if the (Fn) and F are increasing surjective
mappings from [0, +∞] to [0, 1], with F continuous. As [0, +∞] is homeomorphic

to [0, 1] through an increasing mapping (e.g. the function x �→ x

1 + x
), this result

can be transposed to C∞
0 , thus the topologies of pointwise convergence and uniform

convergence coincide on C∞
0 .

Now, let (Fn)n∈N be a sequence in C∞
0 which converges to F ∈ C∞

0 . We
only need to prove that (F−1

n )n∈N converges pointwise to F−1. Let y ∈ [0, +∞].
For each n ∈ N, let xn = F−1

n (y). Let (xn′) be a subsequence of (xn). From
compactness of [0, +∞], there exists a subsequence (xn′′) of (xn′) which converges
to an x ∈ [0, +∞]. We then have

|Fn′′(xn′′)− F (x)| ≤ ‖Fn′′ − F‖∞ + |F (xn′′)− F (x)| ,

thus |Fn′′(xn′′)− F (x)| converges to 0. But we have Fn′′(xn′′) = y for each n′′,
thus F (x) = y, that is, x = F−1(y). We have proved that, for any subsequence
of (F−1

n (y))n, there is a further subsequence which converges to F −1(y), thus
(F−1

n (y))n converges to F−1(y).

Lemma 9.4.7 Let E be an LCS. The mapping

Φ :

{
C∞

0 ×D(R+, E)× R → D(R+, E)
(F, G, ρ) �→ ρ G ◦ F

is continuous.
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Proof. We only need to check that, for any continuous semidistance d on E, Φ
is continuous for the associated semidistance d̃ on D(R+, E). Let (Fn)n∈N be
a sequence in C∞

0 which converges to F ∈ C∞
0 , let (Gn)n∈N be a sequence in

D which converges to G ∈ D for d̃ and let (ρn)n be a sequence of real num-
bers which converges to ρ ∈ R. Let (un)n∈N be a sequence in C∞

0 which con-
verges in C∞

0 to IdR+ and such that (Gn ◦ un) converges to G uniformly on the
bounded subsets of R

+. For each n ∈ N, the mapping F−1
n ◦ un ◦ F is in C∞

0

and, from Lemma 9.4.6, (F−1
n ◦ un ◦ F )n converges in C∞

0 to IdR+ . Furthermore,
ρn (Gn ◦ Fn)

(
F−1

n ◦ un ◦ F
)

= ρn Gn ◦ un ◦ F converges to ρ G ◦ F uniformly on

bounded subsets of R
+. Thus (ρn Gn ◦ Fn)n converges to ρ G ◦ F in (D, d̃).

The next lemma relies on the particular shape of the normalizing sequence
(Cn)n in Theorem 9.4.3. It will ensure that the limit of Gηn

is γ.

Lemma 9.4.8 Assume the hypothesis of Theorem 9.4.3. Let ρ > 0. Define a
mapping Φρ : D(R+, E)→ D(R+, E) by

∀t ∈ R
+ Φρ(G)(t) =

1

ρα
G(ρt).

The Young measure γ is invariant by Φρ, that is,

(9.4.9) (Φρ)� γω = γω a.e.

Proof. Let Fρ ∈ C∞
0 be defined by Fρ(t) = ρt for every t ∈ R

+. With the notations
of Lemma 9.4.7, we have Φρ(G) = Φ(Fρ, G, 1/ρα) for every G ∈ D(R+, E). Thus
Φρ is continuous. Let

Φρ :

{
Ω×D(R+, E) → Ω×D(R+, E)
(ω, G) �→ (ω, Φρ(G)).

The mapping
(
Φρ

)
�

: Y1(D(R+, E)) → Y1(D(R+, E)) is continuous for W–stable
convergence.

Assume that ρ = N is an integer. We have, for every (ω, t) ∈ Ω× R
+ and for

every n ∈ N,

ΦN (Gn(ω))(t) =
1

Nα

S[nNt](ω)

nα
= GNn(ω)(t).

Thus

γ = lim
n

δGn
= lim

n
δGNn

= lim
n

(ΦN )� δGn
= (ΦN )� γ.

where the limits are in W–stable convergence. Thus (9.4.9) is satisfied when
ρ ∈ N

∗.
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Now, for every N ∈ N
∗ and every n ∈ N∗, we have Φ1/N (GnN ) = Gn, thus the

limit of (Φ1/N (Gn))n can be only γ. Thus (9.4.9) is equally satisfied for ρ = 1/N ,
with N ∈ N

∗. This implies that (9.4.9) is satisfied when ρ is rational. By continuity
of ρ �→ Φρ, we thus have (9.4.9) for any ρ > 0.

Proof of Theorem 9.4.3. For every (ω, t) ∈ Ω× R+, and for every n ≥ 1, set

θn(ω) =
ηn(ω)

an
and Fn(ω, t) = Fn(ω)(t) = θn(ω) t.

Let (kn)n be a sequence of integers such that limn kn/an = 1. We have

Gηn
(ω)(t) =

S[ηn(ω)t](ω)

ηn
α(ω)

D∼
S[ ηn(ω)

an
knt](ω)(

ηn(ω)
an

)α

kα
n

= Φ(Fn(ω), Gkn
(ω), 1/θα

n(ω)),

where Φ has been defined in Lemma 9.4.7 and
D∼ means equivalence of sequences in

D(R+, E). From (ii), the sequence (θn)n converges in probability to θ and (Fn)n

converges in probability to the random element F of C∞
0 ⊂ D(R+, R+) defined by

F (ω, t) = θ(ω)t.

Furthermore, from Lemma 9.4.4, D(R+, R+)×D(R+, E) is Suslin regular. Thus,
from (i), by Lemma 9.4.7 and Corollary 3.3.5, the sequence (Φ(Fn, Gkn

, 1/θα
n))n≥1

W–stably converges to the Young measure γ ′ such that, for almost every ω ∈ Ω,

γ′
ω = Φ�(δF (ω) ⊗ γω ⊗ δθ−α(ω)) =

(
Φθ(ω)

)
�
γω,

where Φθ(ω) has been defined in Lemma 9.4.8. But Lemma 9.4.8 implies that we
have γ′ = γ a.e.

Remark 9.4.9 The hypothesis (i) of stable convergence in Theorem 9.4.3 is es-
sential in our reasoning, in order to apply the Fiber Product Lemma (see Coun-
terexample 3.3.4).

On the other hand, Condition (ii) in Theorem 9.4.3 can easily be weakened in
the following direction: Let θ′ and θ′′ be random real variables such that θ′ > 0
and θ′′ > 0 a.e., let (an)n and (bn)n be two sequences of positive real numbers
which converge to +∞. Let A ∈ S. Then Theorem 9.4.3 still holds true if we
replace (ii) by

(ii)’
ηn

an
1lB +

ηn

bn
1lBc

prob−−−−−→ θ := (θ′ 1lB + θ′′ 1lBc).

Indeed, we can apply separately on B and Bc the reasoning of the proof of Theorem
9.4.3: Let (k′

n)n and (k′′
n)n be two sequences of integers such that limn k′

n/an =
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limn k′′
n/bn = 1. Then the sequence (Gk′

n
1lB + Gk′′

n
1lBc)n stably converges to γ,

thus we only need to replace θn in the proof of Theorem 9.4.3 by

θn =
ηn

an
1lB +

ηn

bn
1lBc .

Aldous has proposed a more general condition to replace (ii):

(ii)” ([Ald78, Condition (3.4)]) For each ε > 0 and each δ > 0, there exist a
measurable partition (A1, . . . , AN ) of Ω and constants cn,i (n ≥ 1, 1 ≤ i ≤
N) such that

∀i = 1, . . . , N lim
n→+∞ cn,i = +∞

lim sup
n→+∞

N∑
i=1

P ({|ηn − cn,i| > δcn,i} ∩Ai) ≤ ε.

It is not difficult to check that Theorem 9.4.3 also holds true if we replace (ii)
by (ii)”. Furthermore, a simple argument given by Aldous [Ald78, Lemma 4]
shows that the convergence of (Zn)n to γ1 must be stable in order that L (Zηn

)
weakly converges to γ1 for all sequences (ηn)n satisfying Condition (ii)’ (or (ii)”).
Indeed assume that the convergence of (Zn)n to γ1 is only U–W–stable, for some
proper sub–σ–algebra U of S. There exists A ∈ S \ U , with P(A) > 0, and a
bounded continuous f : E → R such that the sequence (E ( 1lA f ◦ Zn))n does
not converge. We can thus find two sequences (an)n and (bn)n of integers such
that the sequences (E ( 1lA f ◦ Zan

))n and (E ( 1lA f ◦ Zbn
))n converge to different

limits. Then set ηn = an and η′
n = an 1lA +bn 1lAc . Clearly, (ηn)n and (η′

n)n satisfy
(ii)’, but (Zηn

)n and (Zη′
n
)n cannot converge to the same limit.
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mande d’un système guidable, Rev. Française Informat. Recherche
Opérationnelle 4 (1967), 7–32.

[GP84] R. J. Gardner and W. F. Pfeffer, Borel measures, Handbook of set-
theoretic topology, North-Holland, Amsterdam, 1984, pp. 961–1043.

[Gro52] A. Grothendieck, Critères de compacité dans les espaces fonctionnels
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Baxter–Chacon, Sém. Probab. Strasbourg XII (Berlin), Lecture Notes
in Math., no. 649, Springer Verlag, 1978, pp. 411–423.

[Mic51] Ernest Michael, Topologies on spaces of subsets, Trans. Amer. Math.
Soc. 71 (1951), 152–182.

[Mic66] E. Michael, ℵ0–spaces, J. Math. Mech 15 (1966), 983–1002.

[Mit83] Itaru Mitoma, Tightness of probabilities on C([0, 1];S ′) and
D([0, 1];S ′), Ann. Probab. 11 (1983), no. 4, 989–999.

[MM89] Manuel D. P. Monteiro Marques, Minimization of integral function-
als depending on Lipschitz domains, Numer. Funct. Anal. Optim. 10
(1989), no. 9–10, 991–1002.



308 REFERENCES

[MM93] , Differential inclusions in nonsmooth mechanical problems,
shocks and dry friction, Progress in Nonlinear Differential Equations
and their Applications, no. 9, Birkhäuser, Basel, 1993.
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[PRT00] René A. Poliquin, R. Tyrell Rockafellar, and Lionel Thibault, Local
differentiability of distance functions, Trans. Amer. Math. Soc. 352
(2000), no. 11, 5231–5249.

[Pry66] J. D. Pryce, Weak compactness in locally convex spaces, Proc. Amer.
Math. Soc. 17 (1966), 148–155.

[PS99] N. T. Parpieva and O. Sh. Sharipov, The Central Limit Theorem for
stationnary random fields with values in some Banach spaces, Uzbek
Mat. Zh. 1 (1999), 68–73, (in Russian).

[PU97] Magda Peligrad and Sergey Utev, Central Limit Theorem for linear
processes, Ann. Probab. 25 (1997), no. 1, 443–456.

[PV95] Laurent Piccinini and Michel Valadier, Uniform integrability and
Young measures, J. Math. Anal. Appl. 195 (1995), no. 2, 428–439.

[Rac91] Svetlozar T. Rachev, Probability metrics and the stability of stochastic
models, Wiley, Chichester, New York, 1991.

[RdF03] Paul Raynaud de Fitte, Compactness criteria in the stable topology,
Bull. Pol. Acad. Sci., Math. 51 (2003), no. 4, 343–363.

[RdFZ02] Paul Raynaud de Fitte and Wies�law Ziȩba, On the construction
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302.

[Rén66] , Calcul des probabilités, Dunod, Paris, 1966.

[Rén70] , Foundations of probability, Holden Day, Inc., San Francisco,
1970.

[Res68] Yu. G. Reshetnyak, Weak convergence of completely additive vector
functions on a set, Sibirsk Mat. Zh. 9 (1968), 1386–1394, (russian).
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[Wój87] Ma�lgorzata Wójcicka, The space of probability measures on a Prohorov
space is Prohorov, Bull. Pol. Acad. Sci., Math. 35 (1987), no. 11-12,
809–811.

[Xue91] Xue, On the principle of conditioning and convergence to mixtures of
distributions for sums of dependent random variables, Stochastic Pro-
cesses Appl. 37 (1991), 175–186.

[You37] L. C. Young, Generalized curves and the existence of an attained ab-
solute minimum in the Calculus of Variations, C. R. Soc. Sc. Varsovie
30 (1937), 212–234.
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